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HE principles of rectilinear mo- 
tion and rotation are of conſider- 
able extent in the theory of mechanics, 
and comprize moſt caſes in which this 
ſcience can be applied to practical uſe; 
it is probably from the facility and ex- 
actneſs with which theſe kinds of motion 
are produced in bodies, and are commu- 
nicated from one body to another, that 
they have been ſo generally adopted in 
mechanic conſtructions of every kind. 

A few curſory remarks on the enſuing 
ſections, may be ſufficient to explain the 
plan and deſign of this treatiſe, 

The firſt and ſecond ſections contain 
the elementary propoſitions on which the 
theory of mechanics is founded. In 
the third ſection the rectilinear mo- 
tion of bodies, impelled or reſiſted by 
forces which act uniformly, is conſidered, 
The depths to which ſphericai bodies, 
impinging with given velocities, fink into 
8 | banks 


(i) 
banks of earth, ſolid blocks of timber, 
clay, ſnow, &c. are determined by propoſi- 
tions inſerted in the third ſection, becauſe 
the forces by which thoſe ſubſtances reſiſt 
the penetration of ſpherical bodies are, in 
a phyſical ſenſe, uniform: in ſtrictneſs, the 
forces of reſiſtance are uniform only after 
the ſpheres have ſunk to a depth equal to 
their radii; and the greater proportion 
the ſpace to which any ſphere penetrates, 
before its motion 1s deſtroyed, bears to its 
radius, the leſs error will be occaſioned by 
aſſuming the reſiſtance as altogether uni- 
form. If the velocity of impact is pro- 
duced by the acceleration of gravity, the 
action of the ſphere's weight, after it has 
ſank to a depth equal to its radius, is too 
ſmall to have ſenſible effect in experiments 
made on the reſiſting forces of ſubſtances, 
which are in general much greater than 
the force of gravity. | 
The notation of ratios explained in the 
ſecond, and applied in the third ſection, 
is ſomewhat different from that which 
is commonly uſed : each ratio is repre- 
ſented by a fraction, the numerator of 
which 1s the antecedent, and denominator 
the conſequent of the ratio. Although 


the meaning and value of any ratio is no 
| ways 
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ways dependent on the manner of ex- 
preſſing it, yet if one method of notation 
ſhould appear leſs hable to ambiguity, 
and better adapted for the purpoſe of ap- 
plying and explaining the theory than 
another, there ſeems ſufficient reaſon for 
a preference. 
The fourth ſection contains propoſi- 
tions which determine the motion of 
bodies, produced by forces varying in 
ſome ratio of the diſtances from a fixed 
point; by claſſing propoſitions according 
to the particular law in which the acce- 
lerating force varies, ſeveral phenomena, 
apparently quite unconnected, admit of 
ſolution from the ſame principle: thus, the 
vibration of a pendulum in a cycloidal 
arc, the undulatory motion of fluids in the 
canal deſcribed in page ( 104)*, the ſmall 
vibrations of an elaſtic ſtring, conſidering 
the whole maſs to be concentrated in the 
middle point, are all explained from the 
problem for determining the motion of 
bodies, which are impelled by forces va- 
rying 1n the direct ratio of the diſtances 
from a fixed point. 
The propoſitions juſt mentioned might 
have 


'N. B. In the firſt line of the note inſtead of AFIXCM 
it ſhould be read EFIKCD. - 
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haue been inferred from this problem as 
* corollaries, but they have been ſeparately 
conſidered on account of the many conſe- 
quences which follow from each. The 
imaginary caſe of the elaſtic ſtring natu- 
rally ſuggeſted ſome further conſideration 
of the ſubject, on principles more nearly 
correſponding to the real vibration of an 
elaſtic chord. 

The theory of reſiſting forces, which 
vary in the direct duplicate ratio of the 
velocities, is conſidered in the fifth ſection, 
and is applied to the explanation of vari- 
ous phenomena: this is the caſe that really 
obtains, when bodies move in a fluid, the 
parts of which are free from coheſion and 
tenacity, provided the compreſſion of the 
fluid is ſuch as will cauſe the ſpace de- 
ſerted by the moving body during its 
paſſage, to be filled up immediately by the 
ſurrounding fluid. 

Experiments on the reſiſtances of fluids 
to ſolid bodies moving through them, 
have not been very numerous: thoſe 
which are deſeribed in the 2d Vol. of the 
Principia, are ſufficiently deciſive to aſcer- 
tain the agreement between the author's 
theory and matter of fact; but the repe- 
titions of experiments, by which any im- 

| portant 
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portant truths are verified, cannot be 
thought ſuperfluous: we cannot make 
too frequent appeals to experience; 
theories, however perfect, are never ſo 
ſatisfactory, as when they are illuſtrated 
by repeated and accurate trials. 

The experiments on the deſcent of 
ſpherical bodies in water, inſerted in ſect. 
v. were conſtructed with great attention 
to exactneſs, and the reſults were noted 
before the computations were made. 

In pages (156) and (161) the velocities 
with which the aerial bubbles or ſphe- 
rules aſcend in fluids are eſtimated, and 
the theory is applied to the deduction of 
various conſequences: according to Dr. 
Halley's hypotheſis, vapour or ſteam 
conſiſts of hollow ſpherules, filled with an 
elaſtic fluid ſo rare, that the weight of a 
hollow globule and its contents, ſhall be 
lighter than an equal bulk of the air 
which ſurrounds it. The aſcent of theſe 
ſpherules is ſimilar to that of the air bub- 
bles juſt referred to, which riſe in water 
and other fluids; and the velocities of 
aſcent in both caſes muſt be eſtimated 
from the ſame principles. A few thoughts 
which preſented themſelves on conſider- 
ing the ſubject in this manner, are con- 

b tained 
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tained in page (172, &c. ). The hypotheſis, 
which aſcribes the production of vapour 
to chemical ſolution, may, perhaps, be 
ſufficient to account for the abſorption of 
water in air, but will not ſo well explain 
the aſcent of ſteam under all its various 
appearances. The power by which ſteam 
riſes from boiling water, or from bodies 
ſubjected to degrees of heat in chemical 
diſtillation, ſeems to be different from any 
that can be attributed to the ſolution of 
one fluid in another. Indeed, when me- 
tallic or other bodies, are diffolved in their 
proper menſtrua, the ſmall aerial bub. 
bles, which conſtantly aſcend during the 
ſolution, carry up particles of the bodies 
that are diſſolved, and in ſome degree dif- 
fuſe them over the whole maſs of the 
ſolvent : but no ſuch bubbles are ſup- 
poſed to exiſt during the aſcent of ſteam 
according to the hypotheſis which ex- 
Plains that phenomenon by referring it 
to the effects of chemical ſolution. 

Solid particles of matter of any ſhape, 
deſcend in fluids according to laws cor- 
reſponding in ſome degree to thoſe which 
regulate the deſcent of ſpherical particles: 
for example, large particles of any ſhape 
will deſcend faſter than thoſe which are 

much 
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much ſmaller, if they are of the ſame 
denſity. 

According to Dr. Woodward's theory 
of the deluge, when mineral and other 
ſubſtances were by the violence of the 
waters, or other cauſes, diſſolved into a 
_ maſs conſiſting of heterogeneous particles 
of ſolid bodies ſuſpended in water, it 
is ſuppoſed that the denſeſt bodies would 
ſubſide with the greateſt velocities, and 
conſequently, that the ſtrata under the 
earth's ſurface, muſt be diſpoſed according 
to the order of their ſpecific gravities; but 
from prop. x. of the fifth ſection, it ap- 
pears, that the velocities with which ſolid 
particles immerſed in a fluid deſcend by 
gradually ſubſiding, depend on their mag- 
nitudes as well as on their denſities; con- 
uently if the texture of any ſtratum 
of earth ſhould be ſuch as diſpoſes it to be 
divided or broken into larger atoms, than 
thoſe of which the lighter ſtratum con- 
fiſts, and their magnitudes are in a due 
proportion, the lighter particles will ſub- 
fide below thoſe which are * 

heavier. 
Strata of foſſil and other earths are 
found, by accurate examination, to be 
diſpoſed in no regular order in reſpect of 
b 2 their 
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their ſpecific gravities, but from what has 
been advanced concerning the manner in 
which the atoms or particles of matter 
ſubſide in a fluid, thoſe objections 
againſt Dr. Woodward's hypotheſis, which 
are grounded on the promiſcuous diſpo- 
ſition of the ſtrata, may appear to have 
leſs weight. 

The principles of rotation are demon- 
ſtrated in the ſixth ſection. This theory 
is applied to explain the motion of pen- 
dulums which vibrate in circular arcs; to 
eſtimate the effects produced by the 
mechanic powers, or combinations of 
them, and to the ſolution of -various 
problems. 

In books of mechanics many experiments 
have been deſcribed by which the equili- 
brium of the mechanic powers, the compo- 
ſition and reſolution of forces, and other 
ſtatical principles are explained and veri- 
fied; but no account is to be found of 
methods by which the principles of mo- 
tion may be ſubjected to deciſive and ſa- 
tisfactory trials. An attempt has been 
made to ſupply this deficiency in the ſe- 
venth and eighth ſections of this treatiſe. 
The ſeventh ſection contains thedeſcription 
of experiments on the rectilinear motion 

of 
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of bodies, both accelerated and retarded; 
and the experiments on the principles of 
rotation, including thoſe which relate to 
the vibrations of pendulums, are inſerted 
in the eighth ſeftion. Moſt of the fun- 
damental properties of rectilinear motion 
and rotation, are illuſtrated by experi- 
ments deſcribed in theſe two ſections. 
The numbers ſet down were the reſults 
of meaſurements and computations made 
with great care and attention: in or- 
der to inſure the reſults true to one or 
two decimal places, the quantities are in 
ſome inſtances expreſſed to a greater num- 
ber of places than may ſeem neceſſary. 
Theſe experiments and the explanations 
of them, were part of a courſe of experi- 
mental lectures on the principles of na- 
tural philoſophy, read in the univerſity of 

Cambridge. | 
The hypotheſes which aſcribe perma- 
nent quantities of motion to bodies mov- 
ing with given velocities, ſeem to have 
been adopted for the purpoſe of avoiding 
the difficulties which occur in ſolving moſt 
caſes in practical mechanics ; for if the 
effects of forces could be truly eſtimated 
by a meaſure, conſiſting of the quantity of 
matter moved and any power of the velo- 
cities, 
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cities, there could be no occaſion 
conſider the variation of the forces 
acceleration or reſiſtance, fince the ul 
mate effects produced would be known 
from the due application of the hypo- 
theſes without further inveſtigation. - 

The chief intention of the ninth ſec- 
tion 1s to examine into theſe hypotheſes, 
and to ſhew that they ought not be ad- 
mitted in mechanics as general principles; 
many inſtances of error might be pro- 
duced, which have been occaſioned by 
adopting them; one or two will be ſufh- 
cient to juſtify what has been aſſerted. 
In Emerſon's Fluxions, p. 177, there 
is this problem: The radii of a wheel 
and axle are given in the proportion of 
b: a; a weight w acting by means of a 
line on the circumference of the wheel, 
elevates a weight y ſuſpended from a line, 
which goes round the axle; it is required 
to affign the quantity y, when y x into its 
velocity generated in a given time, is the 
In the ſolution the author ſuppoſes the 


to 
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momentum of bodies to be as the quan- 
tity of matter into the velocity generated; 
and according to the uſual doctrine of mo- 
mentum, aſſumes it as an univerſal truth, 

that 
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that if a force acts on any different quan- 
tities of matter for a given time, it will 
always generate the ſame moment, eſti- 
mated by the quantity of matter into the 
velocity. From this reaſorung” he d he de- 


duces the weight ſought y = V2—1 2—1X 


bw 
_ whereas its true value 1 is e 


b4 2 
427 Iz - (page 249) agreeing 
with the * 3 in the extreme caſe, 
when 5 4, that is, when the radius of 
the wheel is equal to that of the axle. 

Dr. Deſaguliers in his courſe of ex- 
perimental philoſophy, vol. i. p. 173, 
applies the doctrine of momentum to 
inveſtigate the preſſure ſuſtained by the 
axis of a wheel and axle, when a weight 

acting at the diſtance 5, elevates a 
weight q applied at the diſtance a from 
the axis. 

He eſtimates the momentum of bodies 
by the quantity of matter into the velocity 
generated in a given time; and lays it down 
as a general rule, that © the momentum 
produced is always equal to the momen- 
tum which produces it:“ by reaſoning 
from this principle he deduces the preſſure 

on 
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vn the axis, from the action of the two 

a 359b 4 — 794 . 
weights to be = q + 8 . 

By another ſolution he finds the preſſure 


apxb+£a ; wholly diffe- 

[LETT 
rent from the former, and yet both the 
reſults are conſequences from the ſame 
data: nor will it be poſſible from any 
reaſoning the author uſes in theſe ſolu- 
tions, to diſtinguiſh which of them is 
true, or to determine whether both are 
not erroneous ; although from the gene- 
ral principles of motion, independent of 
any conſideration of momentum, it is 
without difficulty inferred, that the true 
preſſure on the axis 1s the latter value 
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Many other examples of a ſimilar kind 
might be produced; theſe two have been 
mentioned, not with a view of cavilling . 
at writers who have deſerved ſo well of 
philoſophy, but to ſhew how much pre- 
judice muſt be occaſioned to ſcience by 
aſſuming hypotheſes of momentum as 
general principles, when even the moſt 
experienced perſons have been led into 
1 | error 


on the axis = 
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error by them. In the ſections preceding 


the ninth of this treatiſe, the reader will 
find the hypotheſis of momentum uſed 
in explaining ſome particular caſes in 
mechanics; but it is in no inſtance aſſum- 
ed as a principle from which conſequences 
are inferred in the ſolution of problems. 

In the tenth ſection the principles of 
rotation in free ſpace are deduced from 
thoſe which are demonſtrated in the ſixth 
ſection concerning the rotation of bodies 
round fixed axes. 

Analytical demonſtrations have been 
adopted, as being moſt conſiſtent with 
the general plan of the work. If this 
method of arriving at truth appears leſs 
eligible in ſome points of view, in others 
it certainly has its advantages; particu- 
larly in being eaſily applied to the inve- 
ſtigation of problems, and in being com- 
prized in a ſmaller compaſs than would 
in general be neceſſary for treating the 
ſame ſubject geometrically. 

The enſuing treatiſe, however, is not 
intended to precede the ſtudy of thoſe 
authors who have written geometrically 
on the principles of motion, but is rather 
to be conſidered as auxiliary and ſubſer- 

c vient 
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vient to them. It is generally allowed 
that no ſpecies of mathematical reaſon. - 
ing contributes fo much to improve and 
ſtrengthen the mind, as that which has 
for its objects the properties of ſpace, 
whether they are purely abſtract, or ſuch 
as are joined with the explanation of natu- 
ral phenomena: but whoever wiſhes to ex- 
tend the uſe of the mathematical ſciences 
ſtill further, by applying them to the in- 
veſtigation of new abſtract truths, or to 
the ſolution of ſuch phyſical problems as 
any occaſion may preſent, will ſoon per- 
ceive the neceſſity of not confining him- 
ſelf to the ſtudy of geometry only. It 
has been often remarked, that thoſe who 
perfectly underſtand the geometrical pro- 
poſitions, which explain any branch of 
philoſophy, without having conſidered 
the ſubject under an analytical form, find 
great difficulty in applying their theory 
to practice, even in the moſt ordinary 
caſes, 
The following pages are preſented to 
the public as an imperfect ſketch, rather 
than as a work finiſhed according to the 
with and ſatis faction of the Author, who 
began this treatiſe with expectations of 

* con- 
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continuing in an academical eſtabliſh- 
ment, which would have afforded him 
means and opportunities of rendering it 
more worthy of the public eye. The book, 
however, ſuch as it is, has coſt him ſome 
trouble; which he will think amply re- 
paid, if it ſhould appear in any degree 
to merit the approbation of philoſophical 
and mathematical readers. 

The Author takes this opportunity of 
publicly expreſſing his thanks and ac- 
knowledgements for the liberal aſſiſtance 
he has received toward the expences of 
printing this volume, from the Vicechan- 
cellor and Syndics of the Univerſity Preſs. 
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CONTAINING DEFINITIONS AND AXIOMS; 
WITH COROLLARIES DEDUCED FROM 


THEM. 
I. 


HAT which cauſes a change in the 
ſtate of motion or quieſcence of 
bodies, 1s called force. 


The ſources of force are various. 

1. The muſcles of animals enable them to communi. 
cate motion to quieſcent ſubſtances: to accelerate, retard, 
and to alter the direQion in which bodies have been before 

ut in motion ; this power being confined within certain 
fits by which the ſtrength of animals is determined. 

2. Motion is communicated or deſtroyed by the impact 
of bodies either ſolid or fluid. 

Thus the wind by the force of its impact againſt the 
ſails ſets a ſhip in motion, which is ſtill increaſed by the 
impulſes of the waves in the fame direction, and retarded 
by _ if they flow in a direction oppoſite to that of 
the ſhip. 

3. EleQtrical and magnetical attractions and repulſions 
are alſo cauſes of force. 

4. Laſtly, 8 omit various leſs general cauſes) a 

r of attraction is inherent in all bodies whereby they 
mutually endeavour to approach each other, and all ob- 
ſtacles and other forces being removed, actually do ap- 

roach in a right line, moving with velocities which are 


— th proportional to their quantities of matter, 
A Theſe 
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Theſe and innumerable other forces which originate from 
cauſes however different, are yet referred to the ſame ge- 
neral principles of motion, which it 1s the buſineſs of 


Mechanics to explain. 

Among the various laws obſerved during the accelera- 
tion and retardation of bodies, to which every material 
ſubſtance in nature is ſubject as far as human obſervation 
extends, three, called Laws of Motion, are aſſumed as 
Phyſical Axioms; being propoſitions which although the 
mind does not aſſent to on intuition, yet as they are of 
the moſt obvious and intelligible kind, ſuggeſted conſtant- 
ly by the ordinary motion and quieſcence of bodies, and 
confirmed by every experiment which can be made on the n 
operation of forces, as well as by ſuch * arguments as the 
nature of the ſubject will admit of, appear the moſt pro- 
per to be received as principles from which the theory of 
motion in general may be regularly deduced. 


IT. 


AXx10M 1. Every body perſeveres in its 
ſtate of reſt or uniform motion in a right 
line, until a change is effected by the 
agency of ſome external force. 

2. Any change effected in the quieſ- 

| cenceor motion of a body is in the direction 
7 | of the force impreſſed, and is proportional 
| to it in quantity. 
it 3. Action and reaction are equal and 
4 | in contrary directions. 


In comparing the changes cauſed in the motion of bo- 
dies, according to the ſecond law of motion, the times of 
1 effecting ſuch changes are underſtood to be equal: Vid. 
Wt * Newt. Princip. Cor. 1. to the axioms in which this ſecond 
_ = law of motion is referred to. | 

1. That a body once at reſt will continue fo until it is 
ated on by ſome external force is a truth ſo obvious that 
it needs no comment. Alſo a moving body having no 
more 
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more power to alter the direction or velocity of its mo- 
tion than to begin at firſt to move, muſt neceſſarily con- 
tinue to proceed uniformly in a ſtraight line, till a change 
is effected by the agency of ſome external force. 
2. It is likewiſe rational to ſuppoſe that any change, whe- 
ther in the direction or velocity of a body's motion, ſhould 
be proportional to the cauſes producing ſach change, that 
is, to the forces impreſſed, the time of their action being the 
ſame.— Thus imagine a body to be moving from A to B, Fig. 1. 
if during the time of its motion, a force be impreſſed in 
the direction of AC or ED, which is parallel to it, this 
impreſſed force will deflect the body from its original di- 
rection, but willnotaccelerate or retard thie time of its arrival 
at the line BE; it will however cauſe Wdiſtances BD, BE 
at which it arrives in that line, to become greater or leſs, ac- 
cording to the magnitude of the force which acts in the di- 
rettion B E, for the ſame reaſon, if during a bedy's motion 
in the direction AC, a force in the direction AB be 1mpreſled, 
the time of the body's arrival at the line C F which is pa- 
rallel to 4 B will not be altered, only the diſtances CD, CF 
in that line, will vary proportionally to the force acting in 
the direction CF. If therefore the two forces which act 
upon a body at 4 for a given time, be ſuch as when ſingly 
applied would cauſe the body to deſcribe the lines AC, A 
reſpectively in the ſame time, theſe forces being applied to- 
gether, the body by their joint action muſt at the end of 
the time have arrived at both the lines CF and BE, that 
is, at their common interſeQion D, in the extremity of the 
diagonal of the parallelogram 43 CD, the two ſides of 
which are in the direction of the two forces, and are in 
22 equal to the ſpaces which would be deſcribed by 
the forces acting ſingly for the ſame time. 
3. When a body deſeribes equal ſpaces in equal times, 
the motion is ſaid io be uniform. The degree or celerity of 
motion is merely relative, and implies the compariſon of the 
ſpaces deſcribed by bodies moving uniformly for the 
ame time: the proportion of the velocities will be the 
ſame as that of the — The quantity of motion ge- 
nerated in a body, is the effect whereof the moving force 
15 the cauſe, Quantities of motion therefore communi- 
cated to bodies in the ſame time are proportional to the 
moving forces. h | 
Moving bodies alſo become ſubſequently the cauſe of | 
motion in other bodies by impinging on them, but ſince 
matter poſſeſſes not in-itfelf a power of creating or deſtroy- 
ing the leaſt motion, it follows that as much as is gained by | 
Az © | 
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the body ſtruck, will be loſt by the other body, ſo that the 

uantity of motion exiſting in bodies, will be the ſame be- 
on and after the impact. From the ſame principle it fol- 
lows, that a body any how attracting another body is at- 
tracted by it with equal force, and it appears from every ex- 
periment which can be made on bodies which approach each 
other in a right line, by means of their mutual attraQtion, 
that they move with velocities which are inverſely pro- 

ortional to the quantities of matter contained in them : 


4 t would follow from hence immediately, that the quantities 
3 2. — 1» - of motion in moving bodies, are proportional to their 
r quantities of matter and velocities jointly; the ſame 


concluſion however may be deduced from the laws of 
motion only, independent of any experiments. 

Theſe three phy ſical propoſitions having been aſſumed as 
principles of motion, reduce the ſcience of mechanics to 
mathematical certainty, ariſing not only from the ſtrict 
coherence of innumerable properties of motion deduced 
from them a priori, but from their agreement with matter 
of fact, which agreement is ever ſeen moſt conſpicuous 
when moſt ſeverely and minutely examined: It is from 
theſe conſiderations that the laws of motion have been ef. 
teemed not only phyſically but mathematically true. 


III. 


Any force acting upon a body conti- 
nually in the ſame direction, will produce 
a continual acceleration or retardation of 
its motion. 


— 
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* if, Law Any velocity“ produced in a body will be continued uni- 
of motion. form, after the ad ion of the force ceaſes ; but as long as the 
+ 24. Law force acts, new velocity ſ mull be generated at every inſtant 
of motion. of the body's motion. Thus a body — to the 

earth by the force of gravity, deſcribes unequal ſpaces in 
equal times, its motion being continually accelerated. 
Alſo the elaſtic ſteam of gunpowder acting upon a muſket 
ball, cauſes a perpetual acceleration of motion during its 
rogreſs through the barrel ; whereas if the ball imping- 
Ing againſt a block of wood penetrates into its ſubſtance, 
the retarding force of the block cauſes a continual dimi- 
nution of the initial velocity of impact, till the whole mo- 

tion of the ball is deſtroyed, | Th 
= iy 


3 
- 
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The laws of acceleration and retardation will depend on 
thoſe of the force, which may be infinitely varied. Theſe 
different forces divide themſelves into two ſorts, viz. va- 
1 conſtant, which diſtinction ſhould be next de- 


IV. 


If during a body's motion, equal velo- 
cities be communicated or deſtroyed in 
equal ſucceſſive portions of time, the force 
is ſaid to be conſtant, and the velocity 
uniformly accelerated or retarded. 


By the ſecond law of motion, any change produced in 
the velocity of a moving body, is in the ſame direction 
with the force impreſſed, and is propartional to it in quan- 
tity, the time being given: wherefore by the propoſitian, 
equal velocities being produced or deſtroyed in equal times, 
it follows that the force acts equably. 

Of this ſort is the force of gravity, which in the deſcent 
or aſcent of a body creates or deſtroys a velocity of 32 f 
feet in each ſecond of time; alſo the force whereby 2 
block of wood reſiſts the progreſs of a ball entering into 
it, deſtroys equal velocities in equal times, 


When unequal velocities are generated 
or deſtroyed in equal ſucceſſive portions of 
time, the force is ſaid to be variable. 


By the ſecond law of motion the force is as the velocity 
generated or deſtroyed in the ſame body in a given time, 
which velocity, by the propoſition, is variable: It follows 
therefore, that the force is variable, 

When a body proceeds with accelerated or retarded mo- 
tion, the velocities in any points of the ſpace deſcribed, are 
eſtimated by finding what ſpaces . 40 be deſcribed by 
the velocities acquired in thoſe points, and continued 
uniform for a given time: the ſpaces deſcribed will give 
the ratio of the velocities required, | 
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In like manner to eſtimate a variable force ating upon 
a body in any two points of the ſpace deſcribed, it is neceſ- 
faty to find what would be the velocities generated or de- 
ſtroyed in a given time, by the force acting in thoſe points, 
and continued conſtant ; the ratio of theſe velocities will 
give the ratio of the forces required, 

It appears therefore that the — of variable 
forces muſt be referred to thoſe of conſtant forces: theſe 
are confidered in the enſuing propoſitions. 

Although the properties of acceleration and thoſe of 
retardation are equally deducible from the laws of motion, 
and might be demonſtrated together, yet it will be more 
convenient to conſider them ſeparately. The laws of ac- 
celeration being demonſtrated, thoſe of retarded motions 
will follow from them, 


VI. 


When a body is acted upon by a con- 
ſtant force, there are four quantities which 
become the objects of mechanical conſi- 
deration, viz. the ſpace deſcribed, the 
time of deſcription, the velocity acquired, 
and the force which produces it; any two 
of which being given, the others may be 
aſcertained, 


It may be remarked, that the force here mention- 
ed, relates to the communication of velocity only, auy 
difference in the quantities of matter moved, not being 
conſidered: It is called the accelerating force, being pro- 
portional to the velocity generated in a given time, 

The moving force relates to the quantity of matter 
moved, as well as the velocity communicated, and it is 
proportional to the quantity of motion produced in a given 
time. 

The diſtinction between theſe forces will further appear 
from conſidering what is the meaſure of the quantities 
of motion communicated to bodies, or of the moving 
t:rces by which ſuch motion has been generated. 


VII, 
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VII. 


The moving forces which communicate 
the ſame velocity in a given time, to dif- 
ferent bodies, will be as the quantities of 
matter contained in the bodies moved. 


For if one body contain a quantity of matter ten times 
greater than another, then may the heavier be divided in- 
to ten bodies, each equal in quantity of matter to the 
lighter ; and whatever force be required to produce a cer- 
tain velocity in the lighter body, ten of theſe forces will 
be neceſſary to 1mpel the ten bodies through the ſame ſpace 
in the ſame time, ſo that the velocities of all the bodies 
ſhall be equal at the end of the motion; and it is the 
ſame as to the velocity produced, whether the bodies be 
ſeparated or united, the ten forces ſtill acting upon them. 

Thus the moving force exerted by gravity upon bodies 
deſcending towards the earth's centre, is proportional to 
the quantities of matter contained in them; for it appears 
from experiment, that all bodies, whatever be their weights 
deſcend near the earth's ſurface through equal ſpaces in 
equal times, acquiring the ſame velocity in their deſcent, 
the air's reſiſtance being removed, and it is manifeſt from the 
propoſition, that the heavier bodies will require a greater 
force to move them than the lighter, according to the 
quautities of matter contained in them, 


VIII. 


The moving forces acting upon bodies 
and the quantities of motion commu- 
nicated to them in a given time, are pro- 
portional to the quantities of matter 
moved and the velocities communicated 
jointly. 

For when the velocity communicated in a given time is 
the ſame, the moving force is as the quantity of matter . AN vn. 


moved; and + when the quantity of matter is given, the, 4. La- 
mov -o muon, 
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moving force is as the velocity communicated in the ſame 
time; therefore both quantities of matter and velocities 
communicated in the ſame time, being different, the mov- 
ing forces, and their effects the quantities of motion pro- 
duced, will be as the quantities of matter and velocities 
communicated jointly. 

It is ſometimes aſſerted, that there are two methods 
whereby motion may be communicated or deſtroye1, viz. 
either by the continual action of a moving force, or by in- 
ſtantaneous impact; but the latter way can obtain only in 
perfectly hard and inflexible bodies, which exiſt not in na- 
ture; and even in the abſtract conſideration of theſe, as well 
as of other caſes in mechanicks, when metaphyfical poſſibi- 
lities inſtead of the natural ſtate of bodies are attended to, 
difficulties ariſe hardly explicable by any method of reaſon- 
ing: but it is certain, that when finite velocity is commu- 
nicated to any natural body, the time wherein it is commu- 
nicated muſt be finite, ſo that when the body acted upon 
begins to move from quieſcence, it will during the action 
of the force poſſeſs all the intermediate degrees of velo- 
— between o and the velocity ultimately communi- 
cated. | 

To exemplify this further, let us imagine that a ſoft and 
flexible ſubſtance, ' ſuch as a ball ef clay impinges againſt 
another ſubſtance of the ſame ſort, in the direction of a 
line joining the centres of the balls. At the firſt inſtant of 
the impact, the body ſtruck will begin to move, and will pro- 
ceed with a velocity inferior to that of the impinging bo- 
dy, the velocity of which will continue to decreaſe, and that 
of the other body to increaſe as long as the impact cauſes a 
change in the figure of the two bodies, that is, till the 
ſhall have poſſeſſed a velocity common to beth, at whic 
inſtant all acceleration ceaſes; provided the bodies be per- 
fectly nonelaſtic. If the bodies be of ſuch a kind as after 
having received impreſlion from any impact poſſeſs a power 
of reſtoring their changed figure with a force equal to that 
of the impact, it is manifeſt, that whatever velocity was 
communicated during the change of figure, an equal velo- 
city will be ſuperadded during the reſtoration of it. In 
this caſe after the acceleration ariſing from the impact du. 
ring the change of the bodies figure has ceaſed, the bodies 
having then acquired a common velocity, a new accelera- 
tion will begin, being cauſed by the elaſtic force of the 
balls, which acting in a direction of the lines joining their 
centers, tends to ſeparate them, accelerating the ball ſtruck 
and retarding the other. 


From 


1 


From theſe conſiderations it appears, that in whatever 
degree the hardneſs of perfectly elaſtic bodies may differ, 
the effects of their impacts on each other will be the ſame, 

*the weights and velocities before the ſtroke being given. 
For the figures of the ſtriking and of the other body muſt 
contindally change, till they have acquired a common 
velocity, which depends only on the weights of the bodies 
and velocity of the impact, and is determined by the rules 
for the colliſion of nonelaſtic bodies. Moreover, the re- 
ſtoration of the changed figures, how ſmall or great ſoever 
may have been the change, muſt cauſe an addition of ve- 
locity in the ball ſtruck equal to that received from the 


impaR. 

fe follows alſo, that the effects of the ſtroke will be the 
ſame, whether both bodies be perfectly elaſtic, or one per- 
fectly elaſtic, and the other perfectly hard, every thin 
elſe being given: fot the figure of the elaſtic body — 
change till the bodies have obtained a common velocity, 
which depends on the weights and velocities before the 
ſtroke only, and will be the ſame as if the bodies were 
nonelaſtic; the reſtoration of the figure will in this, as 
well as in the former caſe, cauſe an increaſe of velocity in 
the ball ſtruck equal to that before communicated. 

Although no ſubſtance in nature poſſeſſes perfect elaſti- 
city, or is entirely deſtitute of it, yet there are ſeveral 
elaſtic and nonelaſtic bodies ſubje& to experimental trials, 
wherein the laws relating to colliſion, are found to agree 
with matter of act, to a conſiderable degree of exa@tneſs, 


IX, 

The accelerating forces which commu- 
nicate velocities to bodies, are as the 
moving forces directly, and the quantities 
of matter moved inverſely, 


Since the accelerating force“ is as the velocity gene- Art, VI. 


rated in a given time, and by the laſt article the movin 
force is as the quantity of matter and velocity generat 
in a given time, it follows that the moving force is as the 
accelerating force, and the quantity of matter moved joint- 
ly ; that is, the accelerating force is as the moving force 
dired , and the quantity of matter moved inverſely. 

To illuſtrate this, let 2 and q denote any two maſſes of 
matter: let be the force or weight by which gravity im- 
pels g towards the earth's centre, and let M be any — 

orce 
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force which urges che maſs 2: then by the propoſition 
the ratio of the velocities generated in Q and g in a given 
time, or which is the ſame, the ratio of the forces which 
accelerate Q and q will be that of M x4: m x 2, where- 
fore if F be put for the force which 8 and 
for the accelerating force of gravity, we ſhall bave F: 


„KN 85 Now it is maniſeſt, 


that the values of the quantities 7. = and 2 depend 


only on the ratios of the numerators to the denominators; 
for which reaſon, the ſtandard or conſtant quantities 5, mz 
and g, with which F, M and 2 are compared, may be aſ- 


of matter = to that contained in 4 ounces of any ſub. 
ſtance, be impelled by a force = to the weight of 3 ounces 
then the force which accelerates the maſs of 4 ounces will 
be 3, when the acceleration of gravity is 1; or, in other 
words, it will generate in a given time three parts in four 
of the velocity which gravity generates during any given 
time in bodies which deſcend toward the earth's ſurface, 
When any quantity is ſaid to be given, it is meant, that 
the relation of it to fome fixed quantity of the ſame ſort, 
conſidered as a ſtandard, is known; in like manner, when 
any quantity is ſought, it is required to find the relation 
of this unknown quantity to ſome fixed ſtandard of the ſame 
kind, All forces of acceleration are referred to gravity, 
that is, to the force whereby the earth accelerates adjacent 
bodies towards its centre. Time is referred to the earth's 
periodic revolution round its axis, whether it be conſidered 
as divided into hours or minutes, &c. Theſe two are de- 
finite ſtandards, common to all ages and climes, and it 
appears from the laws of motion, that ſtandards of ſpace 
and velocity alſo are determinable: but many difficulties in 
ractice have hitherto prevented any methods from bein 
carried into execution to fix theſe; ſo that different na- 
tions continue to make uſe of different meaſures to which 
they refer all other ſpaces; and even in the ſame na- 
tion theſe meaſures from the imperfe&ion of the materials 
compoling them, as well as from various accidents, have 
been found in a ſeries of ages liable to alteration. 
The next ſection contains a few properties of ratios, 
which immediately relate to the mechanical propoſitions 
enſuing, as well as to the nature of the ſtandard quannities 


zatt deſcribed. 
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SE er. II. 


CONTAINING SOME PROPERTIES OF RA-· 
TIOS, 


I, 


WO mathematical quantities of 
the ſame kind conſtitute a ratio. 


Thus two lines, two ſurfaces, &c. conſtitute a ratio 
which may always be expreſſed by numbers, either com- 
menſurable or incommenſurable with unity. 

Phyſical quantities, which are in themſelves not mathe- 
matical, are nevertheleſs capable of mathematical rela- 
tion, if they are meaſurable by ſpace or number; thus 
angles, velocities, times, and forces, and ratios themſelves, 
become capable of mathematical relation, 


WS | 


The ratio of two mathematical or phy- 
ſical quantities may be compared with the 
ratio of two other quantities, though of 
a different kind from the former. 

Thus when two bodies move uniformly for the ſame 
time, the ſpaces deſcribed vary with the velocities, and 
though ſpace and velocity, _ different kinds of quan- 

yet t 


tity, are not op ror e ratio of the ſpaces is 
comparable with that of the velocities, theſe ratios being 


equal, 


B 2 III. 
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III. 


If any quantity be divided by a quantity 
of the ſame ſort, the quotient becomes 
abſtract number. 


Thus if U and v repreſent two velocities, then will 
” be a number which is to 1asU;v 


IV. 

The ratio of any mathematical or phy- 
fical quantities may be expreſſed by two 
numbers, if both terms of the ratio be 
divided by the conſequent, or by the an- 
tecedent. 


Thus if Fand F repreſent two forces, and both be divided 
by /, the ratio will become 4 : 1, which by the laſt pro- 
poſition is that of number to number. 


V. 
Any ratio may be repreſented by a 
fraction, the numerator of which is the 


antecedent, and denominator the conſe- 
quent of the ratio. 


Hence, the addition and ſubſtraction of ratios may be 
performed by che multiplication and diviſion of fractions. 
Thus, when two bodies move uniformly, the ratio of the 
ſpaces deſcribed 1s equal to the ratio of the velocities add- 
ed to the ratio of the times of motion, and is expreſſed 


thus at length, S: :: TX Vt x ; or thus, = 


7 


1 


* —3 which equation implies, that an abſtract number 


V 


=, is equal to the produR of two other abſtract numbers 


5 and 0 and if the conſequents 7, r, and v, be made 


— — 1 


7 

unity, which aſſamption will not alter the values of the 
ratios, provided the antecedents S, T, and 7 vary . er 
tionally, the arithmetic of theſe ratios will be hereby faci- 
tated, for the laſt equation vill become 2 = 7 x f. or 
S=Tx-; S, Tand/ being abſtract numbers. 

It muſt be obſerved in general, that whenever a mark 
of equality is interpoſed between heterogeneous quanti- 
ties, as S T x F, no other equality is meant, but that 
which ſubſiſts between the ratios there expreſſed ; that is, 
the ratio of the ſpaces, viz. S: 1, is equal to the ſum of 


ratios T: 1 and Vr 1 3 fo, fince = 5, we have the ra- 


tio of the times, is equal to the ratio of the ſpaces dimi- 
niſhed by the ratio of the velocities. Moreover, when the 
mark of multiplication is — — between he 

neous quantities, it means the addition of two ratios, the 
— of which are the terms expreſſed, and conſe- 
quents are unity. 


VI. 
Let 15 = and - , be three ratios, con- 


ſiſting of variable terms. If the relation 
of theſe quantities be ſuch, that when 


C 1 
— becomes unity, or the ratio of equality, 


— propoſition aſſerts, that what- 


ever 


[8 3 


ever be the magnitudes of p 


we always have 2 = x 5 


3 3 Ci. B 
= 5774 * rt: then when 3 = I, 


we have - = == » but by the hypotheſis, when 725 


c © + 
25 wy wherefore = < 3 1+e= 1. This 
contradictory e ariſes from denying the propoſi- 
tion aſſerted, which is therefore true. 


27 , = and © - be three ratios, conſiſting 


of the variable wwe Lo, Bk and C c: if the relation of 
theſe quantities be ſuch, that when S = 1, & = r 
alſo when 38 1 45 = © ="; then whatever be the mag- 
nitudes of 59898 2 = N for 


4 _ B=+e Cote B* 
ann then when r. = 1, we 


4 Car 
have 3 ——— . but by the hypotheſis, when ei- 


? n n 
2. wherefore 2 So and a = n + 4, the 


leſſer equal to the greater, if 4 be of finite magnitude; 
and ſhould 4 be T2 we have — = 121. x > 


For if not, let — 


if not, let — 


from which by in the "-M manner as be- 
fore, it — 1 — that m + e = m; that is, if 
e be of any finite magnitude, the leſſer is equal to the 
greater, w ich is impoſſible: it follows therefore, the 
quantities 4 and e being neceſſarily evaneſcent, that 
25 38 * — 
— 2 * K 2 

I 1. The weights of bodies depend = their mag- 

nitudes and denſities: and if V, a repreſent the weights 


WW: 25 


of two bodies, M,. m their magnitudes, and D, 7 their re- 
ſpeaive denſities, then when M = m, or = = 1, the 
- m 


weights will be as the denſities, or 4 = 7 - alſo, if D 


= d, the ratio of the weights 2 — - the ratio of the 


magnitudes : wherefore by the propoſition, whatever be 
* „ M M 

the quantities —, — and , we always have — = —- Xx 
do aan 4 * m 


or the ratio of the weights = the ſum of the ratios of 


the magnitudes and denſities, 


Cor. 2. The ratio of equality is in quantity = ©, be- 
cauſe, being added to or ſubſtracted from any ratio, it 
cauſes neither increaſe nor diminution of the ratio. Thus, 


when 4 = 1, or when D and 4 are in the ratio of equa- 


4 
, r 
lity, we have — = 2 * —== —. 


m 
Cor. 3. An inverſe ratio is that wherein the conſequent 

and antecedent are inverted, or if 1 by a fraction, 

it is when the numerator becomes the denominator, and 


the denominator the numerator, thus 37 i the inverted 
. M 
Cor. 4. An inverted ratio is equal in quantity to the 
direct ratio, but is negative in reſpect of it; for by adding 
the direct and inverſe ratios of two quantities together, the 
ſum becomes So, or the ratio of equality: thus the direct 


ratio added to the inverted ratio 77 the ſum becomes 


* thus 8 X. Mo „ 
Mn 1 20 4 m m 20 


X 3˙ or the ratio of the magnitudes = the ratio of the 


weights added to the inverted ratio of the denſities ; or 
ſince the inverted ratio of the denſities = — the direct ra- 
tio of the denſities, it follows, that the ratio of the mag- 
nitudes will be equal the difference between the ratios of 
the weights and denſities, 


Cor. 5. When m, wv and 4, are each = 1, then will M. 
D 


1 


D and be abſtract numbers, and we have M = 4 EX- 


prefling the ratios deſcribed in the laſt Cor. 


VII. 


In the compariſon of the ratios which 
obtain between mathematical quantities 
of any ſort, the ſtandard to which each 
of thoſe quantities is referred, may be 
aſſumed = 1. 


This will be beſt illuſtrated by an example. Let the 
weight, magnitude and denſity of any ſubſtance be reſpec- 
tively V, M and D. Theſe relative terms imply the con- 
ſideration of ſome ſtandard ſubſtance with the weight, 
magnitude and denſity of which V, M and D are com- 
pared. If the weight, magnitude and denſity of the ſtand- 
ard ſubſtance be ww, M and d, we have in general - = 2 

D 
* if 

Let a cubic inch of water be aſſumed as a ſtandard ſub- 
ſtance, then may ao, 7 and 4 be each taken = 1, the 
correſpcnding terms being expreſſed proportionally 
to 1, and the equation expreſſing the relation of 
weight, magnitude and denſity of the ſubſtance, to thoſe of 


water, will be F — = * =, or Y HKD; , M and 


D being abſtract numbers. This aſſumption will be moſt 
uſeful in general ſolutions, but in the application of 
them to particular caſes, ſince the weight of a cubic inch 
of water, which was aſſumed = 1, correſponds with none 
of our common weights, it is more convenient to aſcertain 
by experiment, what is the weight of a cubic inch of wa- 
ter, when referred to any of the ſtandard weights in uſe 
among us, viz. to ounces or grains, &c, and it appears 
upon trial, that the weight ſought is .57869 parts of an 
avoirdupoiſe ounce : this being therefore ſubſtituted in the 


_— Mey D, 


: 9 
or N = .57869 M x« D, which expreſſes the relation of 
the 


preceding equation for av or i, we have 


* 
the weight, magnitude and denſity of the given ſubſtance, 
compared, with the weight, magnitude and denſity of wa- 
ter, and accommodated to our ſtandard meaſures of weight 
and ſpace, that is, the weights being eſtimated in avoir- 
dupoiſe ounces, and the magnitudes in cubic inches, 

f inſtead of a cubic inch, m be made = to a cubie foot, 
this will afford a greater facility in praQtice: in this caſe, 
m = 1 cubic foot, and water being ſtill conſidered as the 
ſtandard ſubſtance, w = the weight of a cubic foot of wa- 
ter = 1900 ounces avoirdupoiſe by experiment, if the 
ſpecific Jenni of water be aſſumed = 1000, we have 
-4 = — X = or W = M x D, which is the rule 
1000 1 1000 
delivered in CorEs's Hydroſtatics, Lect. 6. 

The abbreviations made uſe of in the following 
propoſitions are theſe; F and f repreſent any two 
conſtant forces, Y denotes the velocity generated by the 
force F in the time 7, during which time the ſpace 8 
is deſcribed by conſtant acceleration; v is the velocity 
generated during the time t, by the action of an accele- 
rating force 7, the ſpace deſcribed during the time / be- 
ing #. 

> and Fare always underſtood to be accelerating forces 
proportional to the velocities generated in a given time, * 
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of motion. 


bee ib. 


1 Sect. 11, 


Prop. VI. 


SE er. III. 


CONCERNING THE RECTILINEAR MOTION 
OF BODIES IMPELLED BY FORCES 
WHICH ACT UNIFORMLY. 


I. 


HE velocities generated in bodies 
by the action of conſtant forces, are 
as thoſe forces and the times in which 


r 
they act jointly, or rr 


For when the times are the ſame, the velocities e- 
rated are as the forces of acceleration, “ that is, when —=1, 


FS. a 202 
22. and if the forces are the ſame, the velocities ge- 


nerated ate as the times wherein the forces act; becauſe 
when the force is given, equal velocities + are generated 
in equal times, and conſequently the whole velocities ac- 


quired are as the times wherein the given force acts; that 


is, when 2 21, - >= 7; wherefore, both times and ac- 


celerating forces being different, the velocities generated 
will be as the forces and the times of their action jointly ; 


whatever therefore be the magnitude of 7. . and = it is 


In 
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In this * 0av9rm as F repreſents any conſtant force, 

which in the time 7, generates a velocity /; V repreſents 

any other conſtant force, which in the time 7, generates a | 

velocity v; this propoſition, therefore, is wholly inde- 1 

pendent of the abſolute magnitudes of the forces, veloci- N 

ties and times, and conſequently, no abſolute quantity can 

be inferred from it. The uſe of the propoſition is, how- 

ever, to compare any undetermined velocity, the conſtant | 

force which produces it, and the time wherein it is ac- 

quired, with a known velocity, the known force by which 1 

it is generated, and the definite or ſtandard time wherin 

the known force acts reſpectively: the effects of this known | 

force, as to the velocity produced and time of producing | 

it, being determined by actual obſervation, In this caſe, 

therefore, F will repreſent a ſlandard force, v the velocity 

generated by it in the time 7, all which might be + aſſumed + Sed. It. 

equal 1, ſo as to make Y = F x T: and in general ſolutions Prop. VU, 

unapplied to any abſolute known force, ſuch aſſumption is 

allowable, becauſe there is as much reaſon to denominate 

any one ſpace (for example 324; feet) unity, as any other. 

But ſince moſt phyſical propoſitions are either immediate- 

ly or ultimately applied to the operation of natural forces, 

the effects of which are eſtimated by meaſures of ſpace, 

which, however arbitrarily fixed at firſt, ſtill continue in 

common uſe, it may be proper to deſcribe ſuch phyſical 

ſtandards of force, time and velocity, with which all other 

forces, times and velocities may be conveniently compared. 

Of theſe three ſtandard quantities, two muſt be firſt 

given or fixed on at pleaſure, and the third obtained by 

actual obſervation. Now gravity is a force, the general o 

and permanent nature of which renders it the moſt proper q 
l 
1 
0 


to be aſſumed as a ſtandard, to which all other forces may 

be reſerred : wherefore, this mult be one of the given quan- 

tities, and may be denoted by 1, every other force, * Seq. II. 

with which it is compared, being repreſented by a num- Prop. VII. 

ber which is to 1, as that force is to gravity : on the other | 
hand, bodies may acquire different velocities, deſcending 1 
by gravity in different times. We may therefore chuſe : 
whether to aſſume a certain velocity, and denominating it 

1, obſerve in what time the action of gravity generates 

this velocity ; or we may aſſume a time = 1, and obſerve 

the velocity generated during the action of gravity for 

that time. he latter method, however, from the nature 

of the caſe is evidently preferable to the other ; which will 


appear from the following conſiderations. Time is ne- 
Cz ceſſarily 
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ceſſarily referred to the revolution of the earth round its 
axis, whether it be conſidered as divided into minutes or 
ſeconds, &c. this periodic revolution being liable to no 
alteration or variation whatever, and conſequently the 
meaſures of its parts, eonfiſting of the portions of a given 
angle, deſcribed uniformly will be invariable, and there- 
fore common to all ages, and places upon earth the moſt 
diſtant from each other. 

We obſerve, from hence, that ſtandards of force and time 
are pointed out by nature herſelf, and ſo plainly as to 
have found univerſal reception among mankind : where- 
as, although ſlandards or invariable meaſures of ſpace 
and velocity, are alſo equally fixed by nature, yet the 
determination of them requiring ſkill in the theory, as 
well as the practical parts of mechanics, has among other 
cauſes prevented ſuch meaſures from becoming any where 
adopted ; the reaſon of which is, that men find it ne- 
ceſſary to weigh and to meaſure, before they become phi- 
loſphers; and in more improved times, philoſophy is of 
too little conſequence to alter what has been eitabliſhed 
by centuries of continual uſe. 

It is, however, neceſſary in phyſical enquiries, to obtain 
a ſtandard velocity, by actually obſerving, or inferrin 
from ſome other actual obſerſervations, what velocity is 
generated by the force of gravity during a given time, for 
example one ſecond : this velocity being expreſſed in the 
meaſures of ſpace, which are in common uſe. 

The determination of this ſtandard velocity will render 
the propofition above demonſtrated, applicable to the 
compariſon of all other velocities generated in any differ- 
ent times, and by any conſtant forces, with ſuch velocities, 
as are generated by the force of gravity ; the times and 
forces themſelves being at the ſame time compared : For 
ſuppoſe it to have been obſerved, that in a body's deſcent 
by the force of gravity for one ſecond, a velocity was ge- 
nerated which would, if uniformly continued, carry the 
body through a ſpace = v in one ſecond of time: then 


: 5 111, referring to the general ꝰ equation == 7 * - „we have 
rop. 1. 

as 11, tf = 1 ſecond, f = the force of gravity = 1, and conſe- 

rep. VII. y_ F and 7 abſtract numbers, wherefore Y = v x 

X F. 

It has been hitherto ſuppoſed, for the ſake of illuſtra- 

tion, chat v may be obtained by obſerving the velo- 

city 
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city acquired in a body's deſcent for one ſecond of time ; 
but fince the acceleration of gravity cauſes a continual 
change in the velocity of the deſcending body, fo as to 
render an eſtimation of the velocity at any particular 
point of time difficult and hitherto unattempted, the value 
of v, or the velocity acquired by a body which has de- 
ſcended for one ſecond, may be more — aſcertained by 
the help of the next propoſition. 

In the mean time, this will be the proper place to remark 
concerning the theorem already demonſtrated, that it is ap- 

licable to the motion of bodies ated upon by variable 
rces alſo, provided ths times wherein they act be taken ſo 
ſmall, that the forces may be regarded as conſtant. 

Thus, let /, t and v repreſent any ſtandard force, time 
and velocity; and let F, T and be other quantities of 
the ſame kind, which are compared with the former re- 
ſpectively; then however the force F may vary, yet if an 


element of time repreſented by J. be taken for the time 
of its action, it will have the properties of a conſtant force, 
as far as regards the particle of time above deſcribed. Let 


V repreſent the velocity generated by the force F in the 
time T, wherefore we have by the theorem © = = 


4 i — y * -* Sea. II. 
_ and if. v, Fand t be aſſumed each = 1, the e- ll. 


tion will be = F x F. 
II. 


If a quieſcent body be impelled by any 
conſtant force acting upon it for a given 
time, the ſpace deſcribed will be to the 
ſpace deſcribed in the ſame time, by the 
body moving uniformly with the laſt ac- 
quired velocity in the ratio of one to 
two. 


For let the given time be divided into equal evaneſcent 
inſtants, the number of which is ; then the | velocity ge-, 85. Il. 
N 8 nerated Prop. 1, 


mt a... RP 


. * Sea. III. 
Prop. I. 


+ SeR. III. 
Prop. 11. 


Se, III. 
op. II. 
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nerated being as the time, and continuing uniform during 
any one inſtant, we ſhall have the ſpace deſcribed in any 
one inſtant proportional to the number of inſtants com- 

rehended in the time of motion: ſo that if during the 
Ari inſtant the ſpace deſcribed be s, in the next inſtant the 
ſpace deſcribed will be 25, in the third 3s, and in the 
three firſt inſtants the ſpace deſcribed will be 5 + 2 5 + 
35; ſo, in the » firſt inſtants the ſpace deſcribed will be 


$5 +25 +35...75 ===: and ſince the * velo- 


city laſt acquired is as the time, the force being given, and 
the ſpace deſcribed by any uniform velocity, is as the 
time and velocity jointly, it follows that the ſpace deſcrib- 
ed by the laſt acquired velocity continued uniform for the 
time of the accelerated motion, will be as the ſquare of that 
time; ſo that if be the ſpace uniformly deſcribed in the 
firſt inſtant of motion, * will be the ſpace deſcribed in » 
inſtants with the velocity laſt acquired : wherefore the ſpace 
deſcribed by acceleration from quieſcence, is to the ſpace 
deſcribed uniformly with the laſt acquired velocity in the 
ſame time, as * + n5: 22, or as n +1: 22 and 
ſince gravity acts not by ſucceſſive impulſes, but by un- 
ceaſing acceleration, the magnitude of each inſtant muſt 
be diminiſbed, and conſequently their number increaſed, 
fine limite; the lat proportion therefore of 2 + 1, 22, 
will became that af 1 : 2, 
From this propoſition, the velocity which a body ac- 
uires in its deſcent by the acceleration of gravity for one 
— is eaſily obtained: for ſince this velocity is ſuch 
as if continued uniform would carry the body in one ſe- 
cond through a ſpace twice greater, than that from which 
the body has deſcended, it follows, that to find the velo- 
city acquired during any given time, for example one ſe- 
cond, it is only neceſſary, that the ſpace which a body de- 
ſcribes in its deſcent from quieſcence in one ſecond ſhould 
be obſerved. It is found from actual obſervation, (but 
more exactly from other methods,) that the ſpace through 
which a body deſcends from reſt in one ſecond, is equal 
193 Engliſh inches, or 16 feet and one inch; and in this 
deſcent it appears from the propoſition, t that ſuch a velo- 
city is acquired as would carry the body uniformly over 
2 x 167, or 32 r feet in a ſecond of time; wherefore, 
if 167; feet, or 193 inches, be put equal J, then will the 
flandard velocity which was before repreſented by « 


= $1 
By 


(<9 


By the firſt propoſition t it is found, that in general | ane Il, 


2 LA i ho 2 * Sch, II 
3 * =» aſſuming therefore F and t each = 1, and % VII. 
. 


ſubſtituting 21 for v, we have — = F x T and J = z1 


/ 
7 ; 

This 2 is applicable to the motion of bodies 
impelled by variable forces, if the times of motion be aſ- 
ſumed evaneſcent. Since Y = 2/FT, by taking the co- 
„ variations, we have V= 2/F x 7. becauſe 
_— e leaſt variation of the time T the force F is 

nſtant. 


Fonit 


III. 


The ſpaces which bodies deſcribe from 
reſt by the action of conſtant forces, are 
in a compound ratio of the velocities 
laſt acquired, and times of motion, or 
1 


_ cx t* 


8 V 


For the ſpaces deſcribed by the laſt acquired velocities 
continued uniform, are as thoſe velocities and the times 
of motion jointly : and the + ſpaces deſcribed by the ac- , co III 
celerating forces acting conſtantly for equal reſpective he "oa 
times, are half the former ſpaces by the laf propoſition. 
5 
5 making Ft = one ſecond, HO 


V 


v2 24, and conſequentlyl- = /, we have 7 = 7 X 27 or Sect. III. 


pps rop. II. 
12 —, which is an equation expreſſing the relation 
of S the ſpace deſcribed, and V, a meaſure of the velo- 
City, being alſo a ſpace, which would be uniformly de- 
ſcribed by the laſt acquired velocity in the time 1: it ap- 
that the ſpace deſcribed by the accelerated body, 
15 equal to of the ſpace / multiplied into an 2 
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ſtract number 7, which expreſſes the number of ſeconds 
contained in the time of motion. 
This propoſition is alſo true when applied to the mo- 
tion of a body which is accelerated by a variable force, 
provided the time in which it acts be diminiſhed ſine li- 


mite, ſo that the force acting for an inſtant, may become 
conſtant. | 


Since 8 = —. we have by taking the cotemporary 


variations S = £8 — but Y =2/FT and F = 2/FT7, 


or FT = IF TTV, which being ſubſtituted in 


TV 
2 


$0 "fl the equation S = „it appears that $=Y 


$ 

V 
ſtandard ſpace I; $ and Y being referred to the ſame 
ſtandard ſpace, and Tand V to the ſame ſtandard time: 
for every velocity reſpects two ſtandard meaſures, one of 
ſpace, and the other of time. : 

It appears therefore that the quantity 7, which is a 
number referred to any ſtandard 1, will be equal to the 
quotient of the ſpace deſcribed in the time 7, divided by 
the ſpace which would be uniformly deſcribed with the 
velocity of the body while it is deſcribing &, in the 
time 1; whatever be the ſtandard ſpace J, to which & 
and F are referred. 3 | 


| and T= i in every ſcale, whatever be the value of the 


IV. 


Conſtant forces which accelerate bo- 
dies, cauſe them to deſcribe from reſt 
ſpaces which are as the forces and ſquares 
of the times wherein they act jointly, 
e | 

that is, >= x Fe | 


For 
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For the ſpaces deſcribed, eſtimated from quieſcence, are 


as the velocities “ laſt acquired and the times of motion „ $ea, III. 
Prop, III. K 


Jointly, or g 2 4 * 4 and the velocities laſt acquired, are 


as the forces and the times of their acting jointly, that is, + Sec. 111, 

P7F- .F Sas e W 

= = 7 as wherefore ſubſtituting F * 7 for its equal 

SA in the former equation, we have 2 = j- * 7. 
Cor, 1. If Fg /, that is, if the forces are the ſame, 

jt follows, that © = Er, or the ſpaces are in a duplicate 


ratio of the times. 


4 V P . 
Cor, 2. Since } — = . when the force is given, Seat, nr, 
0p. 1. 
. 8 * 
ſubſtituting —- for — in the laſt Cor, we have - = —;, 
v t +. 


that is, the ſpaces are in a duplicate ratio of the velocities 
laſt acquired when the force of acceleration is giyen. 


. F 
Cor. 3. Since = = — * . n. 


that is, the ratio of the forces is compounded of the direct 
ratio of the ſpaces deſcribed, and the inverſe duplicate 
ratio of the times wherein the ſpaces are deſcribed from 
reſt, and conſequently when 7 = 7, or the times being 
given, the ſpaces deſcribed are in the ſame proportion with 
the forces of acceleration. 


Cor. 4. The propoſition contained in the laſt Cor. is ap- 

plicable to the naſcent motion, produced by a finite force & Newt, 
any how variable, and juſt beginning to impel a body from _— 
quieſcence : thus a body will in a given time be attracted — — x. 
by the force of gravity through a greater ſpace near the 
earth's ſurface, than if the body were ſituated at the di- 
lance of the moon, in the proportion of 60 * 60 : 1, 
which is known from principles not immediately connect- 
ed with the preſent fubje&t ; Wherefore by the propo- 
fition, the forces being as the ſpaces deſcribed when the 
time 1s given, it follows, that the force of gravity at the 
earth's ſurface, is to the force which it exerts at the diſtance 
of the moon, as 60 x 60 : 1. 


Cor, 5. To apply this propoſition in order to eſtimate 


the force, time and ſpace in reference to the Randard mea- 
D ſures 
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fares above deſcribed, ſince : 2 a X A „let ? = 1 (e- 


/ 
cond, and f= 1, the force of gravity, which acting 
for one ſecond, cauſes a body to describe in its free de- 
ſcent 1674 feet, or 193 inches, let this equal J, wherefore 


we have = x5, oe 53 TE. 
V. 
The conſtant forces which accelerate 
bodies from reſt are in a direct duplicate 


ratio of the velocities generated, and in 
an inverſe ratio of the ſpaces deſcribed, or 


8 
1 — aN * 53 
C 
ET RS t 8 1 
1 =— * . and ty = ＋νY - ſubſtituting 
therefore — X F. for its equal 7 in the former equation, 
have Ate x 2 
we 7 


Cor. 1. The laſt acquired velocities are in a ſubdupli- 
cate ratio of the accelerating forces, and a ſubduplicate 
ratio of the ſpaces deſcribed jointly, for by the propoſi- 


OO 0: 8 7 * 
ee * 7 or = V Ve. 
Cor. 2, Let and v repreſent the velocities of a body 
in different points of the ſame curve, or of two bodies 
moving in any two points of different curves, the centri- 
etal forces being Fand y, which retain the bodies revolv- 
ing in their orbits, Let & and 5 repreſent the ſpaces, 
through which a body muſt move by the acceleration of 
the forces F and F continued conſtant, in order to acquire 
the velocities in the curves Y and v reſpeQtively ; || then 
will the centripetal forces be in a direct duplicate ratio of 
thoſe velocities, and an inverſe ratio of the ſpaces de- 
, - 
ſcribed: for according to the propoſition ,/ = - X 5. 


7 Cor. 


3 
® Se, II. 


Cor. 3. If pravity be made the ſtandard * force f= 1, 
and {| v = 24, then will 5 = /, and the equation will become yo 1 
F y * 1 — Prop. I. 
=. r =41F8, nd = 41F8. 

To exemplify : Suppoſe it were required to aſſign the 
velocity generated in a body, deſcending from reſt 3 feet 
along an inclined plane, the elevation of which above the 
horizon equal 30%: here / 165 f, FZ, Sg z, and 


the velocity required = V 4 X 10% X + * 3 = 9,82 
feet in a ſecond. 

Cor. 4. This propoſition is alſo applicable to the action 
of forces however variable, provided the ſpaces, through 
which bodies are accelerated by them, be fo diminiſhed, 
that the forces may be aſſumed conſtant. 


Since by the propoſition - => X 7. , /,s and F 


being conſtant quantities, and / and & variable, tak- 


ing the 9g leaſt cotemporary variations, . = 2 X —— 
8 , / Sect. Vi. 
* and making tf = 1, v= 2/4, and conſequently 5 = /, 4... 
we have 2YY =41FS. brep. VII. 


In order to accommodate this theorem to practice, let z 
be a ſpace through which a body muſt fall by the force of 
gravity, ſo that it may acquire the velocity Y,+ then will + Cor, 3. 


FY=V 4lz,and Y*= 41x, and 2 7 = 47K. 
Subſtituting therefore 4/z, for 2 V/ in the preceding 


equation, we have 47 — IFS, and æ F x $, which 
equation expreſſes the relation of the homogenial quan- 


tities = and &, F being a number which is to 1; as the 
accelerating force acting on the body while it is deſcrib- 


ing S to the force of gravity. 

Let AO be any ſpace which a body deſcribes by the pig. tr 
action of a variable accelerating force, the quantity of 2 
which during the time wherein the body deſcribes the 
element of ſpace 40 = F. 


Then * AO = x, Oo = x, and g equal to a 
ſpace, which a body falls through by the acceleration of 
gravity, to acquire the velocity which the body deſcribing 
40 with the variable force poſſeſſes in the point 0; 

D 2 ſince 


See. I. 
rop. V. 


ware W a. 


1 ect. III. 
top. III. 


v 28 J 


fincez = F x, if F can be expreſſed in the terms of , 


and the fluent of F x be obtainable, the velocity of the 
body, while it is deſcribing the ſpace Oo will be known, 
for any velocity will be determined, if we can aſcertain 
from what altitude a body muſt fall by the force of —— 
to acquire that velocity. This altitude æ is obtained 


from the equation s = Fx, z being equal to the fluent of 
F x: the velocity therefore with which the body deſcribes 


the ſpace Oo = V 41 x fluent of Fx, and if T repreſent 
the time of deſcribing 40, we have the time of deſcrib- 


* 


, and the time 


ing t Oe,thatis,Y = 4/ ef. 


—— x _— 
Vilx fluentof Fx 


This method of applying the Newtonian theory of ac- 
celeration to the ſolution of phyſical problems being the 
moſt commodious of any, eſpecially as it immediately re- 
duces the ſolution to any required ſtandard of ſpace 
and velocity, ſhould be further deſcribed, as it will 
frequently * wa be referred to. The quantity z 
which has been denominated the ſpace, through which a 
body muſt fall by the force of gravity to acquire the velo- 


of deſcribing AO, or T= the fluentof 


„ Motus 2 in O, Euler,“ who firſt brought this method into uſe, 
* 5 defines for the ſake of brevity, the ſpace due to the velo- 


bars 


city at O, from the acceleration of the conſtant force 1, 
that of gravity for example, It being evident, that in the 


equation z = F x, it is intirely immaterial to what ſtand- 
ard meaſures ⁊ and x are referred, provided theſe mea- 
ſures be the ſame; if x, the ſpace deſcribed, be eſti- 
mated in Engliſh feet, x will be alſo expreſſed in Eng- 
liſh feet, &c. It will therefore be unneceftary in the ſolu- 
tion of problems, to conſider the ſtandard quantity J, un- 


till z the fluent of Fx is aſcertained; this being effeQ- 


ed, the t velocity T VAI x fluent of Fx will be ex- 
preſſed in whatever denomination / 1s taken, 

This meaſure / is frequently eſtimated by foreigners in 
terms of the Rhynland foot, becauſe ſince the Rhynland 
foot is to the Engliſh, as 10000: 9715, and Ig 16 Engliſh 
feet, it follows, that / cxprefſed in Rhynland feet is equal 

15.025, 


. or 15625 thouſandth parts of a Rhynland foct ; ? 
therefore 4 / = 62500, and the velocity Y = 250 bat 


V fluent of F x expreſſed by a thouſandth part of a Rhyn- 
Jand foot in a ſecond: this is here inſerted. becauſe ſome 
authors have adopted theſe numbers, without the neceſſary 
deſcription of he grounds upon which they are founded. 
The principal convenience of this method, is to avoid the ex- 


traction of the root V 4 /, which in no other meaſure, ex- | 

cept that of the Rhynland foot, is a whole number. In ; 

the ſacceeding propoſitions, however, it will be more eli- / 

gible to make uſe of the Engliſh feet and inches, to which | 0 

we commonly refer the eſtimation of ſpace. | 
In the preceding propoſitions the quantity of matter 

moved has not been mentioned, becauſe the accelerating 

force, proportional || to the velocity generated in a given wm 

time, being as the moving force t directly, and the quan- f geh 

tity of matter moved inverſely, the quantities of matter p;op. 1x. 

are therefore implied in the conſideration of acceleratin 

forces, But ſome properties of motion require, that bot 

the moving force and quantity of matter moved ſhould be 

ſeparately conſidered. 


"= me” a vm” .. -—x* 
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VI. 


If bodies unequal in quantities of mat- 
ter, be impelled from reſt through equal 
ſpaces, by the action of moving forces 
which are conſtant, theſe forces are in a 
duplicate ratio of the laſt acquired veloci- 
ties, and the ratio of the quantities of 


2 M V 
matter jointly, or — == — Xx 2 
R 
Let the moving forces be M and , the quantities of 


matter moved C and g, and the other notation remaining, 


** F 8 F M q 

92 — — — 2 — — — 4 
we have * * wy and 7 — * 9” or the RPE 0] 
OY forces are in a direct ratio of the moving Prop. V. 


forces, aud an inverſe ratio of the quantities of matter Wg. . 


moved; 


1 


or when S , that is, when the ſpaces deſcribed are 


2 2 
equal = 4 x © 2 2 == X 4 that is, the 
V m m UV a 


ſpaces being in the ratio of equality, the moving forces 
will be in a ratio compounded of the duplicate ratio of 
the velocities, and of the quantities of matter moved. 

2 


Cor. When the ſpaces &, s are unequal, then = = = 


N 
* — X 5 that is, the moving forces are as the quanti- 


ties of matter and ſquares of the velocities directly, and 
as the ſpaces deſeribed inverſely. 

This, and all other propoſitions being deduced 
from the laws of motion, by regular and ſyſtematic rea- 
ſoning, ought not only to be ſtrictly conſiſtent among 
themſelves, but with matter of fact when examined by the 
ſevereſt trials; ſince any ſingle inſtance which could be 
produced of a diſagreement or inconſiſtency, would in- 
validate the whole theory of motion, by weakening the 
foundations on which it reſts : but it has not yet appear- 
ed, that there 1s any propoſition whatever, which 1s geo- 
metrically deduced from the axioms or received princi- 
ples of motion, whether of the moſt complex or un- 
compounded nature, if it be reducible to accurate and 
deciſive examinations, but what is found coincident with 
the theory to any degree of preciſion, to the obſervation 
of which the human ſenſes are competent. | 

Many experiments, however, have been produced, as 
tending to diſprove the Newtonian meaſure of the quan- 
tities of motion communicated to bodies, and to eſtabli 
another meaſure inſtead of it, viz. the ſquare of the velo- 
city and quantity of matter; and it immediately belongs 
to the preſent ſubject, to examine whether the concluſions 
which have been drawn from theſe experiments ariſe from 
any inconſiſtency between the Newtonian meaſures of force 
and matter of fact, or whether theſe concluſions are not ill 
founded, and ſhould be attributed to a partial examination 
of the ſubject: but ſome conſiderations concerning the 
principles of retarded motions ſhould premiſed. 8 

n 
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In the experiments which have been made on the force 
of bodies, the loſs of motion from reſiſtance has been more 
attended to, than the communication of it by acceleration, 
and the reaſon probably aroſe from a want of adequate 
methods of ſubjecting accelerating forces, velocities ac- 
quired, and quantities of matter moved, to experimental 
trials; whereas the impact of bodies on ſubſtances, which 
they penetrate, by affording convement opportunity 
for obſerving the depths to which bodies fink before all 
motion is deſtroyed, regard being had to the velocities of 
impact, and the weight and form of the impinging body 
has ſeemed a more eligible (however imperfect) way of ex- 
amining the principles of motion. This method is doubtleſs 
allowable, in order to eſtimate the force of moving bodies 
experimentally, if it be ſufficiently accurate; becauſe it is 
univerſally agreed, that (under certain reſtrictions not af- 
fecting the preſent queſtion) the laws of accelerated and 
retarded motions are mutually deducible from each other; 
and conſequently, what is found true in regard to the com- 
munication of motion to bodies accelerated, will be equally 
true when applied to the loſs of motion in bodies retarded, 
every thing elſe being the ſame, and vice verſa. 

To exemplify: When a body deſcends by the force of 
gravity for three ſeconds, it acquires by conſtant accele- 
ration a velocity of 3 * 325 = 96; feet in a ſecond ; alſo 
if a body be projected 1 upwards, with a 
velocity of 964 feet in a ſecond, the whole velocity will be 
deſtroyed in three ſeconds; for the ſecond law of motion 
regards the change occaſioned in the velocities by re- 
tardation, as well as by acceleration, conſequently, if gra- 
vity acting in the direction of a body's motion, generates 
a velocity of 32 f feet in a ſecond, the ſame force acting 
in a direction oppoſite to that wherein a body is moving, 
muſt deſtroy the ſame quantity of velocity in the ſame time, 
that is, 32 fr in each ſecond. In like manner, all the 
other properties which have been demonſtrated, concern- 
ing the motion of accelerated bodies, are ſhewn to belong 
to thoſe of retarded ones, the following circumſtances 
being attended to: If in any propoſition relating to 
accelerated motion, the force is conſtant, it follows, that 
when this is applied to retarded motion, the force of re- 
tardation muſt be conſtant : moreover, ſince in accelerated 
motions the ſpaces are eſtimated from quieſcence, ſo in re- 
tarded motions the bodies are ſuppoſed to move to quieſ- 
cence, that is, till all motion is deſtroyed by conſtant re- 


tardation, 
In 


ect. III. 
Prop. IV. 
Cor. 2. & 
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In order therefore to apply the properties hitherfo de- 
monſtrated concerning accelerated motions to thoſe of 
retardation, the — — deſcribed may be denominated 
S,. 4; and J, v, which before denoted the velocities laſt 
acquired, may now repreſent the initial velocities where- 
with bodies are projected, T and t will repreſent the times 
of mo'1on ; moreover, F. f, will repreſent conſtant forces of 
retardation, meaſured by the velocities deſtroyed in a given 
time. If the force /, be that whereby gravity retards 4 = 
thrown perpendicularly upwards, it will become a ſtandard 
with which other forces of retardatiun may be compared ; 
alſo M, which in accelerated motions denoted the moving 
force, now repreſents the reſiſting force of the ſubſtance, 
and is proportional to the quantity of motion deſtroyed in a 
given time: the retarding force will therefore be as ihe force 
of reſiſtance directly, and the quantity of matter in the 
moving body — 

Theſe articles being premiſed, in order more fully to 
illuſtrate the ſubject, it is to be conſidered, that if a body 
projected with different initial velocities, be retarded by 
any given conſtant force, the whole ſpaces which the body 
deſcribes are in a duplicate ratio of the initial velocities z 
this follows, from what has already been demonſlrated *, 
and converſely, ſince when bodies are impelled by an acce- 
lerating force through various ſpaces, it theſe ſpaces are 
always as the ſquares of the laſt acquired velocities, it fol- 
lows, that the force of acceleration is conſtant ; ſo when a 
given body is projected with different velocities, and is 
retarded by a given force, if the whole ſpaces deſcribed be 
always in a duplicate ratio of the initial velocities, it is 
concluded that the force of retardation is conſtanc, 

It is from this argument inferred, that the force 
whereby blocks of wood, banks of earth, &c. reſiſt the 
penetration of bodies impinging on them, is conſtant: for 
it is obſerved, that the depths to which military prajectiles 
of a given magnitude and weight, ſtriking againſt a body 
of this kind enter into its ſubſtance, are in a duplicate 
ratio of the initial velocities, which has been ſufficiently 


proved by Mr. Robins, who firſt aſcertained with certainty 


the velocities of military projectiles, and applied bis me- 
thod, among other uſeful purpoſes, to the dilcovery of the 
retardation, which bodies ſuffer by paſſing — reſiſt- 
ing ſubſtances. 

The forces of reſiſtance, which are oppoſed to the mo- 
tion of bodies impinging on ſubitances which they pene- 
trate being granted conſtant, the propoſitions concerning 

- 
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acceleration already demonſtrated, may be applied to ex- 
plain the motion of bodies, which having been projected 
with given initial velocities, are interrupted by ſuch ab- 
ſtacles as blocks of wood, banks of earth, or others of a 
ſimilar kind. 

For example: It has been demonſtrated, that bodies 
moving from reſt by the acceleration of conſtant forces, 
* deſcribe ſpaces which are as the accelerating forces and ; 1 
ſquares of the times jointly, By applying this propoſi : 
tion to retarded motions, we ſhall have the whole — or 
depths, to whieh bodies impinging on the ſubſtances, pe- 
netrate, as the forces of retardation and ſquares of the times 
wherein the bodies move jointly. 

Moreover, it has been demonſtrated, that if different 
2 of matter be impelled from reſt through equal 
paces, thas the + moving forces will he a ratio compounded f SeQ. It, 
of the duplicate ratio of the velocities laſt acquired, and Plop. VI. 
the ratio of the quantities of matter moved. It is from 
henee inferred, that in retarded motions alfo, if different 

uantities of matter be projected againſt any of the ſub- 

nees above deſcribed, with different initial velocities, 
and the whole depths to which the bodies penetrate 
be equal, the forces whereby the ſubſtances reſiſt the 
progreſs of the impinging bodies, will be in a du- 
plicate ratio of the initial velocities of impact, and 
the quantities of matter jointly : "That is, if M, » be put 
to repreſent the forces of reſiſtance, Q. g the quantities of 
matter moved, V, v the initial velocities, the depths being 


< Y 
equal, we have — = = * — and if the depths be un- S4 11. 


2 G rup. VI. 
equal, the equation will be = 2 5 2 * = 
By this propoſition we may examine ſome of the expe- 
riments concerning the force of moving bodies, and the 
conclufions deduced from them by Bernoulli, Leibnitz, 
Poleni, &c. againſt the meaſure of force delivered by Sir J. 
Newton, which he deſcribed in the following definitions. 

4} ſhe quantity of motion is meaſured by the quantity of; Newt. 
matter in a moving body and its velocity jointly. 8 
The moving forces whereby bodies tend toward centtes 
of attraction, are as the quantities of motion generated in 

a Fiven time. is 

+ It follows then from theſe definitions, that the moving 
forces acting for a given time, will be proportional to the 
quantities of matter moved, and velocities geverared 


jointly 


— : 
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jointly ; ſo that if the ratio of the moving forces be known, 
and we can find by experiment what velocities are gene- 
rated in given bodies by the ation of them for the ſame 
time, the quantities of motion generated in the bodies may 
be eſtimated according to Sir I. Newton's definition. 

Moreover, ſince it is allowed, that the effects of a reſiſt - 
ing force to deſtroy, are the ſame as thoſe of an equal mov- 
ing force to generate motion in a given time, it follows, that 
if the ratio of two reliiling forces be known, the quantities 
of matter in bodies which impinge on ſubſtances which 
they penetrate, and the velocities deſtroyed in a given 
time, will give the ratio of the quantities of motion de- 
ſtroyed according to Sir I. Newton's definition. 


vid. infra In many of the experiments / alluded to, which have been 
notes on ex- greatly varied and multiplied, the reſiſting forces were 


Per. ments. 


ade equal by cauſing ſpheres equal in magnitude to im- 
pinge on a given ſubſtance which they penetrated, and 
the ſpheres being of different denſities, it was obſerved in 
experiments, that whenever the denſities or weights of 
theſe equal ſpheres, were in an inverſe duplicate ratio of 
the initial velocities, the depths to which they penetrated 
would be equal, 

The concluſions were theſe ; the quantities of matter 
diſplaced by the moving bodies were equal, the depths to 
which the equal ſpheres penetrated being the ſame; more · 
over the whole motions which had been communicated to the 
bodies were deſtroyed ; Theſe motions therefore wherewith 
the budies impinged on the ſubſtances were equal ; but by 
the f the quantities of matter were in an in- 
verſe duplicate ratio of the velocities, and conſequently 
the ſquare of the velocity into the quantity of matter, 
equal in both caſes ; wherefore the quantities of motion 
deſtroyed, that is, the whole motion of the impinging bo- 
dies muſt have been as the ſquares of the velocities into 
the quantities of matter. 

But it plainly appears, that the concluſion is not appli- 
cable to the Newtonian definition, according to which 
the moving force which generates motion in bodies, 
and it follows by what has preceded the reſiſting 
force by which the motion of bodies is deſtroyed, is pro- 

ortional to the quantities of motion generated or deſtroyed 
in a given time reſpactively; and conſequently to eſtimate 
the quantities of motion deſtroyed, the time wherein the 
reſiſting forces act ſhould be equal. If therefore the 
times wherein the bodies in the experiment deſcribe 
the equal ſpaces, can be proved different, this will pany 
ew 


E 


ſhew that the quantities of motion deſtroyed cannot be 
inferred from the experiment, the different times of the 
bodies deſcribing the depths to which they ſink not being 
taken into the account : this will be eaſily proved, ſince 
from * propoſition 3d, we have univerſally the ſpaces de- 
ſcribed as the velocities laſt acquired and times jointly, 
this propoſition when applied to retarded motions will alſo 
be true; wherefore the ſpaces being given as in the ex- 
periment, the times will be inverſely as the initial veloci- 
ties, which velocities being unequal from the conſtruction 
of the experiment, it follows that the times are unequal. 
This being the caſe, it is manifeſt that no concluſion 
can be drawn from theſe experiments concerning the 
quantities of motion deſtroyed, tending to prove any in- 
confiſtency between the Newtonian eſtimation of force and 
matter of fact. It is next to be ſhewn, that the experi- 
ments are ſtrictly conſiſtent with that meaſure, and with 
the theory in general. 

From the propoſition above demonſtrated, we have in 


2 


accelerated motions Sar ** D 2. and conſe- 
”m V 2 8 


2 
quently - = 2 * D 2 that is, the ſpaces de- 


ſcribed are in a duplicate ratio of the velocities laſt ac- 
quired and the quantities of matter moved, and an inverſe 
ratio of the moving forces; this propoſition being applied 
to retarded motions, it will be, the whole ſpaces or depths to 
which the impinging bodies ſink are in a duplicate ratio 
of the initial velocities, the ratioof the quantities of matter, 
and an inverſe ratio of the reſiſting forces. Wherefore, ſince 
in the experiment from the equality ofthe ſpheres' diameters 


M = m, we have 7 = - * 1 but by the conſtruction 


of the experiment 5 = 55 ſubſtituting therefore 5 for 


2 
- in the former equation, it will become 7 = 7 * 


* : ; wherefore S , or the depths to which the bo- 


* 
dies penetrate, muſt be equal when ſpheres equal in dia- 
meter are projected againſt a given ſubſtance, the weights 
being in an inverſe duplicate ratio of the initial velocities, 
which we find entirely correſpondent with experiment. 

In ſeems rational to ſuppoſe, independent of all theory, 
That in eſtimating the Il of motion generated — 
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_ deſtroyed by given moving or reſiſting forces, regard muſt 


* Seq. III. 
Prop. 2 


Se ct. I. 
cp. IX. 


had to the times wherein ſuch forces act; becauſe 
moving forces or thoſe of reſiſtance may be equal, and 
may generate or deliroy quantities of motion varying in 
any alligned degree. Fer it is manifeſt, that a ſmall re- 
ſillance oppoſed to a moving body for a longer time, ma 
deltroy more motion than a greater force acling for a leis 
time, which ſufficiently ſhews that the times wherein the 
moving and reſiſting forces act muſt either be equal, or 
malt be taken into the account in eſtimating the quantities 
of motion generated or deſtroyed, | 
The next propoſition will demonſtrate, that when the 
times wherein motion is — or deſtroyed, are equal, 
the moving and reſiſting forces, and their effects the quan- 
tities of motion generated or deſtroyed in a given time, 
will be as the quantities of matter moved, and the velo- 
cities acquired or deſtroyed jointly, 


VII. 


The moving forces which communi- 
cate, and the forces of refiſtance which 
deſtroy the motion of bodies in the ſame 
time, will be in a compound ratio of the 
quantities of matter in the moving bodies, 
and velocities generated or deſtroyed, or 


u v. Q 


m 9 8 
= 0 AR. R a 
For 1 * F., that is, the accelerating or re- 


tarding forces, are as the velocities — pa or deſtroyed 
directly, and the times wherein the bodies move inverſely ; 


moreover, 17 2 ＋ * a that is, the accelerating or 


retarding forces, are as the moving or reſiſting forces di- 
rectly, and the quantities of matter inverſely, wherefore 


(3 1 
when the timed ard the mme, of T'= 7, it will be "= 


- * 2. that is, the moving or reſiſting forces will be as 


the quantities of matter and velocities generated or de- 
ſtroyed in a given time: and the quantities of motion ge- 
nerated or deſtroyed will be in the ſame proportion. 

This and the preceding propoſitions, when referred to 
experiments hereafter deſeribed, will appear ſtrictly coin- 
cident with them as — now do with each other, and 
with the theory in general. | 

The following truths have been derived from repeated 
experiments, and being deducible from the preceding 
theory, may be here inſerted as corollaries. 

When muſket balls equal in weight and magnitude, 
impinge on a block of wood with different velocities, the 
reſiſting force being conſtant, we ſhall have the whole ſpaces 
through which the balls move in the wood until their 


motion is deſtroyed, as the ſquares of the velocities ; * for 5 dect. 


© x 2 * Z. when M=m and Q = 5, chat is, 


the ſubſtances on which equal bodies impinge being 


8 ** 
rr. 


Alſo, if balls of equal diameters but of different 
weights, impinge againſt a block with the ſame velocity, 
we have the depths to which they penetrate the block as 


the weights, for fines = = — * ST x =, when = = 
C mn 
2 ' 
5 = 1, it follows that = 2. 


7 
If balls of the ſame kind of ſubſtance, that is, of the 
ſame denſity but of different diameters, impinge againſt a 
given block of wood, or the ſame bank of earth with equal 
velocities, the depths to which they penetrate will be di- 


reRly as the diameters of the balls: for Z Pa = - 2 # 


5 and when T = V that is, when the velocities are the 


15 or the ſpaces are in a direct ratio of 


the quantities of matter moved, and an inverſe ratio of 
the 


fame £ * x» 


rop. V 


III. 
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the reſiſting forces, but M = 2. * 2 F 2 denoting the 
m 4 BE 


reſiſtances ariſing from the denſity and coheſion of the parts: 


2 
moreover, * 77 the ſpecific gravities being the ſame: 


3 A a. >. 
by ſubſtituting therefore 8 ſor — and 77 for I in 


7 

e 8 
the equation — 7 * I: de have = = 7 * 5 * 
r 1 


F* that is, ſince in the ſame ſubſtance R = r, - =—» 


or the ratio of the ſpaces or depths to which the balls pe- 
nctrate is the ſame as that of the diameters. 

When the force of reſiſtance is not uniform, the ſame 

rinciple obtains in degree, *although according to various 

ws; for we obſerve that greater bodies always ſuffer leſs 
retardation than ſmaller ones of the ſame denſity, moving 
through the ſame reſiſting medium, and projected with a 
given initial velocity ; becauſe though the force of re- 
ſiſtance increaſes with the increaſe of the body's magni- 
tude, yet the weight increaſes in a higher proportion, the 
ſpecific gravity being the ſame, and therefore the retarding 
force which is meaſured by the force of reſiſtance directly, 
and the quantity of matter inverſely, is diminiſhed, as the 
magnitude of the moving body increaſes. 

It having been ſhewn, that the retarding and reſiſting 
forces, whereby the ſubſtances above deſcribed oppoſe the 
paſſage of bodies impinging on them is uniform, depend- 
ing no ways on the velocities of motion; in order to apply 
theſe principles, the exact quantity of the retarding force 
exiſting in a given ſubſtance; or the proportion of it to 
ſome ſtandard force, ſuch as that of gravity, ſhould be 
aſcertained, 


VIII. 


If bodies projected with the ſame ve- 
Jocity, be retarded by different conſtant 
forces, theſe forces will be in an inverſe 


ratio of the whole ſpaces deſcribed by 
the 


I 


„ 


the projected bodies until all motion is 


deſtroyed, or 7 = = 
or # 


For ® ortho > and when / = v, as by the pro- 3 


poſition, it follows chat = = 5 that is, the forces of re- 


tardation are in an inverſe ratio of the 2 deſeribed. 

For example: Let a body be projected on an inclined 
plane, in a- direction contrary to that in which gravity ac- 
celerates bodies down the plane, and with a velocity of 
144.467 inches in a ſecond ; ſuppoſe the body thus 5 
aſcending along the plane to deſcribe 2 16 inches before its 
motion is deſtroyed, let it be required to aſcertain the re- 
tarding force which oppoſes its aicent, that is, the propor- 
tion of it to the force of gravity. If the body were pro- 
jected perpendicularly upwarc, with the given velocity of 
144-467 inches in a ſecond, it would riſe to the altitude of 
144-407 . = 27 inches; and ſince it aſcends alon ect III. 
* 271 ; g the plane Hcy A 
216 inches, the retarding force on the plane will be to 
that of gravity, as 27 : 216, or 1 : 8, which is the propor- 
tion of the plane's height to the length alſo. 

From this propoſition, having o1ven the depth to which 
a body impinging againſt 'a ſubſtance with a given ve- 
locity penetrates the proportion of the retardiny force to 
that of gravity may be determined. 

For example: Mr. Robins found that a leaden ball of 
2 of an inch, or g of a foot in diameter, impinging per- 
pendicularly on a block of elm with a velocity of 1300 
teet in a ſecond, penetrated into its ſubſtance to a depth 
of five inches, that is 45; of a foot; wherefore ſince 
a body projected perpendicularly upwards, with a velocity 
of 1700 feet in a — would riſe to an altitude of 


Cur, 3. 


FAS. ee | 
— ͥ— = 144922 feet, we have the force whereby elm fn 
0. vue Cor. 3. 


retards the ball to the force of gravity, as 44922 : Pe or 
as 107813 to 1, : 

4.4 unt. 
Moresver, || ſince $ = —— „and therefore T = | Shar Ph 


at 


þ 


. [ 4 } 


it follows, in the preſent cafe, ſince & _ „and V 1700, 
that the time of the balls deſcribing this ſpace of five 
inches = <5 — = part of a ſecond. 
12 & 1700 2040 
In order to render this theory more genera', it muſt 


be obſerved, that the reſiſtances oppoſed to ſpherical bodies 


which impinge on a block of wood, bank of earth, &c. 
depend not only on the tenacity or denſity of the parts, 
whereof the ſubſtances penetrated are compoſed, but upon 


the diameters of the impinging ſpheres; ſo that although 


the reſiſting and retarding forces be determined in 
any ſubſtance for a ſingle cafe, yet when the diameters and 
weights of the impinging ies vary, the forces of re ; 
filtance and retardation oppoſed to the impact on the (ame 
ſabſtance will be different: by the preceding propoſi 
tion, however, we ſhall be enabled from a ſingle expe- 
riment, made on the retardation oppoſed by any given ſub» 
ſtance to a ſphere, whoſe weight and diameter 13 known, 


to infer the retardation in any other caſe, however the 


SeR, III. 
cop. VIII. 


— 


weights and diameters may vary. Suppoſe a given ball, 
impinging perpendicularly with the ſame velocity on any 
two ſubſtances, ſinks into one to the depth -, and into the 


other ſubſtance to the depth R, then will = repreſent the 


ratio of the reſiſting forces whereby theſe given ſubſtances 
oppoſe the progre s of the impinging ; theſe refiſt- 
ances being independent of the magnitudes of the imping- 
ing bodies, and varying only with the denſity and cohe- 


ſion of the parts whereof the ſubſtances conſiſt. 8 may 


therefore be properly defined, the ratio of the abſolute 
reſiſting forces of the two ſubſtances. | 

Then if the diameters of the bodies impinging againſt 
the two ſubſtances be different, the whole reſiſtances be- 
ing proportional to the quantities of motion deſtroyed in 
a given time, will be as the reſiſtances before determined 
R : r, and the ſquares of the diameters of the impinging 
ſpheres; that is, if D, 4 be the diameters of the 73k 


the ratio of the whole reſiſtances = 7 * 25. 
by help of which propoſition we may deduce a general 
theorem which will expreſs the relation of forces, which 
retard the progreſs of ipheres impinging on any ſubſtances 

how» 


4; 0 
however the weights, diameters and ſpecific gravities may 
vary, provided the ratio 5 be previouſly determined by 
experiment. 


4 


IX. 


If ſpheres of different diameters and 
different ſpecific gravities, impinge per- 
pendicularly on fixed obſtacles, the reſiſt- 
ing forces of which are conſtant but of 
different quantities, the forces which re- 
tard the progreſs of the impinging ſpheres 
will be in a direct ratio of the abſolute 
forces of reſiſtance, and the joint inverſe 
ratio of the diameters and ſpecific gravities 
of the ſpheres. 

M_F 


1 22 — — 2 Sec. 1. 
For ſince in general mb * and by the pre- Lb 
. 8 
ceding note — = — Xx 
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. 1 
* follows n 
* * r* 27 but if N, » repre- 
ſent the ſpecific gravities of the ſpheres, we have 2 — 
Fi n 


* and ſubſtitucing 28 for its equal £ 
57 * J. ubltituting 5 * J: for its eq 2” 
2 
in the equation, © 22 1 


Ly 8 F 
= '7 20g © nll leap, 


— *; thatis, the forces of retardation are in a 
"re - WS 


direct ratio of the abſolute reſiſting forces, and an inverſe 
joint ratio of the ſpheres diameters and ſpecific gravities. 
As this propoſition only expreſſes the equality of ratios, 

no abſolute concluſion can be inferred from it relating to 
matter of fat, unleſs an —— be firſt made on the 
re- 


r p. 30. 
+ Sect. II. 
Viop. VII. 
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retarding and reſiſting force of ſome ſubſtance, conſidered 


as a ſtandard, to which the forces of retardation and re- 


ſiſtance in other ſubſtances may be referred; as no ſtand- 
ard is in this caſe pointed out by nature, any one may be 
aſſumed; ſuppoſe it were the experiment of Mr. Robins 
before quoted, wherein the reſiſting ſubſtance is elm, the 
impinging body a ſphere of lead, the ſpecific gravity of 
which = 11,35, and diameter + of an inch, or g of a 
foot, and the force of retardationf= 107813; we have there- 
fore f = 107813, 4 = n =11,35, Hand = 1; then R 
being a number which is to 1, as the abſolute reſiſting 


force of the ſubſtance given is to that of elm, we have 
ap ar: SA | er BY 
—ͤ be Lbs ed nn 


1. 
Dee, ie force which 


D x N 7. 
retards a ſphere impinging on a ſubſtance, the abſo- 


- Jute reſiſtance of which, in reference to that of elm, is as 


R:1; the diameter of the ſphere being = D, and its 
ſpecific gravity N. It is next to be enquired, to what 
depth ſpheres impinging on refifting ſubſtances will pene- 
trate, when the ſpheres' diameters, denſities, velocities of 
impact, and the abſolute reſiſtance of the ſubſtances where- 


on they impinge are given. 


X. 


The whole ſpaces or depths to which 
ſpheres impinging on different reſiſting 
ſubſtances penetrate, are in a ratio com- 
pounded of the duplicate ratio of the 
velocities of impact, the joint ratios of 
the diameters and ſpecific gravities of the 
ſpheres, and an inverſe ratio of the abſo- 
lute forces whereby the ſubſtances reſiſt 

| | the 
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$ -- 8 
the progreſs' of the ſpheres, or -— 
D 5 N 5 
l 
: f 
For in general N. and by the laſt propo- t — 
fition 4 = © x J, ſubſtituting therefore theſe 


* 

ratios for their equal 2 in the equation 7 — 2 * + 1 
NEE . 
it will become = = —_XIX—XS+ 

From this propoſition and the experiment of Mr. Robins 
which has been aſſumed as a ſtandard, we may derive a 
general expreſſion for the value of &, or the depth to which 
an impinging ſphere will penetrate a given ſubſtance, 


provided the quantity - „which expreſſes the ratio of the 


abſolute reſiſtance of the ſubſtance to that of elm be firſt 


aſcertained from experiment. 
e 
For ſince in general, NN we have 


from Mr. Robins' ſtandard experiment 5 = z part of 


a foot, v* = 1700, d = 16 part of a foot, 2 = 11.35, 


and =1; wherefore S = - * N IO 2 X Wc 


V*DN 
— feet. 
4920223 K 

Suppoſe for example, an iron 24 pounder were fired 
againit a bank of earth with an initial velocity of 1300 
feet in a ſecond; and that the abſolute reſiſtauce of the 
earth to that of elm, were as 1 to11. Let it be required 
to aſſign to what depth the ball will penetrate in the 
bank of earth, 

Since the ſpecific gravity of iron is = 7.53, and the balls 
weight = 24 pound _ poiſe, we have the diameter 

* of 


1 8 


Fig, III. 


: [ 44 ] 
of the ball . 46 parts of an Engliſh foot, wherefore D =, 
+46, N = 7.53, and R _, then if the velocity of the can - 


non ball be that of 1300 feet in a ſecond, the depth to 
&# 7 5 ©” ann 


which it will penetrate into the earth = 4920223 R- 2 


— Y 
1300 X .46 X 7.353 X I = ng ther. 
4920223 

It appears, therefore, that an iron 24 pounder fired with 
its full charge, whereby it iſſues from the mouth of the 
cannon, vic a velocity of 1300 feet in a ſecond, will 
penetrate into a bank of earth, upon which it impinges 
perpendicularly, to the depth of 13 feet, provided he 
—— of earth to that of elm be rightly aſſigned, and 
the bank be ſo near to the cannon that the air's refiſtance 
(hall not have ſenfibly decreaſed the initial velocity. 

In eſtimating the proportion of the ſpaces deſcribed, 
times of deſcription, and velocities loſt by bodies, which 
having been projected with given initial velocities, are 
reliſted by conſtant forces, the whole ſpaces have been 
hitherto neceſſarily ſuppoſed to be deſcribed : if it be re- 
quired to aſſign the proportion of the ſpaces deſcribed by 
retarded bodies in any given times, eſtimating them from 
the firſt inſtant of projection, other rules will be neceſlary ; 
theſe might be eaſily derived from geometrical conſtruction, 
but may be inveſtigated analytically in a more general 
manner. | 


— 


Let a body be projected from a in the 
direction Ap, with the velocity which 
would be acquired by it in deſcending 
through the ſpace B c from reſt, by ac- 
celeration of gravity. Let the conſtant 
force F be oppoſed to the motion of the 
body, it is required to aſſign the time of 
deſcribing any ſpace A o, and the velocity 


of the body at the point o. 
Let 


E 


Let Cg, AO = , = the velocity in O, and let a be 
the ſpace through which a body muſt fall by the acceleration 


of gravity to acquire the velocity J. Then we (have æ = $ Sed. 111 


— F x, and taking the fluents x = — Px, which conſiſt of Step. V- 
variable quantities only; theſe ſhould vaniſh together if they 
conſtituted the whole fluent, but ſince when x = o0,z = 6, the 
conſtant quantity & muſt be added to — F x, we have there- 

fore = F x, and the velocity in the point O required 


92 74¹ 2 741 X 6 — # x, Moreover, if the time Sec. in. 
of defcribing 40 be put equal T, then will J denote the V. 


time of ibn the evaneſcent ſpace Oo, therefore 7 "2 Props It _ 
x 


— . and the time „ 
Walxb—Fx F NA 
being the variable part of the fluent, which requires a 


_—  — 


7 
conſtant quantity 25 to be added to it, fo that when 


x o, T may likewiſe equal o. We have therefore the 
22 2 ſeconds. 


FY! 
Cor. 1. We obtain alſo the ſpace Ceſcribed in the time 


T, for by reducing the equation x =2T x V 77-1 FZ. 


To exemplify this, ſuppoſe an elm plank of one inch in 
thickneſs being immoveably fixed, were perpendicularly 
ſtruck by a leaden ball of + of an inch diameter, with a 
velocity of 1700 feet in a ſecond : the ball will paſs through 
the elm, and let it be required to aſſign what velocity will 
be deſtroyed durin the ball's aſſage, or what will be the 
velocity of the ball immediately on its quitting the elm. 


time ſought T = 


Here referring to the ſolution, we have x = - of a 


1 
— | = 107813, and a 1 = ; 
foot, / = 16, Ft = 107813, and * 226 2'2ec. 1 
feet, being the altitude from which a bedy muſt de- 5, 4 ll. 
ſcend freely by gravity to acquire the velocity of im- Cor. 4. y 


pact 1700 feet in a ſecond, and the velocity required = 


W4lxb—Fa=V4X 167; & 44922 — 2793 = 
1520 


"——— 2 
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1520 feet in a ſecond. From which it appears, that the 


velocity loſt by the impact is no more than 1700 — 1520 
= 180 feet in a ſecond out of the original velocity of im- 
pact 1700. 

It appears, moreover, that the time of the body's 
paſſing through the plank in the preceding caſe = 


Li- LE VL LN. 
. V 16r's & 107813 
I 
70378 part of a ſecond, 


This will render it probable without further argument, 
that a muſket ball of certain dimenſions, may penetrate 
through an elm or deal plank ſet up vertically on its baſe, 
without other ſupport than its weight, and notwithſtanding 
the great velocity of the impa that it ſhall not ſenſibly 
move the plank from its vertical poſition. For even in 
the preceding caſe, but a ſmall portion of the ball's mo- 
tion is communicated to the elm, and if any other ſubſtance 
of leſs thickneſs and reſiſting force be uſed in the experi- 
ment, the motion communicated to the plank ſet up ver- 
tically may be imagined ſo ſmall, as not to impel the line 
of direction out of the baſe. It might eaſily be computed 
what would be the exact effect of an impact of this ſort, (the 
neceſſary data being given) in raiſing the centre of gravity 
of the plank, and cauſing the whole to turn upon one of 
the edges which terminate the baſe ; but the reaſon of the 
phenomenon above deſcribed is ſufficiently evident from 
the ſolution of the preceding problem. 


Cor. 2. If the ſpace x, deſcribed in the time T, by a 

—_ which is retarded by a force F be given, the ſpace 

s, through which a body muſt fall by the force F to ac- 

quire the velocity of projection will be known. For 

let y equal the ſpace deſcribed by conſtant acceleration of 

+ Prop. IV. the force F for T ſeconds, then will y =+/F T7, and x = 


OPS. 2 T X VEHI—IFT'=2TV/ bly, and x +y = 
2T x VII; wherefore 5 +3 =4T*bl = 222 be- 


cauſe y =T* F },wherefore the ſpace through which a body 
mult deſcend freely from reſt by the force of gravityto ac- 
— 

quire the velocity of projection, that is the ſpace 5 = x +3 
| FA 4 


X 


= 


* F, and the ſpace which muſt be deſcribed * by the * Se&. III. 
acceleration of the force F to acquire the ſame velocity, Prop. V. 


that is the ſpace 5 = —L, 


F 

If therefore a body be projected on an inclined plane 
in a direction contrary to that in which gravity accelerates 
bodies down the plane, and x be the ſpace deſcribed in the 7 
firſt ſeconds, let y be the ſpace through which a body would 
deſcend from reſt on the plane during the ſame time 7; 
then the body which was obſerved to deſcribe the ſpace x 
in T ſeconds, will in aſcending along the plane deſcribe 


the whole ſpace = 2 before it loſes all motion. 


For example: Suppoſe it to have been obſerved that a 
body projected along an inclined plane, in a direction 
contrary to that wherein gravity acts, deſcribed 868.5 
inches during the two firſt ſeconds of its motion, the 
height of the plane being 4 of its length. We have Fe 
A the ſpace deſcribed on the plane by conſtant acce- Prop. 8 * 
leration from reſt during two ſeconds, or y = — — 


2 96.5; and fince by the queſtion x = 868.5, we have 


= 868. 6.82 6s, 1 
2 7 . 


2412.5 inches, the whole ſpace along the plane to which 
the body will aſcend, if in the two firſt ſeconds it deſcribes 
868.5 inches: and the time of deſcribing this whole ſpace = 


q/2412:5 X 8 — 10 ſeconds, 
193 

By this propoſition we may alſo aſcertain the ſpace de- 
ſcribed in the T laſt ſeconds, of the time wherein a body 
moves from reſt by a conſtant accelerating force F, pro- 
vided the whole ſpace which the body deſcribes be given, 
and vice verſa, if the ſpace deſcribed in the laſt 7 ſeconds, 
and the force of acceleration be given, the whole ſpace 
may be aſcertained, 

Thus ſuppoſe it to be obſerved that a drop of rain had 
during the laſt two ſeconds of its deſcent to the earth, de- 
ſcribed 400 feet. Let it be required to aſcertain the 
height from which it fell ; referring to the ſolution we 
have x = 400 the ſpace obſerved, and the ſpace which 


would be deſcribed by the acceleration of gravity for two 
| ſeconds 
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ſeconds = 645 y and x + y = 464.333, and Tince F 
= 1 we have the altitude required from which the rain 


deſcended = © 51 = 837.83 feet. 
# 


It has been already obſerved, that all motion muſt be 
at firſt produced, and afterward increaſed or diminiſhed 
be continual acceleration or retardation. It heing not 
conceivable that any natural body ſhould paſs from qui- 
eſcence into motion, without having poſſelied all the in- 
termediate degrees of velocity. When any body there- 
fore is ſtruck by another body, its parts give way in a 
greater or leſſer degree to the force of the impact. 

Let the ftriking ſubſtance and the body ſtruck be each 
of them ſpherical, and let the direction of the ſtroke be in 
a line which joins their centres. 

Then, when the ſurfaces of theſe ſpheres are juſt in 
contact, that is, at the firſt inſtant of the impact, the di- 
ſtance of the centres will be half the ſum of their dia- 
meters; but as the figures of both ſpheres receive a change 
by the impact, the centres will thereby become nearer 
to each other than before, and during the time of their ap- 
proach, the ſtriking ball by moving with a greater velo- 
city than the ball ſtruck, will continue gradually to ac- 
celerate it till the centres are at their leaſt diſtance ; at 
which inſtant the centres begin to move with a common 
velocity, the change of the ſpherical figures being then 
the greateſt. | 

This will be true whether the bodies be nonelaſtic 
or elaſtic ; in the latter caſe, indeed, when the centres have 
become the neareſt poſſible to each other, the inftant 
they are beginning to move with common velocity, the 
elaitic force of the ſubſtances by endeavouring to reſtore 
the changed figure, cauſes the centres to recede from each 
other with a force equal to that which cauſed the change, 
provided the bodies be perfectly claftic, 

Several conſiderations ariſelfrom hence: The time where- 
in this acceleration is generated, will depend on the force 
whereby the textures of the bodies reſiſt the force of the 
impact; the common velocity communicated, depends 
only on the weights of the bodies and the velocity of the 
impact: The forces of reſiſtance, varying with the di- 
ſtances of the centres, depend on the different textures 
of the ſubſtances ; in moſt caſes the force muſt be evidently 
variable, but if the law of the variation can be aſcer- 
tained, the time wherein the velocity is communicated, 

| as 
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as well as the approach of the centres, from the firſt in- fy 


ſtant of the impact, to the inſtant at which all acceleration 
ceaſes might be inveſtigated. | 

For example: When the reſiſting force is conſtant and 13 
of a determined quantity, having given the weights of the 
bodies and the velocity of the impact, from theſe data, the | 
common velocity communicated and the time of commu- 11 
nicating it, the change of the figure occaſioned by the 15 
impact, and the ſpace deſcribed by the body ſtruck before | 
the two bodies have acquired a common velocity, may be | 
aſcertained from the general principles of acceleration. $5 

It is however to be obſerved, that in the following ſolu- 1 
tion, the change in the figure of the body ſtruck being ; 
vaſtly greater than that of the ſtriking body, the latter is 
not conſidered, | 


XI. 


HLGK is a block of wood, or other 
ſimilar ſubſtance, exiſting in a free ſpace 
without gravity. Let a body, for ex- 
ample a muſket ball, impinge perpendi- rig. iv. 
cularly on this block of wood when qui- 
eſcent in the direction 14, which line 
paſſes through the centre of gravity; hav- 
ing given the- force wherewith the body 
reſiſts the progreſs of the ball, the quan- 
tities of matter contained in the ball and 
the block, and the velocity of the impact, 
it is required to aſcertain the velocity 
communicated. 


Let the velocity of the impact be ſuch as a body ac- 
quires in deſcending by gravity from reſt through the 
ſpace , and let the * of matter in the block be 


2 


[ 3 


©, that in the ball P, the reſiſting force of the block M; 
and ſuppoſe, that by the force of the impact the block 
has been propelled from its firſt poſition G HLK to CE DF. 
during which time the ball has penetrated the block to 
the depth O B, having altogether moved over the ſpace 
AO + OB; then ſince the block being continually ac- 
celerated, and the ball continually retarded during the time 
wherein the ball ſinks into the ſubſtance of the block, the 
velocities of the two bodies will be different during that 
time: let v be the ſpace through which a body muſt 
fall by gravity to acquire the velocity of the ball at B, and 


that ſpace which muſt be fallen through to acquire the 


* Seq. III. 
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dect. I. 
top. IX. 


1 Se. J. 
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Cor. 4. 


velocity of the block at the ſame inſtant at which the 
ball has arrived at B. Moreover, let 40 x, OB =. 
then will the ſpace x + y be deſcribed by the ball while 
the block moves through the ſpace x, and the ball will de- 


ſcribe the elements of ſpace x + y in the ſame time, 
wherein the block deſcribes the particle x, and ſince the ve- 


locity of the ball at O= V, and the cotemporary veloci- 
ty of the body ſtruck V v, we have x + y:x:: A v 
W4 v; becauſe the time of deſcribing the ſpaces x +y 


and x is the ſame; wherefore x + z = \/— x. We have 
V 


therefore from the: principles of acceleration x + y x 11 
— — or ſince x + y = * - x, it follows that V- 2 
- = — y: moreover ſince M is the reſiſting force whereby 
the body ſtruck deſtroys the ball's motion, 4 will be the 


force by which the block is f accelerated, and it will 


G) 


follow g that © M =»; ſubſlituting therefore Sn for x in 
_— 


the former equation, we have\/ _ * 2 ed = — v. and 
1 


* 


wv 
by the reduction Fs X 2 = — * taking 
the 


1 
the fluents v4 V x  &-- _V 92 P, which ſhould vaniſh 
together, but when v, the velocity of the block 


=o, 'v the velocity of the ball = £4 
the whole fluerts therefore will be  v x 9 = 
VPI, and PV TVS PV at 
is, when both bodies move with a common velocity, or 
when W v Vu, it will beP+2 x VS PV 
and reſolving the equation into an analogy, P 2: P:: 
V :: V or the ſum of the bodies is to the ſtriking body, 
as the velocity of the impact to the velocity communi- 
cated, 

Cor. 1. Since during the whole acceleration, PW v + 
2 v=P Wa 4, it follows, that the ſum of the mo- 
ments is at every inſtant = P\/, the ſum of the mo- 


ments before the ſtroke. 
Cor. 2. As the quantity M. or the reſiſting force of the 


body ſtruck, enters not into the expreſſion for the common 
velocity, it follows, that whatever be the reſiſting force of 
the bodies, the weights of the bodies and the velocity 
of impact being the ſame, the velocity communicated will 
be given, being always _ to the velocity of impact, 
into the ſtriking body divided by the ſum of the bodies. 


XIII. 


Every thing remaining as in the laſt 
propoſition, let it be required to aſſign 
the depth oB, to which the ball pene- 
trates into the ſubſtance of the block 


whereon it impinges. 


Let the depth required OB = y, and 40 = x, the other 
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notation remaining as in the laſt propolition, we“ have , eg. nr, 


==, and taking the fluents x + y x 5 


G 2 — 


Li 3 
=—v; and ſince when x + y = o, v = , it follows, 


that the whole fluents will be x + y X — = Ex, or 


* 
y 
x +5 = FF; and fince x = A, we have y = 


$ P bn Pu — 2 . . 
1 , that is, when v = vor when the bodies 


1 P—-P TANK 


have obtained a common velocity, y = 


M g 
1 Sc 111 but + T 2 and — wherefore 
St - 3 3 , 1 
Prop. Xl, 92 P+2 
9. 51. 3 P GO) 52 P* 
FTF «+ <= ja = = N-. ands P— 
"= "pe | 
"BT War - 2 gy l. 
Nee Fra * 0 0 the depth 


fought y = i 2 = FS Yxv—_ LE. 
M P+2xM 

Cor. 1. Let abe the ſpace through which a body muſt 
deſcend by the acceleration of gravity, to acquire the ve- 
locity with which a body impinges on a block, the reſiſting 
force of which M, and the weight = 2, let the weight 
of the impinging body = P, then if Q be infinite, that 
is, if the block be immoveably fixed, the depth to which 


„ Se&, III. the ball *penetrates = 3 . 
Prop. VIII. M 
Cor. 2. If Jo of finite weight and P impinge on it, 
the depth to which it penetrates will be to the depth in 
that caſe wherein the block is immoveable, as the body 
ſtruck 1s to the ſum of the bodies, that is, &: P ＋ 2. 
Cor. 3. To exemplify this, if a muſket ball of 4 of an 
inch in diameter impinge againſt a block of elm, with a ve- 
locity of 1700 feet in a ſecond, and the block be nine 
times heavier than the ball, then P=1,2 = 9 and 
—_—_—— moreover ſince the depth to which the ball 
tf +2, 
would penetrateif the elm were + immoveable = 5 inches, it 
follows, that in the preſent caſe, when it is at liberty to 


{ urner move in free ſpace, the depth will be LS = 29 = 
p. 152. 4+5 inches. 


+ Sed. 117, 


Cor, 


1 


Cor. 4. Since the common velocity or that which is 
1700 X I 


communicated to the block, is in this caſe = 10 


= 170 feet in a ſecond, it follows, that v = the ſpace 
through which a body muſt fall by the acceleration of 


— — 


170 * 


gravity to acquire the common velocity = ————- = 
; + X 10712 


, M 
* 449-22 feet = v: moreover, ſince the retarding force 7 —— 2 


oppoſed to + the ball = 107813, it follows, that the reſiſting Ie in. 
P. op. VIII. 


P. 39» 


. 

= 7 and 
9 Py 

107813 P 


force M = 107813 * P, wherefore becauſe x 


2 = 9P, from ſubſtitution we have 4 O or x = 


=? 188175 .0375 part of a foot or. 45 parts of an inch. 

It appears therefore that the ſpace x or 4 O through 
which the elm block will be propelled before all accele- 
ration ceaſes, that is, before the two bodies have acquired 
a common velocity, = .45 parts of an inch. 


Cor. 5. The ſpace or depth to which the ball pene- 


1 „and the ſpace de- 
PAL 


ſcribed by the block in the ſame time = J7 ; this time 


will be aſcertained from the principles before demon- 
ſtrated, for in the motion of bodies accelerated from ref, 
by a conſtant force, if $ be the ſpace deſcribed, / the laſt 
acquired velocity, T the time wherein this velocity 
is generated, we have ſ always S E - * 


wherefore in the preſent caſe, the block being accelerated 


trates into the block 


by the conſtant force — , lince the velocity acquired is 170 


* 12 inches in a ſecond, and 4 O the ſpace deſcribed = 
+45 parts of an inch, we have the time of deſcribing this 
6 a 


70x12 © andy part of a ſecond. 


ſpace = 


SECT. 


8 
and 7 = _ ; 4 Se. Ill. 
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SFr. IV. 


CONCERNING THE RECTILINEAR MOTION 
OF BODIES ACTED ON BY FORCES 
WHICH VARY IN SOME RATIO OF THE 
DISTANCES FROM A FIXED POINT, 


HE laws obſerved in the motion 
of bodies which are uniformly ac- 
celerated or retarded, will ſufficiently ex- 
plain all the phenomena which ariſe from 
the action of conſtant forces, or even of 
variable ones in the very beginning of the 
motion produced by them. Of this fort 
is the force of gravity, which muſt in 
ſtrictneſs be accounted a variable force, 
the law of variation being that of the in- 
verſe ſquares of the diſtances from the 
earth's centre. But any ſpaces through 
which bodies can actually deſcend, are ſo 
ſmall when compared with the radius of 
the earth, that the greateſt ratio of the 
ſquares of thoſe diſtances from the earth's 
centre differs little from that of equality. 


It is for this reaſon, that the force of gra- 
| vity, 


£804 

vity, which accelerates the deſcent of bo- 
dies and retards their aſcent, has been 
regarded according to Galilzo's hy- 
potheſis as -conſtant. This aſſumption, 
however, would be leſs allowable than 
it is, were we not enabled by the laws of 
variable forces to demonſtrate how ſmall 
a deviation from the truth is occaſioned 
by it. 

” Galliles's diſcoveries in mechanics re- 
lated chiefly to the operation of conſtant 
forces, but were not ſufficient for the eſti- 
mation of the effects produced by thoſe 
which are variable; for this purpoſe, 
methods are required, unknown till 
Sir I. Newton applied his invention of 
fluxions, to determine from the neceſſary 
data, the ſpaces deſcribed, times of de- 
ſcription, and velocities acquired by bo- 
dies acted on by forces varying according 
to any aſſigned law, 

The properties of variable forces being 
deducible from thoſe of conſtant ones, 
acting in evaneſcent times, or impelling 
bodies through evaneſcent ſpaces, have 
been inſerted as corollaries to the propo- 
ſitions in the preceding ſection: from 
theſe principles, the effects of variable 

forces 


Lt $1 
forces acting during times which are fi- 
nite, and impelling bodies through finite 
ſpaces, are to be inferred. 

The extent of the Newtonian theory of 
acceleration appears from conſidering that 
there are few motions produced either by 
the operations of nature or of mechanic 
art, but what are the effects of variable 
forces. Theſe may either accelerate or re- 
tard the motion of bodies, and may obſerve 
different laws in regard to the intenſity 
with which they act: for example, theſe 
forces may vary according to ſome power 

of 


jon contained in Cor. 4. SeR. iii, which 
is applied to inveſtigate the effects of variable forces, ma 
be 1nferred from propoſition the vth, otherwiſe as fol- 
— 
lows : it appears in the propoſition, that 25 —- 2 > 8 
s 
Let / be the ſpace through which a body muſt move from 
reſt by the acceleration of the force f, ſo as to acquire a 
velocity v equal to V, which is generated by the force F 
acting on a body moving from reſt through the ſpace &: 
then V v F xX8=FfX5: here, if / be the force 
of gravity, and / the ſpace through which a body muſt 
deſcend freely by that Eres from reſt, ſo as to acquire the 
velocity w or , F may be denoted by 1, and F by a pro- 
portional number. This will give FS , and F being 
conſtant during an inſtant, FS , the ſame as in Cor, 4. 
where z —.— the ſame quantity, as is here ſigniſied 
by 5. When & decreaſes while 3 increaſes, their incre- 
ments will be negative in reſpect of each other; and the 
— equation will become 5 = — F, or & = — 
 F'#. 


1 


the diſtances from a fixed point, or ac- 
cording to ſome power of the velocities, 
beſides innumerable other laws of varia- 
tion which obtain in particular caſes : 
The enſuing ſection contains properties 
of rectilinear motion, cauſed by the ac- 
tion of forces, which vary in ſome ratio 
of the diſtances from a fixed point, be- 
ing ſuch as chiefly relate to natural phæ- 
nomena. 


I. 


Let c repreſent a centre, toward which 7s. v. 


bodies are accelerated by forces which 
are always in a direct proportion of their 
diſtances from c. Suppoſing the force at 
any given point G6 to be= x, it is re- 
quired to aſcertain the velocity acquired 
by a body, which has moved from quieſ- 
ence at A through the ſpace ao. 


Let any ſtandard force 1, the earth's gravity for exam- 
ple, be * to which F is referred, CA = 4, CG =r, 
40 x, alſo let be the velocity required; then ſince 
by the problem, the force at O is to that at GC as CO to 
CG, that is, as a — c: r, we have the force at O = 


222 
r 
Let = be the ſpace through which a body muſt move 
from reſt by the acceleration of the ſtandard force 1, con- 
tinued conſtant ſo as to acquire the velocity at O; this 


will give 4 = 


which, fince when & = o, z = ©, is the entire fluent: 
H where. 


FxXax—xx FX 2ax — x* „ Sec. III. 
TOE” and z = 7 » Prop. V, 
Cor, 4. 


„Sed. III. 
Prop. III. 


( 


wherefore the velocity Y = VF = ED, or Y = 
; r 


F * 
V2 X V2ax— xx: moreover, if I be made to repre- 


fent the time of deſcribing 40, we have 7 VE X 


x 


, and T VE x fluent of — 2 


V 2ax—XX 24X—3xx._ 


that is, 7 = VE X into an are of a circle the verſed 


fine of which = x, and radius =a. When x = a, that 
is, when 40 = AC, the fluent will become the time of 
deſcribing the whole ſpace 40, which time will = 722 


x into the quadrant of a cirele the radius of which is = a. 
Let p = 3.14159, &c. the quadrant of the circle will be 


22 ibing 4C = V x22 = 
= and the time of deſcribing AC = * Fa * 2 


Ed 
 2F © | 
If the body begins to deſcend from any other point B, 
the ſolution continues the ſame in every ſtep, and the time 
m_ 
of deſcribing the whole ſpace BC = 2 BR which, 
2 
if the diſtance r or CG and F the force at G be unalter- 
ed, will be equal to that wherein the body deſcribed the 
ſpace AC. x | 


Cor. 1. If C be a given centre of force, varying as de- 
ſcribed in the problem, and the force at any given diſ- 
tance CG, continue conſtantly equal to F, then bodies 
deſcribing from reſt any ſpaces BC, GC, AC, DC, will 
all arrive at the centre in equal times, the time of the de- 


gx LEE 
F 
Cor. 2. If the given ſorce F be referred to the earth's 


gravity, the latter may be denoted by 1, wherefore F will be 
a 


ſcription being = 


19 |] 


a number which is to 1, as the force at G to the force of 
gravity : then referring the times of deſcent to 1 ſecond, 
and the ſpaces deſcribed to feet or inches, let / = 167; 
feet, or 193 inches, and we ſhall have the time of deſcribing 


px Ve . * See UT, 
FI pn. 


Cor. 3. Let ADGCE repreſent a cycloid, and let a Fig. VI. 
body ſuſpended from the line or axis SC vibrate in it, and 
ſuppoſe it were required to aſſign the time of the pendu- ) 
lum's deſcribing any arc DC, beginning its motion trom D, 

C being the loweſt point throagh which the axis SC paſſes : 
let ACorSC L: In order to aſcertain the force which 
acts on the pendulum in any given point G, let the line 
GE be drawn perpendicular to HC, interſecting the gene- 
_ circle in X: then to find the force at G, the body's 
weight being repreſented in quantity and direction by any 
conſtant line, which is perpendicular to the horizon, let 
the line CH (being + the axis) denote the weight of the 
pendulum, this may be reſolved into two CK, HX. 
whereof CK being parallel to a line touching the cycloid 
in the point G, accelerates the motion of the pendulum in 
the curve. The other force HX, acting in a direction 
perpendicular to the former, tends = to ſtretch the 
ſtring and affects not the acceleration. The force, there- 
fore, which accelerates the pendulum will be that part of 


from reſt any ſpaces BC, GC, or *AC = 


its weight which is expreſſed by the fraftion Ci; the 
force alſo which accelerates the pendulum in any other 
point of its vibration D, will be that part of gravity which 
is expreſſed by the fraction EY , Wherefore the force at G 


CH 
X a CK CO 
will be to the force at D, in the proportion of cn” oe 


oras CK to CO, that is, as CG to CD; becauſe the cy- 
cloidal arcs are double to the correſponding chords of 4. 

enerating circle. The forces which act at & and O be- 
ing in the direct proportion of the diſtances of thoſe points 
from the point C, the time of deſcribing either GC or DC 
will be obtained from the preceding propoſition, if the 
length of the pendulum & C be given, and the action of 
the force at any given diſtance from C be aſcertained. 


Suppoſe CG to be = AC or SC, then will C be = HC, 
| H 2 and 
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® Cor. 2. 


[ 60 J 
and the force at C == = of the body's weight or = =, and 
ſince the time of deſcribing any *ſpace DC ERA: , 
| vV8Pl 
by ſubſtituting 2 for CC, and - fot F, we have the time 


of deſcribing the arc GC or DC 2D, and the 


8] 
time of one entire vibration = . 
7 


2 
Cor. 4. If the length of a ulum, and the force of at- 
celeration at the greateſt diſtance from the loweſt point 4, 
continue unaltered and equal to F, the pendulum will per- 
form its vibrations in the longeſt and ſhorteſt arcs in the ſame 


time, namely, in the time? XL . Pendulums of dif- 
2Fl 
ferent lengths will vibrate in times which are in a direct 
ſubduplicate ratio of their lengths, and an inverſe ſub- 
duplicate ratio of the forces which accelerace them at any 
diflances from the loweſt point, which are in a given pro- 
portion to the whole lengths. | 
Cor. 5. Let F be the force which acts upon the pen- 
dulum when at the greateſt diſtance from the loweſt 


point: Since T = LE, T being the time of 
2 F | 


: $5. one vibration, and f ſince V is the time of a body's 


Cor, 5. 


deſcribing the ſpace 8 from reſt, by the action of a con- 
ſtant force F, by reſolving the equation into an analogy 


we have T: — :: þ: 1, thatis, the time of one vibra- 


tion is to the time of a body's deſcribing from reft half 
the pendulum's length by the conſtant acceleration of the 
force F, as the circutnference of a circle is to its diameter. 
Cor. 6. If a pendulum L could vibrate in the chords of 

a Circle, the time of one vibration would be equal to that 
wherein a body deſcending from reſt deſcribes 8 L, that — 
" - 


11 
the time of one vibration VV. F being = 1: a pen · 
dulum of the ſame length would vibrate in a cycloidal are 


in the met LL „the force F being i; wherefore we 

2 | 
have the following proportion: the time wherein a pendu- 
lum would vibrate in the chords of a circle is to the — of 


its vibration in the cycloidal arc,as \/ * GED 


that is, as 4 : 5, or as 4 diameters of a circle to the cir- 


cumference. 
Cor. 7. The general value for the time of one vibration 


being . if in any given part of the earth, the 
2 

force of gravity be denoted by r, and the ſpace through 

which a 4 from — in one 8 e val? 2 

we ſhall obtain the length of a pendulum which vibrates 


ſeconds in that latitude; for hace 2 AM: : 
: V2Fl 


have, T and F being = 1, L TA . If /= 193 Engliſh 
inches in that latitude (for example at London) then L = 


2X93 2 39,2 Engliſh inches. If the force 
3-1459 & 3-1459 
of gravity at the equator be to that at London as F: 1, 
then the length of a pendulum which vibrates ſeconds at 
the equator muſt be F x 39.2 Engliſh inches. 

If therefore it be obſerved, what is the proportion of 
the lengths of two pendulums which vibrate ſeconds at 
any two latitudes, the proportion of theſe lengths will 
give the proportion of the forces of gravity at thoſe 
places, the effects of the earth's centritugal force on the 
times of vibrations not being here conſidered, 

Cor. 8. From the third corollary we may obtain a 
rule for correcting the pendulum of a clock: for the 


time of one vibration T = 2vVL, and T E, 
| WA 21 21 
of which quantities T and L only are variable: wherefore 


taking the leaſt cotemporgry variations of their ns 
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logarithms, we have 2 = 4 where T repreſents an 


error in time canſed by the variation in the pendulum's 


length L: Theſe variations are in theory leſs than any 
aſſignable quantities of the ſame ſort, but in practice the 
rule will be ſafficiently true when the errors bear a very 
ſmall proportion to the whole quantities. Suppoſe for in- 
ſtance, a pendulum vibrating ſeconds, was oblerved to loſe 
10 ſeconds, ing hours or 32400 ſeconds. Let it be requir- 
ed to aſſign how much the pendulum muſt be ſhortened, ſo 


39-2, then from the rule we have the alteration ſought 
LL 27 39.2X20 1 


will be = the time in which a pendulum, equal in length 
to the earth's radius, would perform its leaſt vibrations 


in a circular arc and vibrations of any length in a cycloid ; 


Fig. vn. 


Newt, 
p. indip. 
rop. 
XXXVII. 
* Vid. ſupra 
p. 58, 


that is, making r equal to the earth's radius, the time 


would be - - V = ſeconds, or twenty one minutes 


thirteen ſeconds. 

Cor. 10. The relation of the ſpaces deſcribed, times of 
deſcription, and velocities acquired, may be geometrically 
conſtrued thus. 

Let AC repreſent the ſemicycloidal arc drawn out into a 
ſtrait line, and the force at A being equal to that of gravity, 
andC the loweſt point of the arc: then ſuppoſe the pendulum 
to begin its vibration from any point O, the time of deſcrib- 
ing DC will beequal to thatof deſcribing the whole arc AC. 
With the centre C and diſtance C D, detcribe the quadrant 
DB, then ſuppoſing DO, DM to be two ſpaces deſcribed 
during the motion of the body from Sto C, the + velocities 
in the points O and M will be as the fines OF, MN: for 


the velocity® at ON — 1 — „and the 
DM—DM* 
204 


velocity at M = * JEN » Wherefore the 


velocity 


© 
DD 


velocity at O will be to that at M,. as ** 3 


2CD x DM — D M* 
Sid  $&H 
V2C4, as VCD x DO—DO*toV 2 CD DM Du, 
that is, by the properties of the circle, as OF to M: 


Moreover, the time of deſcribing D O will be to the time 
of deſcribing DM, as the arc DF to the arc DN, for the 


„or multiplying both by 


time of deſcribing DO — VE X into the arc of a cir- 
cle, the radius of which = CD, and verſed fine = DO, that 


is, the time = 3 Xx arc DF; for the ſame reaſon, 
R 4 207 
the time of deſcribing DM — THz x arc DN; where- 


fore the proportion of theſe times is as . DF to 


Vis - DN, or as DF to Dx. 


IT. 


Let c be a centre, toward which bo- yin, 


dies are attracted with forces which are 
inverſely proportional to the ſquares of 
their diſtances from c. Moreover, let 
the force, which acts at any given point 
G, be r, referred to a ſtandard force 1, 
ſuch as that of the earth's gravity. If a 
body begins to deſcend from a point a, by 
the action of the centripetal force, it is 
required to aſcertain the velocity acquired 


at any given point o of its deſcent. _ 


I "oO 2 ů——ů * * 


( 64 ] 


Let GC g, AC = @, AO = x, F the velocity at O, 
then we have the force which accelerates the body at O 


72 
EF XxX =, and if à be the ſpace due to the velo- 


® Seck. III. 
Prop. V. 
Cor. 4. 


— 4 III. 
rop. V. 
p- 2 

Fig. IX, 


Sect. III. 
rop. V. 


Cor. 3. 


city at O, from the acceleration of the force i, then will = = 


Fr* x "of p 
===>, and z = >=, which ſhould vaniſh when x 
G—x 


o, but when x = o, 508 3 Wherefore the 
4 | 


42 — * 
6 5 x F * * 
entire fluent is z —— — > — BL + + BOY and 
a — a 8 Xa — 
.* * 1 - 
the velocity in O, or = — in general, 
a X 4 — 


that is, when the ſtlandards of ſpace, time, velocity, and 
force are each aſſumed equal 1 : if the force F be referred 
to that which accelerates bodies through a ſpace = /, 


in the time 1, f we have / = 6 2oa id expreſſed in the 


a Max 


dimenſions of a ſtandard ſpace /, and time 1. 


Cor. 1. Let DGB repreſent the ſurface, C the centre of 
the earth, AO any ſpace through which a body can actual - 
ly deſcend : then referring to the preceding ſolution, we 
have AC=a, GC r, F = 1, being the force of gravity 
at the earth's ſurface ; 40 = x, and the velocity generated 
- - 1 = Irs E 
in the point O, will be V——===, but if the force of 


gravity were uniform at all diſtances, and 21. the velo- 
city generated would i be v 4 / x, the difference of which 


velocities = Viki... = 41x * 
4 1 4 — 
1 I £ . In order to reduce this, let; = A G 


being the altitude or diftance above the earth's ſurface from 
which the body begins to fall, then will a =r + and 
aa—ax=Zzr* br +$i* —rx— 5 x, that is, ſince 


1* - 5 x 1s incomparably ſmaller than 27 — r x, 2 
ave 


11 
have #f =ax=rf +2r5—rxand 42 4 


27 ru 27 * 1422. 7X „. 
r + * = * the difference of 


— ——— 
————— 


1 n 2 1 — 
27 1 142-1 © V4 x * 27 


— — — 


the velocities therefore will approximate to / 4 / x x 


Air — as 4 limit, while x and /, become conti- 


nually ſmaller: we have therefore the following conſtruc. 


tion: In theearth's radius CG, take EI GA. then if a Fig, IX, 


body falling from 4, deſcribes the ſpace 40, the diffe- 
rence of the velocities, or the error occaſioned by aſſumin 
Galilzo's Hypotheſis of the uniform gravity of the eart 
at all diſtances from the centre, will be that part of the 
whole velocity generated, which is expreſſed by the frac 


bon , when x and / yanith in reſpeRt of . 


Cor, 2. If the body deſcends to the earth's ſurface, that 
is, to the point at which the earth's gravity is aſſumed 
= t, the eg or in the velocity above mentioned, will be 


AG 
the whole velocity generated x Cg, that is, the error 


cannot be to the whole velocity ted in a greater 
proportion than that of the altitude fallen from to the 
earth's diameter, 
i” 7.0 
Since in general the velocity = — the quan» 
«a Ga — Xx 
ticies F., and @ being given, and x being the variable 
2 deſcribed, the velocities in different points of the 
amedeſcent, will be in a dire& ſubduplicate ratio of the 
ſpace fallen 22 and the inverſe ſubduplicate ratio of 
the ſpace to be deſcribed before the body arrives at the 
centre. 


III. 


Let a body deſcend from reſt in a right rig. vi, 


line toward a centre c, the attractive 
force of which varies in an inverſe dupli- 
I cats 


W ae 


- Pr ey, C 
n 1 - * 2 * 


2 Ma = Mo» a on = 


þ = $6, 


es ont 


4+ + 


295 — 


"> GE 


. 


5 
| 


R 77 


— — . ²˙ mꝛq i—¹?ẽ2] wN — 
"4 4 22 " 


— r Dr 
* 


rr 


——U— — — OT — — — 1 ⁰˙¹w- ⏑ô I 
e you _ —— 
4 « 6 — * 3 4 


[ 66 J 


cate proportion of the diſtance from c; 
alſo let the force at any given point 6 be 
F: it is required to aſſign the time where- 
in the body deſcribes any given ſpace Ao 
from reſt. 


Let the given diſtance CG = r, the force at G = , 
being referred to any ſtandard force 1: let 40 = x, AC 
a, and the force at O will be that part of the force at 


G, which is expreſſed by the fraction „ and the 


— 


a —X 
sed. Iv. velocity *at O will YE i. If therefore the time 
Picp, II. aGaXa-x 


be denoted by T, we have T = VFA 70 V== * 2. 


and the time of deſcribing AO, that is, T = V2 


Fre 
: 246 6 
into the fluent of x * _— which may beobtained from 


the following conſtruction. 


Let C A = a, upon which deſcribe a ſemicircle 45 C. 
zig. x. the centre of which is D, and in the line AC aſſuming 
any point O, draw the right fine OP, then if 40 be put 


= x, the fluent of V x V- nE V. 

1 V; p > V x N * 70 
Xx AP+ PO = the time of the body's deſcribing 40 

ge I. rom reſt, when the ſtandards of ſpace, time, velocity, and 

cp. V. force 5 each aſſumed = 1, which may be thus demon- 
ſtrated, „ 


Draw the chords AP and CP; then during the time 
in which the — deſcribes the element of ſpace Oo, the 
right fine OP will become,op, and if Ap, Cp be drawn, 
ſince CP4 CAA is afangle by the pioperfles of the 
circle, the cotemporaty variation of 4P will be mp, 
and the circular area ACP will be during the ſame 


time increaſed by the addition of PC = SEX 2L — 
Which 


MW. 


which will therefore be the fluxion of the area 4CP, and 
this area will be the fluent whereof m Cp is the fluxion. 


Let the arc AP = A, and the fine OP=S, then ſince 
40 x, AC = a, we have the chord AP = VYax, and 


its fluxion «Ve = mp: Moreover, CP = a*—ax, 
2V x 


CP x mp V a*—ax 
2 


wherefore P Cp, or CY = 


* Ya: == X 3 the fluent whereof = 
2V x 4 x 
the area CAP S ſedor DPA + the triangle CDP 2 — 


+ Vax 2 ye E (becauſe the perpendicular D2 = 


Le = 2?) whereforethearea CAP Xs + * * 
2 


ar- xx, and fince Ver —xx =OP=S8, the 


area CAP A x © = the fluent of = x * 


i 4 a—X XX 2 
x &, and the fluent of Ven LDL = 12 
* 4+8 = the time of deſcribing the ſpace 40 from 
reſt, when the ſtandards of ſpace, time, velocity and force 


are each aſſumed t equal 1 ; but if the force be referred to f $4.11, 


ravity, the time to one ſecond, and the ſpace to 4, which a p. 28. 
y deſcribes from reſt by the acceleration of gravity for 1 


ſecond, we ſhall have the time required = FF} p. at. 


A + 8, expreſſed in ſeconds. 


Cor. 1. The time of deſcribing from quieſcence any 
or to the ſum of the fine and arc, whereof the ſpace de- Hin b. 
ſcribed is the verſed ſine, the radius being half the diſtance x +. u. 
of the body when quieſcent from the centre of attrac- Vol. 1, 
tion. 

Cor. 2, It may be remarked concerning this determi- 

12 nation, 


ſpace 40, will be 1 to the circular area ACP, T Newt, 
P 


* 2 — 4 
_ 3; 222 — —-„—»— 4 14 
SE 
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nation, that it is immaterial in what meaſure the ſpates a, 
, and / are expreſled, viz. whether in feet, inches, &c. 


any nation, provided they are expreſled in the ſame meaſure ; 


* Newt, 
P:1ncip. 
as XV, 
ol. bh 
and op. 
l. 
Excerpt, e 
Newton, 
Piincip. 
Þ- 87. 


for the fluent FT x Y will always be a num- 


ber, that is, a fraction, the numerator of which contains 1 
dimenſions of a line, and the denominator the ſame dimen- 
ſions of a line, wherefore whatever meaſure thoſe ſpaces be 
expreſſed in, the value of the fraction muſt be unaltered. 


Cor, 3. If the body deſcends from quieſcence till it 
arrives at the centre C, the ſpace AO = AC, ora = xy 


in which caſe $ S o, and F'= V AF x the Goalie. 
eamference of a circle, the radius of which = 25 this 


2 þ denoting the number 3.14159 


3 
&c. that is, 7 e ſeconds, 
4r x V Fl 
Cor. 4. For example: If the earth be confidered as an 
immoveable centre of attraction, and the moon were to 
deſcend toward it in a right line by the force of the earth's 
ravity, the laſt Cor. will give the time of deſcent; for 
ere, ſuppoſing the earth's radius to be = 3970 miles, we 
has 2= 167%; feet I 
n 3970 miles 1303314” 


3.14159, and a = Gor, the time therefore of the deſcent 


ſemicircumference = 


r=1, F=1, p= 


3 
60* ; 
would be e = 223-1459. 416716 
qr xVFI 4 x Vr 
ſeconds, or about 4 days and 20 hours. 

Cor. 5. Since ® the periodic time of any of the celeſtial 
bodies which compoſe che folar ſyſtem = to4 V x into 
the time of its rectilinear deſcent to the centre from reſt, 
by the action of the centripetal force, it follows, that the 
periodic time of any primary or ſecondary planet P = 
Via 1 

—— » Where P denotes the periodic time of the pla- 
ry Fl 
net, à its diſtance from the centre of force, Fa number 

which 
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| which is to 1, as the force at any given diſtance from the 

centre to the force of the earth s 2 at the ſame di- 
ſtance from the earth's centre, and r = the diſtance from 
the former centre at which the force = F. Moreover, 


8 r. 7 y by which equation the 


abſolute quantityoſthe centripetal force, compared with that 
of gravity at the ſame diſtance, will be known from the ob- 
ſervation of the revolving body's periodic time and diſtance 
from the centre of its orbit. Thus, if the ſun's parallax be 
11”, his diſtance from the earth will equal 1875 1 of the 
earth's radii; let this = a, and / = 757 being that 
art of the earth's radius which a heavy body deſcending 
rom reit deſcribes in one ſecond: ſince P, or the 
periodic time of the earth = 365.256 x 24 * 3600 
2.43 
ſeconds, we have the force of the ſun F = 2 = 
CE 
YEW 2 X 4.14159 ELL mens 6 EPI 
305-250 K 24 X 3000 X T7377 
expreſſing the ratio of the ſun's abſolute force to that of 
the earth. Moreover, ſince the ſyn's diameter would be 
87.545 times greater than that of the earth, the ſun's pa- 
rallax being 11”, we have the ratio of the ſun and earth's 
magnitudes equal to that of 670967 : 1; and the denſities 
being as the \ of matter or abſolute forces directly 
and magnitudes inverſely, the denſity of the ſun will be to 


that of the earth as on 1,or as 1 to 3.939. The ſan's 


parallax is aſſumed 11” by Newton, according tothe opini- » yewt 
on athis time: laterobſervations have ſhewn the parallax to Princip. 


be conſiderably leſs. Euler in his treatiſe concerving the 
'Tides, t makes it 10"; if this were the real parallax it would 


follow, that the ſun's diſtance from us is equal to 20626 radii N 1 
of the earth, and by the preceding — ſun's abſolute voi, Lt 


force comes out = === Z:14159 X 200267 _ 
| 305-250 x 24 * 3000 X prootpep 
== 22667, But from the obſervations which were ta- 
ken of the tranſit of Venus, over the ſun's diſk in the 
year 1769, in different parts of the carth, it is now con- 
cluded that the ſun's parallax is 8”, 6. This being the 
true parallax, the ſun's abſolgte force will appear to be 

to 


* oY 
— be 


| 1 
to that of the earth, as 356398: 1. 
Cor. 5 When the deſcending body deſcribes a ſpace 
c 


x, which is very ſmall in compariſon with the diſtance 


AC, then ſince the time in general = = * A. 
n in ge * ; + 

A and & at the very beginning of the deſcent will become 
equal to each other, each being Wax—xx; wherefore 
the time in the very beginning of the motion = V ax — x x 


xV =, and fince the time of deſcribing a ſpace x 
* 


* Se. Il. with the conſtant force : = V4. we have the dif- 


Prop. Iv. 


Fig. IX. 


| above deſeribed = V- x 


— 


ference ariling from Galilzo's hypotheſis = V Ff x 
Vie E = VEx VE n 
that is, ſince x is incomparably ſmaller than a, the dif- 
ference of the times will approximate to 5 * 


— — — 


2 — — 

„ m7 oe EEE. takes 
r Fl 2r 

reduce this let « = 4G being the altitude above the 

earth's ſurface from which a body begins to deſcend, 


24 — 271 —x_ 25 — 


then will a gr + x, and 75 em „ and 
the force at G, that is F being = 1, the difference in time 


24x 


. which gives the 


2 
following conſtruction. In the earth's radius C G, take 
GIS GA: then if a body falling from 4 deſcribes the 
ſpace A O, the difference in time or error, occaſioned by 
aſſuming Galilzo's Hypotheſis of the earth's uniform 
gravity at all diſtances, is that part of the whole time 


which is expreſſed by the fraction =. 


Cor, 6. If the body deſcends to the point G, _— 


mY. 


the force of gravity = 1, the error in time will q__ 
mate to that part of the whole time which is expreſſed by 


the fraftion ©: , that is the error in time will bear the 


ſame proportion to the whole, as that of the height fallen 
from to the earth's diameter, when the quantity s vaniſhes 
in reſpect of the earth's radius. 


IV. 
Let a body ſituated at A, be attracted 


toward a centre of force c, the quantity 
of attraction being in the inverſe ratio of 
the diſtances from c; it is required to aſ- 
certain the velocity of a body which has 
arrived at any point o in its deſcent 
from A. | 


Let AC=a, 40 = x, GG =r, the force at the given Fig. VIII. 
diſtance CG = F, then the force at O will be denoted by 
F — and if z = the ſpace through which a body 


muſt fall by the acceleration of the conſtant force 1, to 
acquire the velocity in O. then the principles of accele- 


ration *give us & Aer, and z = Fr x — log. a— x, » Sect. III. 


which ſhould vaniſh when x = o; but when x o, Fr x _ 
— log. 4 — x, will =Fr x — log. a, the whole fluent, 
therefore, will be z = Fr x — log. a—x + Fr x 


log. a, or x = Fr x log. — and the velocity, when 


-F iv referred to gravity = W 41Fr x log. —=—. 


Let AG H repreſent a circle deſcribed by a body re- pig. xl. 
tained in its orbit by a centripetal force C, which force | 
. varies in an inverſe ratio of the diſtance from C. It is 
required to aſſign how far a body muſt fall a” 
8 


r 


| 
g 
| 
| 


— 


| 
| 


Fig. XI, 


at C 
that wi wh ich the body revolves in the circle. Let 
40 a, 40 the diſtance required =, and let the force 


at I 1, then will the force at © =: , and z fig- 
4 — 


nifying as before, z = —_ 22 - and x log, ——— ; 
but the velocity in the L the velocity 00 by a 


body which has fallen through g. C by the action of the con- 
KG, and will therefore be = . wherefore 
we have by the problem a x log. . = , and log; 


4 —X 


— 2 2. lets = 2.71829 18 being apron 


4 — 2 


es. EE =iof,o.2 


2— 
4 
at* '˙ꝛͤ a 2 
2 * 7 * 


U 
at — ts, and x = 


39347 

If a body be proj rpendiculacly from the « circume 
ference wirh 2h the — —— which i it revolves in tho 
circle, the height to which it will riſe may be alſo aſcer- 


tained, For in this caſe, putting I A the required ſpaca 


=, and proceeding as before, we have z = —a x r. 


2+ x x, which ſhould vanith together, but when x = 
x A & log- a, and by —— — 


= , wherefore the entire „ 


— 42 * log, @ + ir that is, 22 2312 log. * 


and ſince by the the N is ſuppoſed to con- 
tinue Kade till it loſes all velocity, it follows, that 


2 3 1 * log. —=0, we have therefore 


log. — =; let / be the number whoſe hyperbo- 


a ＋ * 
lic 


L805 


lic log. = 1, wherefore —— ==, and 2 = 4 + , 
; a XxX 7 * 
and x =>@a Xe* —1 = a Xx 6487. 

From the ſame principles it alſo follows, that whatever be 
the velocity with which a body be projected directly from a 
centre of force, varying in the inverſe ratio of the diſtances, 
it will always return : for let y be the ſpace through which 
a body muſt deſcend from reſt by the acceleration of the 
force 1, ſo that it may acquire the velocity with which the 
body is projected from the point 4, then we have from 
the preceding ſolution = = — à x log. a + x, and the 
whole fluent z =y + a x log. a—a „ log. a + x, or 

a 
a + x 
jeQion is deſtroyed or z = o, the equation adit will be 
a + x 


z=y +a x log. ; and when the velocity of pro- 


log. = or | 
a X * Is = — }, Or, log. 
infinite, y will be infinite alſo. 
It appears therefore, that if the 5 body returns 
not, the velocity of projection mult have been infinite. 


= , and x being 


V. 


Let a body ſituated at a, be repelled by rg. xn. 


a force. acting from a centre c, always be- 
ing in an inverſe ratio of the diſtances 
from c: moreover, let the force at any 
given point G == F, it is required to aſcer- 
tain the velocity of the body when it has 
arrived at o. 


Let CG r, AC=a, CO x, then by the problem 


the force at O F x — and if z be the ſpace thro' which 


a body mult fall freely by a ſtandard force 1, for example 
that of the earth's gravity, to acquire the velocity in O. we 
K have 


Ll 36 


> EA 
= have *z — — , and x = Fry x log. x, when there- 
err log. a, but by the problem when 


æ g a, Z = ©, and the entire fluents will bez = Fr log. 


x — 
5 2 UI. , and the velocity acquired in O = Var rl x log. 2. 


VI. 


Every thing remaining as in the laſt 
propoſition, let it be required to deter- 
mine the time wherein the body deſcribes 
any given ſpace A o from reſt. 


Sed, V. $j i = V4 =, 
: 5, 0 25 Since the velocity at O A 47x log T's if T be 
' 


( Sea. 111, the time of deſcribing 40, we have 9 7 = X 
Prop. III. of eld 7 


, and the time required T = - 


HM. log. * Cee 
a 


— —— 


* 


log. - =: if « be the number 2.71828 18, the hyper- 

bolic logarithm of which = 1, then will = = +", and 

x = ae”: alſo ſince log. = = wv, taking the fluxions — 
* 


v, and æ = x% = ave”; where fore — 


awe” 2 2 5 * 
— 3; but = IT = OP JR” +: Tg and 


* 


We, 20 


'P &* 
n 42 v 42 v 
— a2 wv + 
a6ts 
, &c, wherefore the fluent of _ 
1.2.34 - lo xXx 
8· - 
3 2 
a r a wv * 2 4 v 
fluent of —— = 2av* + oo 3 


&c. and the time of deſcribing AO required = V 7 * 


CR ON, AB 5 75 GR.” 9 * 
—_— * — 77 X 1 + 3-1 + 5.1.2 + 
a 


3 
3 &c. 
7.1.2.3 

From the laſt two propoſitions we might derive an ex- 
planation of the laws according to which motion is com- 
municated to bodies, by the elaſtic force of the air and 
other ſimilar ſubſtances ; but the particular conſtruction 
of the inſtruments, by means of which the elallic fluid and 
vapour poſſeſſing ſimilar powers of elaſticity are applied 
to communicate motion, requirggthat theſe ſubjects ſhould 
be ſeparately conſidered, 

The air is a fluid, poſſeſſing a property which dif. 
criminates it from molt other fluids; thus, a quantity of 
water, mercury, &c. of any given magnitude, can never be 
& reduced in its dimenſions ſo as to occupy a ſmaller por. 
tion of ſpace; whereas the air by compreſſion ſuffers ſuch 
diminution of its bulk as is in proportion to the compreſ- 
ſion, that is, the ſpace occupied by it is always lets as 
the compreſlive force is greater. Now ſince action and re- 
action are equal and in contrary directions, it is plain, that 
whatever force be neceſſary to reduce the air into dimen- 
ſions leſs than thoſe which it naturally poſſeſſes in the at- 
moſphere, “ the force with which the air endeavours to re- 
ſtore itſelf muſt be equal to that of compreſſion: ſo that 
if a quantity of air occupies 1000 times leſs ſpace than 
when it is diffuſed in the atmoſphere, it will exert 
an expanſive force 1009 times greater than that with 
which it reacts againſt the air ſurrounding it in a natural 
ſtate: and this conveys an adequate idea of the air's 

. K 2 elaſtie 


Cotes 
Hyarottar, 
Lect. 4 


of a 


elaſtic force: what the quantity of this force is will 
be made eaſily to appear; for the elaſticity of the air 
near the ſurface of the earth being equal to the force which 
compreſſes it, we ſhall have the quantity of the elaſtic 
force exerted on each ſquare inch of ſurface, equal to the 
weight of the atmoſphere preſſing upon the ſame furface, 


| that is, about 15 pounds avoirdupoiſe. If therefore 1000 


cubic inches of air be included in the magnitude of one 
inch, this included air will exert a force of elaſticity upon 
each ſurface of the cube equal to the weight of 15000 


pounds avoirdupoiſe. Let us . a =_ oration to be 
made in one of the fides of this cube : if a body, for ex- 


. ample a leaden ball, be placed cloſe to the aperture, the 


* dect. III. 
Prop. V. 
Cor. 3. 


expanſive force of the air would propel it; in this caſe 
however the air having room to expand itſelf in all direc- 
tions, the whole force of it would rot be employed in 
communicating motion to the ball: but if a cylindrical 
tube, equal in diameter to the ball, be fitted cloſe to the 
aperture, and the ball be placed as before, the air now 
having no other paſſage or means of the expanſion but by 
the protuſion of the ball, will be wholly employed in com- 
municating motion to it, 
To find the velocity of this motion communicated in 
iven circumſtances, it is to be firſt conſidered, that if the 
force of the air's expanſion continued to act uniformly 
during the whole progreſs of the ball through the barrel, 
the velocity communicated would eaſily follow from the 
3 of conſtant acceleration: let the length of the 
arrel be s, the force of the air's expanſion x = 1000 times 
the ball's weight, / = 164; feet, v the velocity wherewith 
the ball would in that caſe quit the barrel, then we ſhould 


have © = V 41ns feet in a ſecond ; but this velocity is 
manifeſtly greater than that which is in reality communi- 


cated ; for although the firſt effort of the air compreſſed 
into — of its natural ſpace, is equivalent to a weight of 


15000 pounds upon every ſquare inch of ſurface preſſed on, 
yet after it has by propelling the ball expanded itſelf into 
larger dimenſions, the force whereby it accelerates the 
ball's motion is proportionally diminiſhed ; when therefore 
the cubic inch of compreſſed air has expanded itſelf, ſo as 
to occupy a ſpace of two cubic inches, the force of ex- 
anſion will be only one half of what it was before, that 
1s, a force of 7500 upon each ſquare inch of ſurface, and 

ju proportion for leſſer or greater ſurfaces. * 
c 


# 


The elaftice force of the air will therefore continually 
be diminiſhed as the ball proceeds along the barrel, and 
of courſe the increment of velocity generated in a given 
element of time diminiſhed proportionally : the principles 
contained in the preceding propoſitions will be ſufficient 
from having given the quantity of compreſſed air and the 
denſity of it, together with the dimenſions of the ball and 
= er to deduce the velocity wherewith the ball quits 

| cylinder, and the time of motion during us accele- 
ration. 


VII. 


Let Bp repreſent a cavity which con- r. x1. 


tains compreſſed air, to this cavity let a 
cylinder A qc be fixed, and let a leaden 
ball be applied to a, oppoſite to a cloſed 
aperture of a diameter equal to that of the 
ball or cylinder: the aperture being fud- 
denly opened the ball will ruſh forth from 
the barrel; it is required from the neceſ- 
ſary data to determine the velocity with 
which the ball iſſues from c. 


Suppoſe the compreſſed air to occupy - parts of its 


natural bulk in the atmoſphere, ſo that the elaſtic 
force of it exerted againſt any ſurface, may be m times 
the weight of the atmoſphere preſſing againſt the ſame 
ſarface : moreover, let the cavity contain c cubic inch- 
es of this compreſſed air, and let the diameter of the 
ball or cylinder = 4, its weight = ww, the length of the 
2 

cylinder = AC = 5, 3.14169, and then will 5 
be the area of a circle, the plane of which bĩſects the ball, 
and cuts the cylinder in a direction perpendicular to the 
axis: and fince the air in its natural ſtate preſſes on a 

ſquare 
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1 Sect. 111, 
Prop. V. 
Cor. 4. 


BYTE 


ſquare inch of ſurface with a force equivalent to the 
weight of 15 pound or 240 ounces avoirdupoiſe, it follows, 
that the elaſtic force of air, if it be compreſſed into m 
times leſs ſpace than that which it occupies in the atmoſ- 


phere, aging againſt the ſurface E will be 22 


ounces, which will be the abſolute or moving force 
of the compreſſed air impelling the ball at 4, and if the 
weight of the ball be ww, the accelerating force which ge- 
240 md*p _ 


nerates velocity in the ball at 4, will be 


4 Ww 
60 m d 
— 

Now, ſuppoſe the ball to have been advanced to 2, and 


let 42 = x, then will the cylindrical ſpace A2 = _ ; 


and ſince the air before its expanſion occupied a ſpace = 
c cubic inches, when the ball arrives at Q it will occupy 


c + — = cubic inches, the elaſtic force therefore of the 


* 5 bo m d* þ 4c JP 
air's expanſion at 2 will be * I Fo © 
240 md 
4c % t dpwx 
Let ⁊ be the ſpace through which a body muſt fall from reſt 
by the acceleration of gravity, to acquire the velocity of the 
240 m 
4 wH+d*pwax 


4c + d*px 
c 


ball at 2, t then we have & = „and tak- 


ing the fluents & = — * log. 


; that 
is, when x = , or when the ball has arrived at the ex- 
O mc a * 

x log. 23 


tremity of the cylinder, z = a 


Let A be the capacity of the veſſel containing the com- 
preſſed air; alſo let B be the capacity of the barrel or cy- 
4c +d*ps AT 
= SE Sr 
A+B 

A 


linder, then will the quantity 


240 1 A 
AEDST os 


and we ſhall have z = log. 


, and the 


velocity 
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. a 4X Am A+B 
velocity®requiredY =\/4X! 2 _ — x Vg =, * Set, III. 


A p. 28. 
4 X 
that js, = „ * A log. — inches 


in a ſecond, , 
To find the time of the ball's motion through any ſpace 


AO = x, let T be the time required, wherefore + T =+ Prop. III. 
Prop. III. 


V hes X = then if v = 
185280 m4 44 TA 85 
Mug. 5 


the fluent of the equation is obtained from 


A+B 
A 
the preceding ſolution, q and we ſhall have the time of de- 8 
aw AV 


2895 4% n 


log. of 


ſcribing the ſpace 40 = Xx 1 + = + 


— — 
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mate to the true time with ſufficient exactneſs, if the capa- 


city of the barrel does not exceed the capacity of the veſſel 
which contains the compreſſed air, ſo that the logarithm 


— ſhall not exceed . 692; but in the 


4 
uſual conſtruction of the air gun, the quantity — 5 


» &c. a few terms of which will approxi- 


of the quantity 


rarely exceeds =, and conſequently its logarithm will be 


leſs than .133 ; in which caſe three terms of the preceding 
ſeries will give the time true to the fixth decimal place. 
The logarithms uſed in this as well as in the preceding 
and ſubſequent ſolutions are always underſtood to be hy. 
perbolic, unleſs the contrary be expreſſed. 


Cor. 1. If the capacity of the barrel and of the veſſel 
containing compreſſed air remain the ſame, the velocity of 
the ball will depend only on its weight and the air's com- 
preſſion, and not in the length of the barrel. 


Cor. 2. Every thing elſe being given, the ball's velocity 
will be in an inverſe — ratio of its ſpecific gra- 
vity : thus, balls of iron and lead diſcharged from the ſame 
air gun by the elaſtic force of air equally compreſſed — 

equa 


pr "IR ay + a 
„ * _— % = * 
3 2 
mo — = 
_ 
* 
— 8 
= — 1 


= 
8 — 
— — —ü 


_ S , 


« 2% — 
* i 
* = 
"=... 


= = < - - — * 
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equal in quantity, will iſſue forth with velocities which are 


in the proportion of vV 11.3, V 7.3, or as 1.2 : 1. 

Cor. 3. If the ſpecific gravities of two balls be the ſame, 
the velocities wherewith — uit the air gun, will be in 
a direct ſubduplicate ratio of the air's compreſſion: thus, 
if two leaden balls be diſcharged from the ſame air gun, 
and the air being compreſſed in one caſe 32 times, and in 
the other 8 times, the velocities of the ball's egreſs will 
be as 2: 1. 

Cor. 4. The "= will be further illuſtrated by refer- 
ring to an air gun of the uſual dimenſions, and from the 
data belonging to the problem aſcertaining the actual ve- 
locity communicated to the ball, and the time of its ac- 
celeration. 

Suppoſe the cavity containing comprefled air to be » 
ſphere of 4 inches m diameter, and conſequently equal in 
capacity to 33.510 cubic inches: ſuppoſe the ball to be of 
lead, and in diameter equal .4 parts of an inch, wherefore 
the ſpecific gravity of lead being 11.3, the ball's weight = 
21913 of an avoirdupoiſe ounce. Moreover, let the air be 
compreſſed into 20 times a ſmaller ſpace than that which it 
occupies in the atmoſphere, and let the length of the bar- 
rel , we have therefore for the ſolution the following 
data, A = 33-51, # = 20.00, 4 = 40, þ = 3.14159, 
c. ww =.21913, 5 = 42.00 inches; wherefore the capa- 


i 4 ps 
city of che barrel E 5.2778 = B: we have alſo 


{222 >, the logarithm of which from the 
3* 


tables = .06352, which being multiplied by 2.30258, 


will become the hyperbolic logaritam of — 2 . 14626, 
and the ball's vabochy r — . — — 2 

A+B = 4 * 103 X 240 X 20 X 33.51 
V log. FE = V —— 


* V 14620 =9103.9 inches, or 758.6 feet in a ſecond. 


In order to obtain the time of the ball's motion 
through the cylinder, we have » = the log. of 
. = 14626, and the other notation remaining 


* 
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2895 a*p*m © y 


2895 X 44* * 3-14159 X 20 


| V > a UAE F 

0085683, and 1 += + Tre” 1.0508, 2 time 
1 20 wv V * * 

required edi 


oo 5683 x 1.0508 . oogoo = 72 part of a ſecond. 


In this problem the air's condenſation has been aſſum. 
ed as great as can be uſed conveniently in phyſical experi- 
ments, but far ſhort of that which exiſts in ſome ſubſtances 
both natural and artificial: to mention a ſingle inſtance 
only: it is well known that the elaſtic ſteam of gunpowder, 
which remains in a fixed tate till the inſtant of exploſion, 
poſſeſſes the properties of air, condenſed in about 1000 
times a leſs ſpace than that which it cccupies in the at- 


moſphere. Three g parts in ten of the gunpowder's 1 Robins“ 
weight conſiſt of this condenſed air or vapour, which be- Voll. P. 4 


ing ſet at liberty by the application of fire, will exert a 
force of preſſure equivalent to a thouſand times the weight 
of the atmoſphere preſing againſt the ſame ſurface, from 
which cauſe ariſes the great power of this ſubſtance in com- 
municating motion to ponderous bodies. This elaſtic 
ſteam like the air expands itſelf with a force inverſely 
proportional to the ſpace which it occupies, and conſe- 
quently the preceding ſolution is applicable to the action of 

unpowder as well as to that of air abſolutely compreſſed, 
and will in both caſes be ſufficiently accurate, provided the 
velocity communicated to the ball bears a very ſmall 
proportion to the velocity with which the air or elaſtic 
vapour would expand itſelf if not impeded : although 
the impelling force of the elaſtic ſteam or compreſſed air 
has been aſſumed equal to the force of its preſſure acting 
againſt a quieſcent ball, yet this is ſtrictly true only at 
the firſt inſtant the ball begins to be moved; afterwards 
the magnitude of the impulſe ſhould be eſtimated by the 
difference between the velocity with which the air or 
ſteam would expand itſelf if no ways impeded, and 
the ball's velocity: this conſideration is neceſſary to 
render the ſolution general: if the accelerating force be 
aſſumed equal to the air's preſſure divided by the ball's 


weight, as it is in this as well as in Mr. Robins' ſolution, H. Robins" 
i and Vell. ps. 
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and we diminiſh the ball's weight ſine limite, the ac- 
celerating force will be infinite, aud conſequently the ve- 
locity generated greatet thun any that is aſũgnable; whereas 
it is impoſſible that the velocity communicazed can in an 
caſe exceed that with which the fluid would expand itſe 
if not at all im : this cireumſtance therefore muſt in 
ſome. degree the truth of the ſolution, {notwith- 
ſtanding the great denſity of the. ball,) and ſhould be al- 
lowed for accordingly 3 great accuracy is requir- 
ed. In the mean time it may be remarked, that the ve- 
locity with which the elaſtic vapour of gunpowder will 
expand itſelf, the obſtacles which confine it being remov- 
ed, is not ſufficiently aſcertained: Mr. Robins eſtimates 
it at about 2000 feet in a: ſecond, though ſome other 
t authors make it five times greater. It is a ſubject 
which ſcarcely admits of theoretical computation ; and 
reat difficulties occur in making experiments relative to 
it. If the denſity of the vapour of ganpowder in its 
compreſſed ſtate were the ſame as that of atmoſpheric 
air, its elaſticity being 1000 times greater, and its pro- 
greſs was not impeded by the groſs matter which enters 
into the compoſition of gunpowder nor by any other ob- 
ſtacle, the velocity with which the compreſſed vapour ex- 
pands itſelf would be 40900 feet in a ſecond. 
From the near agreement between the experiments of 
Mr. Robins on the actual velocities of muſket balls, and 
the dedaQtions from his theory, it may be concluded that 


the velocity with which the vapour of 8 powder ex- 

pands itſelf, when not impeded, is much greater than 

that of 2000 feet in a ſecond, | | 
VIII. 


| Let a body a be attrafted toward a 


point or centre c, with forces which va- 
ry in that power of the diſtance from 
c, which is expreſſed by the general in- 

"> der 


18 

dex n. Alſo, let the force at a given 
diſtance c be = x; it is required to 
aſſign the velocity acquired by the body in 
deſcribing any ſpace a o from reſt by the 
attraction of the variable force. 

Let CG=r, 40 a, AO=x, Or = 3, the velo- 
city of the body while it is deſcribing Oo: then will the 


force aQing on the body at O = LE, 1nd if a be 


the ſpace my which a body muſt move from reſt by 
the action of a 


0 
2 and taking the fluent, x L. 
* 1 1 
this being the variable part of the fluent which ſhould 
—F Xa ds 
vaniſh when x = 0; but in that caſe —— — 
1 +1 r7* 


„ the conſtant quantity therefore —— 
1 ＋ 17 n+1X7" 


Cana” 
being added to 2 — 


* 


»+17” 2 


— 


FXant — 4 — K* 


e 
city required in terms of the general ſtandard 1, will be 


= the entire fluent, and the velo- 


72223 2 1 — 
1 IN 

Cor. 1. If „= 1, the expreſſion for the velocity / 

fails: in this caſe the ſolution is obtained otherwiſe from 


Prop. IV. 22 . 
Gor. 2. When a = x, and 1 is poſitive ; the whole 
ſpace to the centre being deſcribed, the velocity — 


2 


n Ir 


— 


andard force 1,“ in order to generate the . Sed. 111, 
velocity V, the principles of acceleration give us & = Prop. V. 
; n+1 Cor. 4+ 


L 2 Cor, 
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Cor. 3. When n + 1 is negative, let » + 1. = A, and the 
general equation for the velocity acquired will become Y = 
— == — == — 


\ Fx 4 aa—ci—* —_ 


_— — „ „„ „„ 


and when x = a, that is, the whole ſpace to the cen- 
tre being deſcribed, the velocity acquired at C, or 


m m ; 
A 4 — ill be infinite. If there- 
—ma"xXa—x" x 
fore the force varies in any inverſe ratio of the diſtances 
from the centre equal to or greater than that which is ex- 
E by — 1, the velocity acquired by a body which 
as deſcribed from reſt any ſpace AC to the centre will be 
infinite. 
Cor. 4. Let the whole diſlance AC = A, and OC = P; 
moreover, let » + 1 u, then if a body deſcends from 4 
+336, ſupra towards C, the velocity acquired at any point 1 O will = 
P. 93» 


m — PM " Fon 
9 - , and F x - being given, the 


mrm—i mrrm—l 


„ Newt, velocity will be proportional to? A - 

Princip. 8 

Vol. I. ——ů 

Prop. XL, Cor. 5. Since 1 F's VF x « — x} if the 


— ——— 


py p. time of deſcribing AO be TJ, we have the time of deſcribing 


the ſpace Oo or — ILAN 
FIT 
N X x 
time T = the fluent of — . = —_ 
Vr * 2 ena — „ 
which muſt be determined for each particular value of 3. 


, and the 


IX, 


rig. xiv, Let a body ſituated at a, be attracted 
toward a centre c by a ſtandard force 1 ; 

let ac be biſected in 6, and ſuppoſing the 

force 
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force which tends to c, to vary in any ra- 
tio of the diſtance, which is expounded by 


the general index n; it is required to aſſign 


through what ſpace Ao the body muſt 
move from reſt at 4 by the attraCtion of 
the variable force, fo that the velocity ac 
quired ſhall be equal to that which would 
be generated in a body, deſcending from 
reſt through the ſpace as by the action of 
the ſtandard force 1 continued uniform. 


Let AC =a, and AG = ©; moreover, let AO = x, 


and let z be the ſpace through which a body muſt 
move from reſt by the acceleration of the conſtant force 
1, to acquire the velocity in O, Then while the 
body is deſcribing the element of ſpace Oo = &, 


— 
n 


the force acting on it will be A „and by the princi- 


a— x" x 


ples of acceleration ® we have 5 = ———, and taking 


| —c—x + | 
the fluents z = EEE which 1s the variable part 


+1 4a" 


== ew eo + 
of the fluent only, and ſince when x = o, —— 
5 9 100 


— x +! 

= ,, the whole fluent will be Ä 
n+1 «+l 271 
= to the ſpace through which a body muſt deſcend from 
A by the action of the uniform force 1, ſo that the velo- 
city may be equal to that which the body in O — — 
by the action of the variable force, while it deſcribes 


AO: we have therefore from the problem _ 1 
nn — 2 2242 


2 d — 4x — — 
o * 


- _ 
r . * 
Cor. 4. 
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, wherefore a g . = a"+' x ==, and 


r 


2 — * = 4a X — ,and x =a—4a X - 8 


Cor. 1. When a body revolves in a circle, being re- 
tained in its orbit by a centripetal force at C, the velo- 
city with which the body revolves is equal to that which 

{Excerpt.e a body would acquire by falling from reſt, f through 
Princip,” half the radius, by the aftion of a conſtant force 
p. 38. equal to the centripetal force acting on the body at 
the circumference of the circle which it deſcribes. It 
appears, therefore, from the ſolution, that when a body 
revolves in a circle, being retained in the circumference 
by the action of a centripetal force, the variation of 
which is expounded by any general power of the diſtance 
n, the ſpace through which a body muſt be attracted from 
the circumference by the variable centripetal force, fo 
that it may acquire the velocity in the circumference 
1 


* . 
i 40 = a— a —*| » @ being the radius of 
the circle, 
| | Cor. 2. When v = o, the ſpace AO = 2 ==. 


Cor. 3. If « = 1, that is, if the force is as the diftance 
T 


1 
— 7+ e 
— = 0, and the ſpace AO - 7 


= a, that is, the body muſt deſcend through the whole 
diſtance to the centre. | 


[| 
F e 


1 1— 1+ — 
1 Cor. 4. If = 2, a 7," 9 
2 


— — — — 
e on 


* 


| = «x 2]; and the ſpace AO, through which a body 


muſt deſcend toward the centre to acquire the velocity fn 
| e 


Lo 1 
the circle = a = @ X 7, that is, it muſt deſcend through 


radius. 
3 * 


s o 
Cor. 5. When # is = —1, AO = a—a x 2) 


which being a logarithm is not reducible to the preſent — o 


ſolution. 


Cor. 6. Alſo, if » is poſitive and 2 than 1, the 
problem is impoſſible, but with ſome circumſtances 
which become remarkable; for in this caſe 1 — * muſt be 
always negative, and if » is an odd number, » + 1 will 


1 
1+ ; 
be an even number, and the quantity — ils will be 


impoſlible, as no root of a negative number can be ex- 

tracted, when the index is the reciprocal of an even num- 

ber; but if » be an even number, » + 1 will be an odd 
| I 


a+1 
number, and the root —— Roanne 


rational terms, but the anſwer will be inconſiſtent with 
the conditions of the problem; for in this caſe the root 
1 


Cami v0 


——_ being neceſſarily negative, the quantity — 4 


1 
* 
* will be poſitive, and the ſpace 4 0 inter- 


cepted between the circumference and centre will become 
a + the root before deſcribed, a quantity greater than 
radius, which is impoſſible. It follows, however, when 
the force varies in a direct ratio of the diſtance which is 
expounded by any index greater than 1, that if a body 
revolves in a circle by the action of the force, it cannot 
fall from reſt through any part of the radius by the attrac- 
tion of the variable centripetal force, ſo as to acquire the 
velocity with which it revolves in the circle. 


X. 


—— —— —U— ——k— 22 


” 
— * 12 
- vas...  -4 


* +,» 
- — 


* 
8 
— — — — 2 


— ow 


A & 
- — ee OE IS T9 „ di. — 
= G » 8 > — — —— 


* „ 
. — 


— — 2 
4 


* 7 "7 WE WY a. I 


WI 3 


— 


( 88 J 


X. 


Let BAD be a circle wherein a body 
revolves, being retained in its orbit by a 
centripetal force at c; let the force at the 
circumference A be denoted by 1, and 
ſuppoſing the variation of the force at 
other diſtances to be in that power of the 
diſtances, which is expreſſed by the gene- 
ral index n: if a body be projected from 
the circumference at A, and in a direction 
perpendicular to it with the ſame velocity 
wherewith the body revolves; it is requir- 
ed to aſſign the greateſt diſtance to which 


it will aſcend. 


Let AC = r, the diſtance required 40 = x, and the 
force at A being = 1, the force at any point © will be 


1 + x*® 


— and if z be a ſpace through which a body muſt 
move from reſt by the conſtant acceleration of the force 1, 


to acquire the velocity in O, we have 4 = = = x" 
| — 


* #, and taking the fluent & = = <a rnrmne 4 

1 4471 
the variable part of the fluent only, and requiting a con- 
ſtant — to be added to it, 4 f 
What this conttant quantity is appears from the 
diem, for when x = o, a = 9 


of projection = =; but by the preceding equation, whea 


8#S=S'S= 5 _— the whole fluent therefore wall be 


ry 


r 17 1 ＋ * 


= K: but as the body is 


1 ＋ 1 2 » +1 Xn" 
ſuppoſed by the problem to aſcend till its velocity = o, 


p . r r +x 
it follows, thit == 0 = —— : — 
7 | 


herefi — =, a x = 


— "+1 —T + 
— —.— 7 4 2 e and the diftance 


AO to which the body will aſcend = x = x 
W 


— + 9 W 


2 

Cor. 1. If „gt, that is, if the force be directly as 
the diſtance from C, the whole ſpace 40 to which the 
body will aſcend, when projected with a 2 to 
that with which it revolves in the circle, will be = - x 


Mir — X 7 1. 

Cor. 2. If the force be inverſely as the ſquare of the 
diſtance, that is, if + = — 2, then the body projected in 
the manner above deſcribed will riſe to an height = 27 
— r =, that is, to an height equal to the radius. 

Cor. 3. If the force varies in an inverſe duplicate ratio 
of the diſtance, a body having deſcended from reſt through 
the ſpace OA equal to the radius, will, when it arrives 
at the circumference, have acquired a velocity equal to 
that in the circle, becauſe the ſame motion will be ac- 
quired by acceleration in this caſe, as was loſt by retarda- 
tion in the laſt. 

Cor. 4+ Let y be the ſpace through which a body muſt 
move from reſt by the acceleration of the force at A or 1, ſo 
as acquire the velocity of projection: we have from the ſo- 
n+i 


lation, 


n + 1 7 n +1 xXx 
due to the velocity at O when 40 = x: if then = be 
made = o, and x increafed fine limite, the ultimate va- 


lue of y will give the velocity with which a body *. 


- 
* 


- 
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I E 2 — 
— — —— 


"x" 
— 
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4 * 
9 dew © LCs 8 
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* Seq, III. 
Prop. V, 
Cor. 3. 
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ed from any point A will never return: we have therefore 


n+1 


the equation E 
e equatio 1 "FF 


s ＋ IX ** * ＋ 1 | 

It appears from this equation, that if » be any poſitive 
number, or any negative proper fraction, the velocity with 
which a body mult be projected fo as not to return, is 


n+ 
r + x 
1 — — 
z+ 1X 


greater than any finite velocity ; becauſe 
in this caſe is infinite. 
Cor. 5. If . = — 1, this ſolution fails; but the ſolu- 


tion is obtained from Prop. iv. 
Cor. 6. If x be any negative number greater than unity, 


— gy cf. 


© IZ— becomes evaneſcent, andy =o thus 


=» IX. 
if x = — 2, we have y = 


— — 0 
— === that is, 
if the force varies in the inverſe duplicate ratio of the di- 
ſtances from the centre, and a body be projected from A in 
the direction 40, with a velocity which would be acquir- 
ed by a body deſcending from reſt through a ſpace equal 
to the radius, by the acceleration of a conſtant force equal 
to that which acts on the body at the point A, the body 
thus projected will never return. Thus, if a body were 
projected from the earth's ſurface in a direction perpendi- 
cular tv the horizon, with a velocity equal to that which a 
body would acquire in deſcending from reſt through the 
earth's radius, by the acceleration of a force conſtantly 
equal to the earth's gravity at the ſurface, it would never 
return; let S the earth's radius = 20961600 feet, / = 
the ſpace deſcribed from reſt by bodies which deſeend for 
one ſecond by the earth's gravity, this ® velocity = ;1r 
= 4 x 167; x 20961600 = 36722 feet, or 6.95 miles, 
that is, the velocity of projection muſt be that of near 7 
miles in a ſecond. 

Cor. 7. If x = — 3, the -. wag Get projection above 
deſcribed is ſuch as is acquired by a body 1 from 


- 
reſt through the * 7 


==, or half of the 
radius 


([ © 1 


radius by the conſtant acceleration of the force 1, which 
is well known from other — for if the centripetal 
force, which retains a body revolving in a circle, varies ih 
an inverſe triplicate ratio of the diſtance, and a body be 
projected perpendicularly from the circumference with the 
ſame velocity as that wich which it revolves in the circle, 
it will never return. 


XI. 


Let AB repreſent a line void of gravity, rig. xvr. 


one extremity of which is fixed at a; let 
this line be ſuſpended over a wheel n, and 
kept in tenſion by the weight r. Let w 
be a ſmall body affixed to c the middle 
point of the ſtring, and let w be drawn 
out of its quieſcent poſition through a 
ſmall ſpace cx, by a force acting in the 
direction c 1, which is perpendicular to 
AB, as ſoon as this force ceaſes to act, 
the weight w will be accelerated toward c: 
having given the length of the ſtring as, 
the weights p and w; it is required to 
determine the time wherein the ſpace Re 
1s deſcribed by w. 


Let RC = a be the diſtance from which av begins its mo- 
tion toward C; then to find the force whereby the bod 
au is impelled towards C, it is to be obſerved, that this 
force is equal to that which acting in a direction CR would 
exactly counteract the impelling force ariſing from the 
tenſion of P. The three forces which ſuſtain the body a 
in equilibrio, will be in the direction of the three lines RA, 
RB and C1, which muſt be in the proportion of the three 
ſides of a triangle, which are ee parallel to thoſe 
lines: the quantity of the * in the direction C 2 

2 there- 


i 


— 


— 2 „ = 
= - 1 RATS 6 
—_ «x macd wad. an. we ANF ** 
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therefore be eaſily determined by drawing B O parallel to 
AR, and joining AD; then fince two of the forces are BR 
and RA or BD, the third moſt be DR, it follows there- 
fore, that the effect of the ſtring's tenſion to impel the 
body w in the direction 1 C, is to the tending force P, as 
DR to RB, that is, ſince DR is very ſmall compared 
with CB, as 20K to C; in the ſame manner, when ww 
has arrived at any point O, the impelling force at O will 
be to the weight P, as twice the diſtance OC from the 
quieſcent point C to half the ſtring's length. 


Let the ſtring's length AB = L, CR = a, RO x, 
then from what has preceded, the impelling force at O = 
4P Xa—zx 

1. 


, and the force of acceleration at the ſame 


point = . Let e be a ſpace through which 


a body muſt fall from reſt by the action of the earth's gra- 
vity to acquire the velocity in ©, this will give us z = 


and if 


P ax — XX P 24X — Xx 
＋ 4 4 t2 yin” 
au 2 L 


* L 


1 = 193, the velocity at *O == X e., 


let therefore T be put to repreſent the time wherein the 


seg. Jil. body deſcribes P O, we + ſhall have T = W — x 


rop, III. 


* 2 2 a 
> =, and de dne T= V X into an 
ax — XX 8 Pla 
ate the verſed ſine of which = x, and radius = a, and 


when x = a, or when ao arrives at C, the time will become 


whe þ 4 ; 
3 » þ denoting the number 3.14159: and 


81 aw L 
time of one entire vibration from R to D = V 7 


parts of a ſecond, and the number of vibrations in one ſe- 


257 2 
cond = == 24 oF" 


An elaſtic firing performs its vibrations in a manner 
not unlike thoſe of the body ev, and the time of the 
ſtring's vibration would be equal to that of av, * 

the 
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the weight of the whole ſtring were collected into the 
middle point, every thing elſe being the ſame ; but ac- 
cording to the real manner wherein an elaſtic firing vi- 44 
brates, it is manifeſt, that the time of vibration will be 1% 
leſs than that aſſigned in the problem, every thing elſe be- 
ing iven, For according to the preceding ſolution, the 
who 


e weight moves over a ſpace R D, greater than the 12 
ſpace deſcribed by any other point of the ſtring in the ſame 7% 
time; whereas in the elaſtic vibration, thoſe parts which | 1 


are nearer to each extremity by vibrating through leſs 1 

ſpaces, will deſcribe them in leſs time than in the other Ys 

caſe, the accelerating force being the ſame. 135.8 
The difference, however, affecting the vibration of dif- Helthany 1 

ferent firings proportionally, the 7 ratio of the times Ledures, : 

wherein ſtrings of different weights, tenſions, diameters, p. 273. 

and lengths vibrate, may be obtained from the preceding 

ſolution, as it will appear when theſe deduQtions are made 

from the determination of the real time wherein an elaſtic 

ſtring vibrates. But it may be uſeful to give an ex- 

ample of the time of vibration of a ſtring, deduced from 

the preceding ſolution, in which it is ſuppoſed, that the 

whoie weight of the ſtring is collected into the middle 

point, in order that the difference or aberration from the 

truth arifing from this aſſumption may be more obvious: 

ſuppoſe the weight of an elaſtic ſtring were 40 grains, the 

length zo inches, the tending force 10000 grains: ac- 

cording to the rule we ſhall have the number of vibrations 


— — 


: 5 251 ISS 2 X 1000O X 193 
in one ſecond = V2 * Pp TY 17S 40 K 30 
2 


* — = 36, and the time of one vibration = 4 

3-14159 1 
part of a ſecond: the true number of vibrations in a ſe- 
cond, deduced from the properties of the harmonic curve 


= 56.8 in a ſecond, and the time of one vibration . 


| 56.8 

part of a ſecond, ; 
This propoſition is here inſerted, chiefly becauſe in 
ſome ſolutions, according to the hypotheſis above deſcrib- 
ed, the force which impels the body o at any point &, has 


been made t = 85 * P, inſtead of CE * its true — 
value. 
If the ſtring be imagined always coincident with two 
right lines BR, AR, ſo that each may vib:ate Ay 
h an 
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and forward in the manner of a — — pendulum, on 
axes paſſing through A and B: this ſuppoſition, it is ma- 
nifeſt, will not be extremely different from the truth ; but 
in this caſe it will give the time too ſmall on account of 
the elaſtic ſtring by its curvature extending itſelf further 
from the axis toward thoſe parts which are adjacent to 
the middle vibrating point C, The times of vibration of 
the. ſame ſtring derived from this hypotheſis, and from that 
of the harmonic curve, are in the given ratio of 3.14159 


to 2 X V 3, wot to 34 nearly, 
The true time wherein an elaſtic ſtring vibrates, is de- 
rived from the nature of the harmonic curve, a few 
properties of which being premiſed, the time of vibration 
may be deduced from the principles of acceleration, which 
have been demonſtrated : theſe properties are as follow. 


®* Smith's 1. The “ force by which any ſmall particle of an elaſtic 

CE ſtring is impelled toward the centre of its curvature, is to 

5.2% the tending force as the length of the particle to the ra- 
dius of the curvature. 

+ Ibid, 2. The perpendicular + diſtance DH of a particle from 

p. 254 the ſtring in its quieſcent poſition is to the ſtring's length, 
as the ſame length 1s to the radius of curvature multiplied 
into the number , p being equal to 3.14159, Kc. If 
therefore any perpendicular diſtance R C be put = a, and 
the ſtring's length = LZ, we ſhall have the radius of cur- 

LL 

29 

3. If the whole ſtring be divided into particles Bi, Dd, 

&c. each particle will arrive at the axis 4 C at the ſame 

inſtant of time, 

It is alſo ſuppoſed, that the greateſt diſtance from the 
axis AC B to which any particle can vibrate, bears no 
ſenſible proportion to the ſtrings length. 


vature at R = 


XII. 


Having given the length and weight of 
an elaſtic ſtring, and the weight which 


ſtretches it; let it be required to aſcertain 
how 


Fig. XVIII, 


00-1 

how many times the ſtring when put 
into motion, will vibrate in a ſecond, 
one vibration being the time clapfed 
between the” ſtring's leaving any given 
point x, or one ſide of the axis, and the 
inſtant of its arrival at the ſame diſtance 
on the other ſide. 

Let L be the length of the ſtring, wits weight, P the weight 
by which it is ſtretched; then will the “ ſtring during any * Smith's 


inflant of its vibration coincide with the harmonic curve comics, 
ADC, then ſince the ſtring's weight = av, the weight of the © *** 


particle Dd = * X ab, and ſ becauſe the impelling force 4 — 
which acts on DA is to the weight P, as Dd to the radius 


of curvature, that is, as D to 2 , we ſhall have the — 
Dad \ 4 1 dupra P. 94 
force which impels Dd = — — x P, and the weight 


Da . 
234 Sect. I. 
of Dd being = T* u, the force which || accelerates . — 


the particle Dd at the firſt inſtant of its motion = 
. Suppoſe Dd to have deſeribed the ſpace DO, 
W 


and let DO = x, then will CO =a— x, and the force 
which accelerates the particle D 4 when at O, will by the 


1 
ſame method of reaſoning be = == let z be the 


which a body muſt deſcribe from reſt by the accele- 
ration of gravity, ſo as to acquire the velocity of the par- 
SET - x — 

tele Dd in O, this will give E = = X ar and 


* = 255 *, and the t velocity in O = + Sed. In. 


— ͤ —᷑4—2— —¾3.q 2 p. 28. 
* 2X4 — XX. 
L w 


IfT be put equal to the time of deſeribing +DO, we have , seg. 111, 
T Frop. III. 
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3 L ww V . 
T = TTPp7 X — and taking the fluents 


T2. V rA * into a circular are, the verſed 
21 PP 4 


fine of which = x, and radius a, and when DO = DC, 
112 


that is, when x = a, the time = Vin 2 


2 LS * - being the time of deſcribing DC, and 


the time of one entire vibration = A 775 parts of a 
ſecond, and the number of vibrations in one ſecond = 
27P 
Lao 18 


Cor. 1. Since the quantity a, or the greateſt diſtance 
of any part of the ſtring from the axis during one vibra- 
tion enters not into the expreſſion for the time, it fol- 
lows, that in whatever ratio the diſtances from the axis 
to which the fame ſtring vibrates, the times of vibration 
_ be the ſame, provided thoſe diſtances be very 

all. 


Cor. 2. Let the number of vibrations in a ſecond = » = 


—— — 


A 72 , then having given the weight of the ſtring = 


wv, and the _— force = P, the length of the ſtring 
which makes u vibrations in a ſecond will be L = 
21P 
n* ww 

Cor. 3. If half the length of the ſtring be diminiſhed 
in the proportion of the tending force to the ſtring's 
weight, the time of one vibration will be equal to that 
wherein a body deſcribes from reſt this diminiſhed length 
by the force of gravity. 


21 Pp* 


vid. ſupra Since the velocity in O 1 X V2ax— xx» 
| when x =a, or when D has arrived at C, the velocity will 


become = VL X a. 
TW 
Cor. 


181 


Cor. 4. It follows, therefore, that the greateſt velocities 
| mags ws in a given point of the ſame ſtring, ſtretched 

a given weight, but impelled to different diſtances from 
the axis, are proportional to thoſe diſtances. 

To eitimate the velocity in a particular caſe, let the 
length of a ſtring = 40 inches, its weight 3o grains, the 
tending force = 10000 grains, then let any given particle 


in the ſtring vibrate— of an inch from its quieſcent po- 
ſition, aud the velocity acquired by the particle when 
coincident with the axis = V. 


49 X 30 
3-14159 
30 
Alſo the velocity acquired by any particle, when it 
coincides with the axis, may be eſtimated by this general 
rule; multiply the diſtance of the particle from the axis 
into the number of vibrations in a ſecond, this product 
increaſed in the proportion of the diameter of a circle to 
its circumference, will give the ſpace which the particle 
would deſcribe uniformly in a ſecond with the velocity 
acquired, 
Cor. 5. An elaſtic ſtring, the weight, length, and ten- 
fon of which are as deſcribed in the prom will vibrate 
in the ſame time with a pendulum, the length of which is 
to the ſtring's ® length in a ratio of w: PN, p be- * Smith's 


ing = the number 3.14159; for the length of ſuch a > 5 


= r £ 4 
: ae, _— & % 
* * ho Sa * 4 . 
- 
2 - * = 5 1 


es. hs 


= 5.9392 inches in a ſecond. 


p & — 
La 
= : 2 * - * 
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pendulum = =: let this = xz, and ſince the time 


— 


in which a pendulum of the length = vibrates in a cy- 


—_— RE. r ðᷣͤ - 


cloidal arc is 1 * * „ ſubſtituting r for x, we f Sea. Iv. [ 5 
21 p WES. Prop. I. 17 

have the time wherein the pendulum x, or 55 would 
eee oth 7p þ 5 

vibrate = þ X 27777 = Vx » Which is the 1 
time of one vibration of the elaſtic ſtring by the preceding T 
ſolution. b ö 5 
Cor. 6. Let T repreſent the time of one vibration, then | } ? 

_ L Lu. 2 i 15 
* * 
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of the ſtring, and c a number, which being multiplied in- 
to D* L, will expreſs the weight of the ſtring in the ſame 
dimenſions with thoſe of P, ſo that au ſhall equal D* Lec, 
then we ſhall have by ſubſtituting D* Le for w, T = 


* SEE that is, T = DLY<. and SENT. 
5d V21P V 21 


is a conſtant quantity, while the ſpecific gravity of the 
ſtring is conſtant, it follows, that 7 will be proportional 


to IE , that is, the time of a fingle vibration of dif- 
| P 

ferent ſtrings ſtretched by different weights will be in a 
ratio compounded of the joint direct ratio of the diameters 
and — and an inverſe ſubduplicate ratio of the tend- 
ing ſorces. 

Cor. 7. The tending ſorces and diameters being the 
ſame, the time of vibration will be as the ſtring's length; 
but if the ſame ſtring be flretched by different weights, 
the tending forces will be in an inverſe duplicate ratio of 
the times wherein the ſtring vibrates. 

Cor. 8. Since the times wherein ſtrings vibrate are in a 
ſubduplicate ratio of their weights and lengths directly, 
and an inverſe ſubduplicate ratio of the tending forces, 
the particular note or tone of a given ſtring ttretched 
with a given weight, may be known a priori ; provided 
a ſingle experiment be previouſly made, by obſerving the 
note Which is ſounded by a ftring in given circumſtances, 

Smith's — An + experiment of this ſort was made by the late 
armonics, Dr, Smith, maſter of Trinity College, and is fully de- 
* ſcribed in his excellent treatiſe of Harmonics. 

Having fixed a harpſichord wire to a ſmall cylinder of 
wood, he ſuſpehded it fo as to hang vertically at the fide 
of the organ-in Trinity Chapel, and by turning round the 
cylinder, to which the ſtring was aftixed, was enabled 
to regulate its length, ſo that the tone ſhould preciſely 
coincide with any propoſed note of the organ: the lower 
extremity of the ſtring was defined by a loop to which a 
weight of 7 pounds avoirdupoiſe, or 49000 grains, was 
affixed, and it did not appear that any other terminations 
were neceſſary, either in the upper or lower extremity, 
the vibration of the ſtring not being extended lower 
than the beginning of this loop. When the ftring's 
tone became exactly coincident with that of the lower D 
of the organ, it was found by menſuration, that 0+ 

| eng 
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length was equal to 35.55 inches, and the ſtring be- 
ing cut at the two terminations, that is, at the beginning 
of the loop and at the tangent to the wooden cylinder, 
the vibrating part of it weighed 31 grains. Applying Dr. 
Smith's or the preceding ſolution to theſe data for the de- 
termination of he time in which the ſtring vibrated, we have 
from the experiment, L = 35.55, Þ = 49000, w = 31 

I = 193, and the number of vibrations in one ſecond, w 


V2 x PI 2 X 49000 X 193 n 
_ = — = 131: that is, the 
L w 31 * 35-55 3 

ſtring in its vibratory motion paſſed the axis 4B 131 times 
in a ſecond. It follows alſo, that ſince the note founded on 


the organ cauſed ſynchronous vibrations in the air, + and + Newt, 


becauſe any number of thefe vibrations impreſſes on the Princi 
ear half that number of impulſes in the ſame time, if b — 


any means the air can be put into a tremulous motion, ſo 
that 65.5 impulſes ſucceeding each other at equal inter- 
vals of time ſhall be impreſſed on the ear in a ſecond, the 
idea of the ſame note with that deſcribed in the experi- 
ment will be excited; for the tone of a note depends not 
on the loudneſs or ſoftneſs of the ſound, but upon the 
number of vibrations excited in the air in a given time. 
Thus a large bell being ſtruck will create the ſame tone 
as to gravity or acuteneſs, as a flute or other ſimilar in- 
ſtrument. 

It was inferred from this experiment, that the middle 
note in the organ denominated D vibrated 4 x 131 =524 
times in a ſecond, and conſequently impreſſed on the ear 
262 impulſes in the ſame time. 

It may perhaps be uſeful to inſert a few experiments 
on harmonic ſtrings, whereby the number of vibrations in 
a ſecond, excited in the air by any given note according 
to the pitch in preſent uſe may be determined. 

The experiment juſt deſcribed would have been ſuffi- 
cient for this purpoſe, if it were certainly known what 
note or tone, according to the preſent pitch, is the ſame 
with the lower D of the organ at Trinity College at the 
time when Dr. Smith tried his experiment: for at preſent 
the pitch of this inſtrument is conſiderably different from 
that which is in common uſe. 

In order to aſcertain this point, an inſtrument was made 
uſe of purpoſely conſtructed by Mr. Ramſden, in the year 
1768: the advantages which it poſſeſſes over monochords 


of the uſual conſtruction are many. The firing 4B hangs pig. x;x, 


vertically, and its length is terminated at 4 by an hori- 
N 2 zontal 


bo 
XLII. 


my 1 3 0 * ** 
——— — — r . 
8 * 8 wa * — = d m— * 
6 — 5 __ N — - 4 — Li 2 
2 . 
T G , — * o . 

« j * = . 2 — 
"+ A G * : $ Te ® » as * a 
r 4 - 8 . — — - 

Cy 3 — 
— —— — — 


_— Ce CA 26% 4s 


* 


— 2 2 
— — — — 8 


— 1 = _ 1 122 8 — 
8 — * 2 


S ea» 7 7 8 
— ———ů — 
a - —_— 


I. 260 1} 


zontal edge; alſo the other point of termination which in the 
common monochords, as well as in muſical inſtruments, is 
a bridge over which the ſtring is ſtretched, is in this con- 
ſtructioa effected by two ſteel edges DC vertically placed; 
theſe being fixed on a frame can be eaſily moved in a ver- 
tical direction, ſo as to alter the length of the ſtring in 
any deſired proportion: theſe edges are ſeparated occa- 
ſionally by a {pring, in order to let the ſtring freely paſs 
through when its length is altered, and are cloſed again 
ſo as to preſs the ſtring ſlightly when its length is properly 
adjuſted. By means of this conſtruction the alteration of 
the tending force by the application of bridges, &c. is 
wholly avoided : moreover, that this monochord may be 
univerſal, that 1s, may ſerve to exhibit a ſeries of harmonic 
tones according to any given temperament, viz. Smith's, 
Huygens”, Ptolemy's, &c. the whole length, by means of 
a ſcale placed immediately under the ſtring, is divided into 
100 equal parts, and each of theſe by a micrometer ſcrew 
E ſubdivided into 1000 equal parts, 15 that the length of a 
given portion of the ſtring may be adjuſted on the mono- 


chord true to the . part of the whole length. 
100,000 


Two or three experiments made on this inſtrument 
may be ſelected for the preſent purpoſe of determining the 
number of vibrations excited in the air by a given note. 

A braſs wire was ſuſpended on the monochord, and be- 
ing ſtretched by 102.1 ounces weight troy, was ſuffered to 
remain in that poſition for ſeveral days, in order that the 
firing might not be ſubje& to any variation during the 
experiment: the ſteel edges before deſcribed were adjuſted 
until the tone of the ſtring was coincident with that of a 
ſteel key or fork commonly uſed for tuning harpſichords, 
&c. which correſponded with the loweſt D in the baſs. The 
length of the ſtring appeared by reading it off from the 
ſcale = 38.975 inches, and this length being cut off ac- 
curately at the points of termination, the weight of it was 
found to be 24.35 grains, the tending force was 102.1 
ounces, or 49098 grains, we have therefore to obtain the 
number of vibrations in a ſecond, P = 49008, L = 
38.975, 1 = 193, w = 24-35, and the number of vibra- 


tions in a ſecond = A 2Pl 
ww U 


In another experiment the length of the ſtring was 
40.154 inches, the tending force was 48024 grains, the 
ftring's weight = 22.7 grains; this ſtring when ſounded 

was 


= 141.18. 


1 


was alſo coincident with the ſame note as the former, viz. 
the lower D in the baſs, and by the rule we have the num- 


ber of vibrations in a ſecond = V 5 


mean of theſe, and of a great many others which it is need- 
leſs to inſert, is 141.89 nearly, which we may eſtimate at 
142 without ſenſible error; it follows then, that the tone 
D in the middle of the ſcale excite 142 x 4 = 568 vi- 
brations in a ſecond. 


[t niay be added, that out of eight promiſcuous expe- 
riments ſimilar to thoſe juſt mentioned, in which the 
tending forces, lengths, and weights of the ſtrings were 
in various proportions, the number of vibrations in a 
ſecond, excited by the ſtring, when in uniſon with the 
ſame tone, viz. the lower D, never varied ſo much as 1.5 
vibrations from the mean. 


This determination coincides with that of Dr. Smith ; 
for the pitch of the organ of Trinity College is by eſtima- 
tion about a hemitone lower than that which 1s in common 
uſe : the exact difference is eaſily to be inferred from the 
experiments above deſcribed : for according to theſe expe- 


= 142.6: the 


* 


riments, the vibrations in a ſecond were ® 131 and 142 re- « gupra p. 
ſpectively, and the difference of theſe tones will be exprefl- 9g. 


ed by a ſtring divided in the proportion of 131 : 142, which 
ratio is equal to the ſum of the ratios of 15: 16, and 98403 


: 100000 ; + that is, ſince 15 : 16 is a hemitone, and the, _..,.. 
ratio of 80: 81, denominated a comma, is ſomething leſs Harmonics, 
than the ratio of 98403 : 100000; it appears, that the pitch Sect. Il. 


of the organ above mentioned is a hemitone, and more 
than a comma lower than the pitch now in uſe, 

This ſolution will enable us to eſtimate the number of 
vibrations excited in the air by any given note, without diffi. 
culty : for example, the loweſt G 1n the ſcale will vibrate 


3 


once, while the middle Of makes © x r x A b vibra- 2 Ihi 


tions; therefore, ſince D by the preceding determination 
cauſes 568 vibrations in a ſecond, the lower G will excit2 


568 
6 
it may be inferred, that the higheſt G in the ſcale cauſes 


568 x — X - x E = 3029 vibrations in a ſecond. If 


we add an octave to each extremity of the ſcale, we ſhall 
pro- 


= 94.1 vibrations in a ſecond. In the ſame manner 


— — 
* 


Wr * 4 
—_— 


— 
——— —— 
* 


— ö — 
a . $4 — 


8 


r 


— 


—— 


* 7 9 


r 


ET 
——_— 


= by a 6” 
= 


* 
Din, 
hy 4 


mz 


74 — 8 - > 
p FE I IEP AL — 


— 


———— — woo. 0 — — 
- » * 4 W 4 < "$6.54 . 
* 8 ——— 2 


PRESS - & $ 
22 — ELL 


2 * 


* | OY 


— 


— 


2 ——-„- 
w 


—_— 


On i ae. 


* 
4 
1 
* 
| 
l 


1 Tartini's 
rnciples 
of Har- 
mony: 
Sdingag— 
Acet's 
Tranſlation, 
Chap. I. & 
Chap. II. 
P. 18. 


Nur 
Antque, 


( 208" ] 
probably limit the ſenſe of hearing as to the diſtin per- 
ception of harmonic ſounds : this being granted, it will 
follow, that if the air impreſſes on the car impulſes how- 
ever diſtin, yet if they ſucceed each other with a velo- 


city greater than that of — — = 3029 in a ſecond, or 


947 
flower than at the rate of 7 
diſtinQ idea of ſound, as to gravity or acuteneſs, will be 
conveyed to the mind. 

The properties of the elaſtic ſtring inferred from ex- 
periment have induced ſome authors, not converſant in 
the mathematical part of harmonics, to imagine certain 
analogies between the principles of harmony and of geo- 
metrical figures, and to ſuppoſe the properties of each de- 
ducible from the other. The celebrated + Tartini fell 
into ſome fancies of this ſort, which diſcover a confider- 
able degree of a ſcientific enthuſiaſm ; he found by taking 
the verſed fines in a given circle, in arithmetical pro- 

reflion, if the lengths of elaſtic ſtrings (the diameters 
ing the ſame) were as the chords of the arcs correſpond- 
ing to the verſed fines above deſcribed, and the tending 
forces were as the verſed fines themſelves reſpectively, that 
all the ſtrings would give the ſame tone, and conſequently 
vibrate in equal times: in conſequence of this and a great 
variety of ſimilar deductions of harmonic properties from 
thoſe of the circle, he concludes, that there 1s a natural 
affinity between them, and ſeems to think it conſiſtent 
that the ſcience of harmony, which he ſuppoſes to be in 
itſelf perſect, ſhould be immediately related to the circle 
as the moſt perfect figure. 

This analogy, however, obtains only from the known 
property of the circle, in which the verſed fines of any arcs 
are in a duplicate ratio of the correſponding chords, the 
diameter being conſtant, and in the vibration of elaſtic 
ſtrings, if the time of vibration and the flring's diameter be 

ven, while the length and tending force vary, the tend- 
ing forces muſt be in a duplicate ratio of the lengths; and 
a ſimilar analogy might have been as eaſily deduced from 
the relation between the ordinates and abſciſſas of a para- 
bola, as from that of the verſed fines and chords of a circle. 

Mr. Holder likewiſe, a gentleman of Oxford, in a 
letter to Sir I. Newton“ mentions his having deduced all 
the harmonic ratios from the 47th prop. of the firſt book 


of Euclid's Elements, and infers analogies between the 
pro- 


7 = 231 in a ſecond, no 
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es of harmony not unlike thoſe of Tartini. It Is 
owever plain,, that theſe ratios may be as well deduced | 
from other figures, as from a right angled triangle; there | 
being ſew geometrical figures, but what admit of fimilar il 
deduQtiions of the harmonic ratios. As to the eſſential 4 
difference between muſical intervals, called concords and if 
diſcords, there have been various opinions. The follow- 4 
ing account has been given by ſome authors: it is ſaid : 
that two notes conſtituting a concord, vibrate in times, 
the ratio of which is 2 1 by whole numbers, either ; 
ual or prime to each other and the neareſt to unity. | 
Thus, two ſtrings in uniſon vibrate in times which are in | 
the ratio of equality, and conſtitute the principal of con- 
cords, Two ſtrings vibrating in times which are as two | 
to one, conſtitute - octave, which is the concord next to 14 
the uniſon in degree of perfection, and fo on to the interval 'I 
expreſſed by vibrations which are in the ratio of 2: FL 3:4» 5g 
4:5, &c. It is added, that the mind reits moſt ſatisfied 
with the perception of thoſe ideas of ratios which are the 


excite in the mind as definite an idea as that of —, when 
abſtractedly conſidered, yet two lines or two vibrations, 


which are in the proportion of 1 : 2, will convey a more 
exact idea of that ratio, than two other lines or vibra- 
tions which are in the ratio of 6; 5, will convey of the 
latter proportion. 


moſt preciſe and definite; and although the ratio of g may 4 
ö 
LE 
| 


= 


- 2 1 m 
— — — Arp * 


Let A1KN repreſent a cylindrical tube 7s. XX. 
or canal, whereof the axes of the two arms Princp. 
IA, KN are vertical, and that of 1x hori-. 
zontal ; ſuppoſe that a fluid were to oc 
cupy a part of this tube, fo that the ſur- 
faces of the fluid when quieſcent ſhould 
coincide with BF and cp; let one of theſe 


ſur- 
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ſurfaces cp be depreſſed by a weight or 
other means, ſo as to coincide with qu; 
being depreſſed through the ſpace yn, 
the ſurface x Y will conſequently be 
raiſed through an equal ſpace ꝝ A: then 
the weight which kept c Þ depreſſed at an 
being ſuddenly removed, the ſurface at as 
in the other arm will deſcend by the accele- 
ration of the ſuperior weight in that arm, 
and by the velocity generated in the whole 
maſs, when it has arrived at the former 
or quieſcent pofition gy will ſtill deſcend, 
and conſequently elevate with a retarded 
motion the ſurface an or pc to an altitude 
MN, equal to that of a B from whence the 
deſcent began: it is required to aſſign the 
time elapſed between the inſtant the ſur- 
face AB began to deſcend, and that at 
which the other ſurface becomes coinci- 
dent with MN. 


Let the axis of the whole tube or canal AF IX CM be 
denoted by L, and the force whereby gravity would accele- 
rate the fluid were it unconfined i; then fuppoſe E to be 
elevated to AB, and conſequently the ſurface CD depreſſed 
through a ſpace C2 = ALE, and let EA=a; then conti- 
ning the horizontal line Q H to RS, fince the fluid con- 

tained in the part of the tube R1/XH is in exact equili- 
brio, the force whereby the upper ſurface BA endeavours 
to deſcend and to communicate motion to the whole maſs 
will be the column FR, the altitude of which = 2a, and 
this column will be to the whole weight of the fluid as 


F 0] 


2a : L, wherefore the force which accelerates the deſcent 


2E A . 2a 
of 14B = —7— es, 


ſurface 4 B has by deſcending arrived at O, the force of 


acceleration = 2.9, that is, if AO, the ſpace deſcribed 


from quieſcence, be denoted by x, we have the force at 


Gas TE 


which a body muſt fall by gravity from reſt, ſo as to ac- 
quire the velocity in O, it will follow, that = = 


. wherefore if z be the ſpace through 


2ax — 2 * * 


7 , and the velocity at O = v4 ** 
Var -x: and if Te put to repreſent the time of 
deſcribing 40, we have T = A — X — 


Ver- 


— F — 


and T = we . arc of a circle, the verſed fine of 


which = x, and radius = a; and when 40 = AF, that 
2 L 5 a n 

is, when & „ Vn ny of being = 
3-14159, that is, the time in which 43 arrives at FF = 


T=V x 2. and the time elapſed between the 
beginning of the deſcent of 4B, and end of the aſcent of 


2 
PHtoMN = þ X Vi. 


Cor. 1. The time of one entire deſcent of the fluid 
from AB to RS is equal to the time in which a pendulum, 
the length of which is half the ſum of the tube's axis, 
performs one vibration; for the time wherein a pendu- 


lum, the length of which = 7 makes one vibration 
* 
Y N Hr . 
Cor. 2. The time elapſed between the inſtant AB 


begins to deſcend,-and the _ at which it Ay 
| 0 


- in the ſame manner when the det IX, 
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the ſame poſition = p X A 1 being the time wherein 


a pendulum, the length of which is equal in length to 
2 L, performs one vibration. 


Cor. 3. Since the diſtance AF = a, enters not into the 
expreſſion for the time, it follows, that whatever be the al- 
titude AF above the quieſcent poſition, from which the 
ſurface AB begins to deſcend, the time of the entire de- 


+Y 
ſcent to R will be the ſame, viz. = top x Mar . 


Cor. 4. When the lengths of the tubes or canals are 
different, the time of one entire deſcent will be in a direct 
ſubduplicate ratio of their lengths, 


Cor. 5. During the deſcent of AB to its original qui- 
eſcent poſition EF, it will be continually accelerated, and 
the velocity will be the greateſt at E; this greateſt velocit 
will be a direct ratio of the diſtance AE, and an inverſe 
ſubduplicate ratio of the lengths of the tube's axes, that is, 


* 


the velocity will be in a ſubCuplicate ratio of . 


Cor. 6. The arms 74, XN, are in the propoſition 
vertical, and at right angles to an horizontal tube of com- 
munication IK, but if inſtead of this conſtruction, a bent 
tube be made uſe of, no alteration will be occaſioned in 
the ſolution of the pr or the concluſions derived 
from it ; provided thoſe parts of the tube, through which 
the ſurfaces aſcend and deſcend, be parallel to each other 
and perpendicular to the horizon. For example, let 
ACD repreſent a bent tube, the curvature not extending 
above MN; if this tube be ſo far filled with mercury that 
the ſurfaces may reit on a level at 4B and CD, when 
the arms M12, ND are vertical, and motion be communi- 
cated to the mercury by inclining the tube a little to one 
fide or the other, in a plane coincident with the axes, and 
then reſtoring it to its vertical ſituation, the mercury will 
be ſeen to vibrate backward and forward, performing 
oſcillations through the longeſt and ſhorteſt ſpaces in the 
ſame time, If the length of the whole tube, i. e. the 
length of the ſtraight and curve parts taken together, be 
L, — the time of one oſcillation, that is, the time where- 
ta one ſurface deſcends and the other aſcends _ qui- 

elcence 
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eſcence to reſt again, will be = p x A 47 for exam- 
ple, if the length of the tube be = 78.4 inches, the time 

— 
4 * 193 


of one oſcillation yill be r 3.14159 K V 


1 ſecond. 


The time by experiment is ſomething more than that 
which is deduced from the theory, as may be expected 
from the friction of the mercury againſt the ſides of the 
tube which the theory takes not into account, 

The length of the whole tube or canal remaining, let 


the vertical arms / 4, KN be diminiſhed, and conſe- pig, Xx114 


uently the horizontal part IX increaſed equally, as in 
22. XX11. then will the time of one vibration continue 
as before, and in different canals, the heights of which are 
very ſmall when compared with their lengths, the times 
of one vibration will be nearly in a dire& ſubduplicate 
ratio of the breadths, that is, of the horizontal parts of 
the canal or the diſtances between the vertical arms. 


If the undulatory motion of fluids, the + agitations of + Newton, 
which are but ſmall, be analogous to the alternate vi- Princip. 
brations of the fluid in the canal above mentioned, and p, 
ſuppoſing the altitude of the waves to be very ſmall when XLII. 


compared with their lengths, the time of one undulatory 
motion, that is, the time elapſed between a particle of 
the fluid's leaving the ſummit of one wave and after its 
depreſſion again arriving at the ſame altitude, will be in 
a direct ſubduplicate proportion of the curvilinear di- 
ſtance comprehended between the ſummits of the two 
waves; that is, fince the heights are very ſmall when 
compared: with the lengths, the time of an undulation 
will be in a direct ſubduplicate ratio of the diſtances be- 
tween the ſummits of the two contiguous waves. 

Any number of forces may act in ſuch direQions and 
quantities, as to exactly counterbalance each other; a 
body urged by theſe forces will continue at reſt ; in this 
caſe it is immaterial what be the quantity of matter 
acted on, as the equilibrium above deſcribed depends only 
on the quantity and direction of the impelling forces: 
when one of theſe forces preponderates over the reſt, 
motion is produced, the quantity and direction of which 
is likewiſe to be eſtimated by mechanics, but here the mat- 
ter moved as well as the moving forces muſt be taken into 


account. In theory we may imagine weights to be col- 
O 2 lected 
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lected into points and ſtill to bear any aſſigned proportion 
to each other, we may alſo imagine, that the materials 
whereby motion is communicated in mechanical opera- 
tions are void of gravity, inertia, and the partic'es of them 
to move over each other without friction: concluſions pro- 
duced from theſe data will be mathematically true in the- 
ory, but will not be coincident with matter of fact, unleſs 
the weights of the materials whereby motion is commu- 
nicated, conficering theſe weights both as altering the 
moving forces and the reſiſtance to motion, and the effects 
of friction be taken into conſideration. 

To eſtimate the whole reſiſtance oppoſed to the impel- 
ling force, the weights of the materials uſed in the opera- 
tion muſt be added to the weight moved, together with a 
weight equivalent to the reſiſtance ariſing from friction. 
The weights of materials whereof inſtruments and mechanic 
engines are compoſed being coaltant in the ſame inſtrument 
or engine, their effects are ealily allowed for; but the re- 
ſillance which ariſes from friction, depending on the velo- 
city of motion, as well as various other circumſtances, is not 
eaſily reduced to geometrical menſuration : yet by mecha- 
nic methods it may be almoſt wholly removed whenever 
it is thought necellary to refer principles of motion to de- 
ciſive experimental trials; ſo that in any caſe we may with 
{ufiicient certainty aſcertain the treſiſtance which on all ac- 
counts oppoſes the communication of motion by a given 
impelling force. The moving force itſelf is alſo liable to 
alteration from various cauſes ; when the alteration of the 
moving force, ariſing from the weight of the materials 
which are uſed in the communication of motion, is con- 
ſtant, it is eaſily allowed for by adding this difference to 
or ſubtracting it from the moving force originally impreſſ- 
ed: in other caſes, however, it happens that this alteration 
of the moving force proceeding from the weights of the ma- 
terials uſed in communicating motion is variable, and may 
therefore cauſe a variable increaſe or decreaſe of the acce- 
Jeration. This is frequently the caſe when motion is 
communicated by means of lines going over wheels, pul- 
lies, &c. theſe lines in philoſophical experiments are ex- 
tremely thin and flexible, and the weight of them is com- 
monly neglected, which may be done generally withont 
error, as far as regards the 3 of matter moved ; but 
it will appear, that the moving force in experiment may 
become ſo ſmall that the weights of theſe lines ſhall bear a 
ſenſible proportion to it. 

But in all caſes where any phyſical quantity, whe- 
ther 
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ther it be weight, time, velocity, &c. is neglected as in- 
conſiderable, the limits of the error occafioued by this 
omiſſion ſhould be defined generally for all magnitudes of 
the variable quantities which are concerned in the pro- 
blem. If the error of the reſult occaſioned by omitttng 
any quantity, be found to bear ſo ſmall a _=_ ortion to 


the whole, that it will be either entirely inſenſible in ex- 
periment, or of too ſmall conſequence to merit conſidera- 
tion, it may be ſtill omitted. One inſtance of this kind 
may be here inſerted, as it relates to the conflruction of 
experiments hereafter deſcribed. 

Let BCD repreſent a fixed pully, over which a line 
FEBCDA is ſuſpended, two equal weights P, P being 
affixed to the extremities; then if a weight ww, heavier 
than the ſtring EF, be added to the higheſt weight, it will 
ſet the whole in motion, and the ſtring's weight will ma- 
nifeſtly cauſe a retardation of this motion till the weights 
on each fide are at equal altitudes HH, and afterwards 
will increaſe the acceleration: the next propoſition is in- 
tended to eſtimate the effects of the ſtring, both in cauſing 
a variation in the velocities generated as well as in thg 
times of motion. 


XIV. 


Let Bcp be a fixed pully, the weight rig. xxn. 


of which 1s collected into the circum- 
ference and = q; let two weights 
p and r, be ſuſpended at the extremities 
of a line going over the pully, and exactly 
balancing each other. If a weight w be 
added to either fide, the weights p + 
w will preponderate over the other, and 
will deſcend by continual acceleration; 
the moving force being conſtantly = w, 
and the weight moved = 2p + q , 

pro- 
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FF. 
provided the ſtring's weight be too ſmall 
to have any ſenſible effect ; but if the 
ſtring operate ſenſibly, it 1s manifeſt, that 
when the moving force w is higher than 
the weight y on the oppoſite ſide at a, the 


weight of the ſtring Er will retard the 


deſcent; but when w has deſcended ſo as 
to become lower than the aſcending weight 
2, the ſtring's weight will cauſe an acce- 
leration of the deſcent : having the data 
above mentioned, together with the length 
and weight of the ſtring, and EF = the 
altitude of w + Þ above the weight v on 
the oppoſite ſide, at the very beginning of 
the motion; it is required to determine 
the velocity acquired by w during its de- 
ſcent through a given ſpace. 


Let q be the weight of the wheel or pully collected into 
the circumference, and let the length of the ſtring = L, 
its weight =p; alſo let the difference of the altitudes of the 


weights P + ww and P at the firſt inſtant of motion, that is, 


let EF=6, AO the ſpace deſcribed from reſt = x, then we 
2px — by _ 
"Ny 


„ Wherefore if 2P + g + þ + wv be put 


ſhall have the moving force at O = w + 


Lu + 2px —bp 
<p. 5 


= 2, the * accelerating force at O = 


Lw + 2þx —bp 

12 4 

and if æ be the ſpace through which a heavy body muſt 

fall from reſt by gravity, to acquire the velocity in O, 
_ Lawx + 2zpxx —bpx 


+ Sea. Iv. We ſhall + have 2 = — LI —,ands = 


Prop. V, 


L 


T ma 1} 
Ls +f23 225, and the velocity at O or Y = 


42 2 25 inches or feet in a ſecond, ac- 
cording to the denomination in which /, and the quanti- 
ties x, 6 and L are taken, 

A4 


Cor. 1. Since the ſquare of the velocity = * 


pr —bpx N 4 — being the ſquare of the velo- n 
city if the line were without weight, it is manifeſt, chat 


— 7 
the quantity EE is the variation of the 


ſquare of the velocity occaſioned by the ſtring's weights 
by which it appears, that whenever 6 = x, * _ bpx 
vaniſhes; that is, when the deſcending weight ww 5 

much lower than the aſcending weight Þ at the wo ihe 
deſcent, as it was above P at the beginning, the velocity 
is neither increaſed nor diminiſhed by the ſtring's weight. 
Moreover, this variation in the ſquare of the velocity ad- 
mits of a maximum, if x is leſs than 6, the quantity 


2 - 
PX 7 "= being greateſt when x = 2, chat is, when abe 


2 
— 
aſcending and deſeending weights are on a level; at whi 
— variation in the . uare of the — of — 
eſcending weight, occaſioned by the ſtring's weight, 
will be the greateſt, decreaſing afterwards until it becomes 
So when x = 5: when x is greater than. 6, it 1s plain 


that TEE admits not of a maximum, increaſing 


continually as x increaſes. 
Cor. 2. The variation in the ſquare of the velocity on 


1 
— 


» 


1 TS 
=” 
aA 
; = 
- 
1 
U 
2. 
5 
i 
| 


account of the ſtring's velocity being . 25x of 


it appears, that as long as x is leſs than 8, this variation 
wi negative; that is, the ftring's weight will dimi- 
niſh the velocity generated, until the deſcending weight 
has deſcribed a ſpace equal to the difference in altitude of 


8 


2 by . . 


* 4 * 
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the ſtring's two extremities at the beginning of motion, 
after which the variation abovementioned begomin poſi. 
tive, ſhews that the velocity will afterwards be continually 
increaſed by the ſtring's weight, 


XIV. 


| | Every thing remaining as in the laſt 
| _ propoſition, let it be required to aſſign 
the time in which the deſcending body 
deſcribes the ſpace ao from reſt. 


ad ad Lox + pat —bps 
SAT: Since the velocity at O = V La X 


ww * To 
| Ie ll. V, if T be the time of deſcribing .O, T= VE 


ry 
=, and the time uired 
of” Lu + px — bpx TY 


| T = fluent of 22 * — 
44 Lwx + par — bp x 
ID, 8*x+YLIw—ip +>, 
V7>x log. PEST (being tho 
| entire fluent becauſe it vaniſhes when x = o) which will 
be a number expreſſing the time in ſeconds, if I be equal 


| to the ſpace through which the om gravity accele- 
ra tes bodies from reſt in one ſecond. 


Cor. 1. In order to facilitate the application of the ſo- 
lution, the expreſſion for the time ſhould be reduced to an 
approximate value, which will be mathematically true when 

e quantity y vaniſhes in reſpe& of worg; and if it be of 
finite magnitude, the approximate value will deviate leſs 
from the truth, the ſmaller proportion p bears to v0 or g. 
For brevity, let 9 = Law — #6, which will give the K 


Wi: 


GE W149 x log. Virb wet? Z, and ſincepx 
77 va 


is incomparably leſs than g, we ſhall ſhall have Wd TY 


+20 +2*. and becauſe V4 p9x - + px 


is incom ly ſmaller 24, we have E = LE. 72 * 
Vipes + x 


27 » and ſince px vaniſhes in Be of 
Veco =/FE x1 = i 
29 / 


aaa VIE, ben 
v Lw—bp l 2wh — 
is very ſmall in reſpe& of Lu,) that is, T will approxi- 
'D x 2 La > 2 bp 
mate 0 VS of H Eg = VE - 


Cor 2. Phe time wherein the weight would deſcend, 


if the PN gravity, would be 4 V. aid 


ſeconds, becauſe Z is the conſtant accelerating force; 


wherefore the ſtring will increaſe the time (4 bein 5885 greater 
4 — — the 5 — of 2L 0 — 6 þ to 2 

In the preceding corollaries it has been ſap- 
poſed. that þ or tte ſtring's weight is very ſmall, when 


compared with the moving force wv, but when £ becomes 


conſiderable in reſpe& of unity, this approximation will 
deviare from the truth; in this caſt recourſe muſt be had to 
the expreſſion for the true time derryed from the ſofmtion. 
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11 CONCERNING THE RECTILINEAR MOTION 
OF BODIES IN FLUIDS. 


N conſidering the properties of accele- 

rated motion, no other reſiſtance has 

hitherto been ſuppoſed to act in oppoſi- 

11 5 tion to the moving force, except that 
| which ariſes from the inertia of the weights 
| moved ; and this inertia always reſiſts the 
| communication of motion with forces pro- 

portional to thoſe weights. 

In the preceding propoſitions, therefore, 
relating to acceleration, bodies have been 
imagined to move in free and unreſiſting 
ſpace, and the general properties of re- 
tarded motions have been deduced from 
thoſe of acceleration; the forces having 
been aſſumed in each caſe either as con- 
ſtant, or varying according to ſome ratio 
of the diſtances from a fixed point. 

But there are numberleſs forces, both 
imaginable in theory as well as really 
operating in the production of natural 

phe- 
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phenomena, which vary in no proportion 
of this kind, depending on circumſtances 
altogether different from thoſe above de- 
ſcribed: ſuch, for inſtance, are the forces 
which vary in ſome ratio of the velocity 
which may be either direct or inverſe, and 
may either accelerate or retard the motion 
of bodies; all theſe caſes being phyſically 
poſſible, and conſequently admitting of ſo- 
lutions derived from the laws of motion. 
In the operations of nature, the forces 
varying with the velocity are chiefly thoſe 
which are oppoſed by fluids to bodies 
moving in them. Let a ſolid body formed 
by the revolution of a plane figure about 
an axis, be projected or any how impelled 
in a fluid in the direction of that axis; if 
there be no other force to interfere with 
thoſe of impulſe and reſiſtance, the body 
will continue to proceed in a ſtraight line; 
and the enſuing propoſitions are intended 
to inveſtigate from the neceſſary data the 
ſpaces deſcribed, times of deſcription, and 
velocities at the end of the given ſpaces or 
times. | 
The properties of reſiſting forces which 
are oppoſed by fluids to bodies which 
move in them may probably be more ob- 


vious, if the nature of fluid ſubſtances as 
P 2 diſtin- 
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diſtinguiſhed from ſolids be firſt conſidered, 
Suppoſing all bodies to be formed of ele- 
mentary hard and folid particles of differ- 
ent forms, it appears evident from various 
experiments, that the force whereby the 
parts af bodies cohere, depends upon the 


quantity of ſurface wherein the elemen- 


tary particles touch each other, as a proxi- 
mate or immediate cauſe, fo that if theſe 
particles be ſpherical, the quantity of fur, 
face in contact being incomparably leſs 
than if the particles were cubes, priſms, 
pyramids, or other ſolid figures terminated 
by plane ſurfaces, it follows, that the force 
whereby the particles cohere is in a phyſical 
ſenſe evaneſcent, which will be the more 
apparent by the following argument. 

Let two ſpheres of equal diameters and 
ſenſible magnitudes touch each other: the 
contact wil be incomparably leſs than 
that of any two plane ſurfaces however 
ſmall; and it is an eaſy propoſition to 
demonſtrate, that the points wherein 
equal ſpheres touch each other, are in a 
direct ratio of their diameters ; where- 
fare, if two ſpheres phyſically evaneſcent 
be in contact, the quantity of touching 
ſurface muſt be incomparably leſs, than 
that between the two ſpheres of finite 

mag- 


r 


magnitude which were before mentioned; 
from all which conſiderations, it plainly 
appears, upon the hypotheſis of the ſphe- 
rical figure of the particles which com- 
poſe fluids, how great muſt be the facility 
of motion among their parts. 

To the preceding arguments add that 
which follows: if the number of points 
wherein a given ſpherical particle was 
touched, increaſed in the ſame proportion 
as the diameters were diminiſhed, it is 
evident that the quantity of contact on the 
ſurface of each ſphere would not be at all 
diminiſhed from the argument of the 
ſpheres' diameters being evaneſcent ; but 
ſince when a number of equal ſpheres are 
included in a ſolid ſpace, no ſingle ſphere 
can be touched in more than twelve 
points, it fellows, that while the ſpheres' 
diameters are diminiſhed, the number of 
contacts in the ſurface of each ſphere re- 
mains the ſame, and therefore the quan- 
tity of contact exiſting in the ſurface of 
any one ſphere is ſtill in proportion to 
the diameters. 

Conſequently, if theſe particles be per- 
fectly hard, round and ſmooth, and of 
cvaneſcent magnitude,, there will be no 
reſiſtance to. the mation af bodies which 

im- 
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impinge on or move through them, ex. 
cept that which ariſes from the inertia of 
the particles diſplaced, and this conveys to 
us the idea of a perfect fluid. Few of 
theſe, however, exiſt in nature, perhaps 
none whoſe parts are wholly free from 
friction, coheſion, and tenacity. Air, * 
mercury, and water, have been eſteemed, 
as to philoſophical purpoſes, perfect 
fluids, the coheſion, friction, &c. of their 
parts, being ſcarcely if at all ſenſible in 
experiment. In other caſes the degrees of 
fluidity are various. Of the perfect fluids 
above mentioned, water and mercury be- 
ing mixed with heterogeneous ſubſtances, 
become (with very few exceptions) leſs 
fluid than before: Of this kind are ſolu- 
tions of gums and falts, together with 
oils, balſams, &c. which are, however of 
a more fluid nature than honey, clays, 
bitumen, and fimilar ſubſtances, the de- 
grees of tenacity and coheſion between 


the particles of which, rank them among 


ſolid as well as fluid bodies, the properties 
of both which they ſeem to participate 
in an imperfect degree. The reſiſtance 
which ſubſtances of this kind, 1. e. im- 
perfect fluids, oppofefl to bodies imping- 
ing on them, or moving through them, 

de- 


( 119 J 
depends on the coheſion, tenacity, and fric= 
tion, as well as the inertia of the matter 
moved; the geometrical eſtimation of 
which circumſtances being of no material 
uſe in phyſical enquiries, “ the illuſtrious 5 new. 
author of this theory, has chiefly conſi- Ye! 11 
dered the properties of retardation which 4 fnem. 
bodies ſuffer when moving through the 
perfect fluids, the coheſion and friction 
among the parts of which are in a phyſi- 
cal ſenſe evaneſcent, 

Since therefore the reſiſtance which 1s 
oppoſed to ſolid bodies, moving in the 
perfect fluids, proceeds from their inertia 
only, it is to be next obſerved, that a body 
when projected or + impelled in empty 1. Law of 
ſpace, will continue its motion uniform: 
ly in a ſtraight line; but a body being 
projected or any how impelled in a fluid 
cannot proceed in the direction of its mo- 
tion without diſplacing the fluid, and by 
communicating motion to it loſes an equal : H 
quantity of its own motion: this gives us 
the idea of a fluid's reſiſtance, the quantity 
of which will manifeſtlydepend on theform 
and magnitude of the moving body, and 
the velocity of its motion: for a greater 
body, will diſplace a greater quantity of the 

fluid 
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fluid than a ſmaller one, every thing elſe 
being the ſame ; and the greater the velo- 
city wherewith a body moves in a fluid, 
the more motion will be communicated to 
the fluid (the exact law not being here 
conſidered) and conſequently loſt to itſelf. 

Moreover, the refiſtatice will depend on 
the fluid's denſity, every thing elſe being 
the ſame; for it is manifeſt, that it will 
require more force to diſplace a given 
quantity of mercury than the ſame quan- 
tity of water, and a quantity of water than 
an equal quantity of air, if the times be 
equal wherein theſe effects are produced, 
and the times are always by the definition 
of forces, both of acceleration and retarda- 
tion, afſumed equal in eſtimating the 
quantities of motion + generated or de- 
ſtroyed. 3 

Since the parts whereof fluids are com- 
poſed are hard ſolid bodies, ſubject to the 
ſame general mechanic laws as other bo- 
dies, the ratio of the reſiſtances oppoſed 
to bodies which move in fluids of given 
denſities, and with given velocities, may 
be inferred from the principles of me- 
chanics. 


If two plane ſurfaces move in fluids, 
and in directions perpendicular to the 
reſpective planes, then will the reſiſt- 
ances to their motion be in a direct du- 
plicate ratio of their velocities, the joint 
ratios of the areas of the planes and den- 


ſities of the fluids: that is, if 5 be the 
ratio of the reſiſtances, - that of the ve- 


* * A N * 
locities, and . — the ratios of the areas 
n 


and ſpecific gravities reſpectively, the ra- 
tio of the reſiſtances will be defined by 
2 
this equation f — N A a . 
. 


For the motion loſt by either plane, for example by 4, 
in a'given time, will be the ſame as the motion which 
would be communicated by the fluid impinging perpen- 
dicularly againſt it when quieſcent with the velocity Y; 
and the ſame reaſoning may be applied to the other plane 
a: this motion communicated in a given time will be 
as the number of particles and force of each. The ratio 
of the number of particles impinging on the planes = 
” TRE 


3 and the ratio of the forces of each particle 
reſpeAively = > x ©, ſo that the ratio of the quan- 
tities of motion communicated to the quieſcent planes 
in a given time, by the . K impinging perpendicular! 

WI 
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with the velocities /, w, will be the ſum of the ratios 


— 5 * 25 X Eo that is, the ratio of the quantities 
1 


, 
« V V 


of motion loſt in a given time bv the planes 4, a, mov- 
ing with the velocities , H reſpeRively, or the refiſtances 
oppoſed to their motion will be defined by the equation 
1 N 
1 — K 2. 
m V a 7 
Cor. 1. In this propoſition the direction of the plane's 
motion has been aſſumed always perpendicular to the 
planes themſelves. Now, let their motion be in a di- 
rection any how inclined to the plancs, the number of 
the particles will be diminiſhel in the ratio of the ra— 
dius to the fine of the inclination above deſcribed ; alſo, 
the force of each particle will be diminiſhed in the {ame 
ratio: wherefore on both accounts the reſiſtance deter- 
mined as before will be diminiſhed in a duplicate ratio of 
the radius to the fine of inclination ; let therefore K —= 
radius, and S, s the fines of the angles in which the planes 
A, a are inclined to the directions of their motion, and it 
follows, that to eſtimate the ratio of the reſiſtances to the 
—— 1 ' fm * 
two planes, the ratios ** * N or I muſt be added 


* 


to the ratio of the reſ ſtances before determined, ſo that on 


I/ . 
all accounts — = N —X— X —- 
m V a * I 


Cor. 2. If equal planes move in a given fluid, and in 
directions equally inclined to themſclves, then becauſe in 


F os BAS © | 0 
this caſe —=—=—= ve have 2. = _ that 


is, the reſiſlances are in a duplicate ratio of the velocitics. 
Cor. 3. It the ſame body of any ſhape, moving in a 
| way fluid with dificrent velocities, always preſerves the 
ame poſition in regard to the direction of its motion, the 
reſiſtances will be in a duplicate ratio of the velocities. 
The preccding propoſition exprefling the proportion of 
the reſiſting forces only, will not enable us to aſcertain the 
abſolute quantity of reſiſtance, which a body actually meets 
with in paſſing through a medium, but which muſt ne— 
ceſſarily be known, in order to determine the retardation 
or decrement of velocity in a given time. As when bo- 
dies are accelerated the moving force is eſtimated b 
weight *, ſo the reſiſling force in retarded motions is alſo 
cqui- 


= 99 


equivalent to a weight: when a body thrown perpen- 
dicularly upwards in empty ſpace is reſiſſed by the force 
of gravity, this reſiſtance is always equal to the body's 
weight, 15 that the retardation of all bodies is the ſame; 
but the reſiſtance oppoſed to bodies moving in fluids, is a 
weight which varies with the velocity being in the dupli- 
cate ratio thereof, and the eſtimation of this reſiſtance a 
priori, from the neceſſary data, is attended with conſidet- 
able difficulties, involving the conſideration of impact re- 
latively to weight: for in this caſe, it mult be determined 
what weight is equal to the impact of the body moving 
againſt the Proms of the fluid, or which is the ſame, the 
impact of the particles of fluid ſtriking againſt the ſolid 
when quieſcent with the ſame velocity. 

Sir J. Newton truſtei| not wholly to theory either for 
the determination of the ratio of the reſiilances, nor the 
abſolute quantity of them; bur inſtituted various experi- 
ments, wherein it appeared that the reſiſlances were by 


ſome trials in a ratio rather greater +, and by others in a + Newton, 
ratio ſomething leſs than the duplicate ratio of the veloci- 2 
ties: theſe differences being no more than what the un- Pop. XL. 
avoidable imperfections in experiments of this kind might S-holium, 


occaſion, he was at length ſatisſicd, that the reſiſtances to 
a given body moving in the ſame fluid were in a duplicate 
ratio of the velocities, under certain reitrictions and con- 
ditions, &c. hereafter deſcribed ||. 


He alſo found that the reſiſtance t oppoſed to a globe, t 
moving uniſormly in a fluid, was to the conſtant reſiſting Frincip, 
force or weight whereby the whole motion of the globe — 11. 
would be deſtroyed, during the time of its deſcribing 24 XXVII. 


diameters uniformly with the given velocity, as the den- 
ſity of the fluid to the denſity of the ſphere, which gives 
the abſolute quantity of reliſtance oppoſed to the body's 
motion, the denſities of the ſphere and fluid, the diameter 
of the ſphere, and velocity of its motion being known, 
as will hereafter appear. 

The principles of reſiſtance being diſcovered by Sir J. 
Newton, and confirmed fully and eſtabliſhed by the ſuc- 
ceeding age, the ſubject may be probably more obvious if 
conſidered ſynthetically; which method, though unkit for 
making diſcoveries, is eſteemed the moſt proper to exhibit 
the known principles of ſcience in regular and ſyſtematic 
order. The following propoſition is intended to deter- 
mine the abſolute reſiſtance oppoſed to a body moving in 
a fluid with a given velocity, that is, to determine a weight 
equivalent to that refiltance. 
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A plane ſurface moving in a fluid, in a 
direction perpendicular to the plane, is op- 
poſed by a reſiſtance equal to the weight 
of a column of the fluid, the baſe of which 
is the reſiſted ſurface, and the altitude 
equal to that through which a body muſt 
fall from reſt by the acceleration of gra- 
vity to acquire the velocity of the moving 


plane. 


Fig. XXIV, Let the line 4B repreſent the projection of the plane 
moving in the direction CD, which is perpendicular to 
it; and ſuppoſe that during its retarded motion it has ad- 
vanced from its poſition 45 to a6, deſcribing the ele- 
mentary ſpace or parallelopepid AB ab, with a given 
velocity Y. 'Then will the plane 4 B communicate motion 
to the particles diſplaced, and will itſelf loſe an equal 
quantity; and by the principles of bodies“ colliſion, the 
quantity of motion lolt by the reſiſted plane will be the 
ſame, as that which the particles would communicate to 
it in the ſame time, were the plane quieſcent, and the par. 
ticles impinged upon it with the ſame velocity. We are 
only then to aſcertain what weight is equivalent to the 
impact of a given quantity of fluid ſtriking againſt the 
plane with a given velocity, and communicating motion 
to it while it is deſcribing an evaneſcent ſpace. Let a cy- 
lindrical veſſel, the baſe of which is horizontal, be filled 


| 
| 
: 
1 
N 
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=_ under the aperture and 
being kept conſtantly full, 
let the plane be continually raiſed fo as. to approach the 
aperture: the fluid will ſtrike againſt it with a conti- 
nually decreaſing velocity, till at laſt when the plane 

is 


—— — ͤ——— r᷑fpꝛ——UU——f:½² ( 


— — 
> + Io wx. Dorn Se > 
— — — — n — ond E p _—_—_ — 


— 


L 468 ] 


is juſt contiguous to the aperture, the motion will be eva- 
neſcent; and when the motion of the fluid is vaniſhing, 
the plane will ſuſtain the weight of the incumbent column, | 


— — 
— OY —— 


— 


— 


that is, a column of the fluid, the baſe of which is the plane 
preſſed, and height equal to that of the fluid's ſurface from 
the aperture: but the velocity of the fluid when juſt iſſu- 
ing out of the aperture, is equal to that which a heavy 
body acquires in falling through the perpendicular diſtance, 
between the aperture and fluid's ſurface; wherefore the | 
naſcent impulſe of a fluid, acting perpendicularly on the 
plane, is equal to the weight of a column of the fluid: 
the baſe of which equals the aperture, the altitude | 
being the ſame with that of the fluid's ſurface above the b 
aperture: but the reſiſtance to the plane from the fluid, 
is equal to the motion communicated to the plane by the 
naſcent impulſe of the fluid ſtriking it when quieſcent with 
a velocity equal to that of the plane's motion; wherefore 
the reſiſtance to a plane, when moving in a fluid in a di- 
rection perpendicular to itſelf, is equal to the weight of a 
column of the fluid, the baſe of which is the reſiſted ſur- 
face, and altitude equal to that from which a body muſt 
fall from reſt by the acceleration of gravity to acquire the 
velocity of the plane's motion, 

Cor. 1. The reſiſtances to the ſame body moving with 
different velocities in the ſame fluid, are in a duplicate 
ratio of their velocities, becauſe the baſe of the columns 
of fluid equal to the reſiſtances being given, their altitudes 
will, by the propoſition, be in a duplicate ratio of the ve- 
locities wherewith the plane moves. The other corolla- 
ries alſo which were deduced from the firſt propoſition 
follow from this by the ſame methods of inference, 


Cor. 2. If a cylinder moves in a fluid, ſo that the di- 
rection of its motion ſhall always coincide with the axis of 
the cylinder, the anterior plane ſurface only will commu- 
nicate motion to the fluid, becauſe the curved ſurface be- 
ing parallel to the direction wherein the whole body moves, 
Ke. 1 au accelerates nor retards the particles of the fluid ; 
theſe, as well as the cylinder, being ſuppoſed fo ſmooth 
that no friction can have ſenſible eſſect. Let then 4 = 
the diameter of the cylinder, „ = 3. 14159, &c. / the ve- 
locity of the cylinder's motion, ⁊ the altitude from which 4 
a heavy body maſt fall to acquire the velocity /; more- | 
over, let the ſpecific gravity of the fluid be expounded by 


1; then will 2 = the area of the ey linder's baſe, and f 
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Seq. III. 
op. V. 


Sect. I. 
rop. IX. 


®* Se. II. 
Prop, VII. 


1 
242 gill be the magnitude of a cylinder, whoſe dia- 


4 
meter is 4, and altitude = x, and the weight of a cylin- 
drical column of the fluid, the baſe of which equal the 
baſe of the cylinder and altitude = E, is =* 0 Xt 


which is equal to the reſiſtance + oppoſed to a cylinder 
moving in a fluid, the denſity of which is = 1, the cylin- 


der's velocity being = A 25 when referred to the gene- 


ral ſtandard 11], or = A 41 S, when referied to the velo- 
city of 2/ in a ſecond, which gravity generates in one ſe- 
cond of time. 


Cor. 3. Let the weight of the cylinder = wv, and let 
F = its retardation, meaſured by the velocity deſtroyed 
in a given time in reference to that which is deſtroyed or 
generated by gravity in the ſame time; then ſince we have 
4 2 = X 4 , that is, the ratio of the forces 
5 
of retardation is compounded of the direct ratio of the re- 
ſiſting forces, and the inverſe ratio of the weights moved, 


in f general 


— and 


2 
ſince by Car. . 2 <<, and = I, we have F = 


aſſuming /, m and g each = 1*, it will be F = 


zd* . , . 
noi, the force which retards the cylinder in the circum- 


ſtances above deſcribed. 


The reſiſtance to a plane moving in a fluid with a 

iven velocity, and in a direction always perpendicular to 
itſelf, may be denominated the whole reſiſtance, to di- 
ſtinguiſh it from the diminiſhed reſiſtances, which are 
oppoſed to the plane when moving with the ſame velocity, 
but in directions inclined to the plane at various angles; 
and if the baſe of a column of the fluid be equal to 
the ogg puny and the altitude the ſame as that from 
which a body mult fall by the conſtant acceleration of 
gravity to acquire the velocity of the plane's motion, the 
weight of this column diminiſhed jn a duplicate propor- 
tion of radius to the five of the angle at which the plane 
is inclined to the direction of its motion, will be the re- 
ſiſtance to the plane's motion eſtima ed in a direction per- 
pendicular 


t 


pendicular to the“ plane; but the reſiſtance eſtimated in the * Sect. v. 
direction of the plane's motion will be different from the Ser 
former as will appear by the ſubſequent propoſition, ES 


III. 


Let AB repreſent a plane, moving in rs. xxv. 

a fluid in the direction Ar, with ſuch a 
velocity as would be acquired in falling 
from reſt by the acceleration of gravity 
through a ſpace = ar. Then will the 
reſiſtance to the plane, eſtimated in the 
direction of its motion AF, be equal to 
the weight of a column of the fluid, 
whoſe baſe = the plane, and altitude = 
the ſpace ar diminiſhed in a triplicate 
ratio of the radius to the fine of the angle 
at which the plane is inclined to the di- 
rection of its motion. 


For the reſiſtance eſtimated in the direction perpendicu- 
lar to the plane is equal to the weight of a column of fluid, 
the baſe of which is the plane, and altitude 4, diminiſh- 
ed in the duplicate + proportion of the radius to the fine 1 Sec. V. 
of the angle in which the plane is inclined to the direction . K 
of its motion- In the line AF take AC to AF as the 
ſine of inclination, that is, the fine of CAB to radius; 
through C draw C perpendicular to AB, then will 4F 
be to BC in a duplicate ratio of the radius to the fine of 
incidence CAB : the reſiſtance, therefore, in the direction 
BC will be the weight of a column of the fluid, the baſe 
of which is the t plane, and altitude BC. — Ve 
The line BC will therefore repreſent the force of reſiſt- 9 
ance in that direction, the plane's ſurface remaining the 
ſame: to eſtimate the reſiſtance in the direction AC re- 
ſolve BC into two, whereof DC is in the direction CA 
and BD perpendicular to it; then the force DB will not 
contribute to retard the progrels of the plane in the di- 
rection 
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reftion AC, but will impel it in a lateral direction only, 
and CD will be the only force of reſiſtance acting in the 

direction oppoſite to that of the plane's motion: but ſince 

AF: AC, CB and DC are in a continual * we 

ſhall have AF: DC: AF: 40, or as AC? : BC), that is, 

the whole or greateſt reſiſtance, if it were perpendicular to 

the plane is to the reſiſtance eſtimated in the direction CA, 

in a triplicate ratio of radius to the fine of inclination. 


Cor. 1. Let another plane 7B be joined to the former at 
Fig. XXVI. an angle ABI = twice the angle of inclination BAD, and 
then let BJ be taken = BA, and draw IX parallel to AC: 
alſo draw BL perpendicular to IX, and ſuppoſing theſe 
two planes to move in the direction AC or JT, then will 
the reſiſtance to the plane 7B eſtimated in the direction of 
its motion, be equal to the weight of a column of fluid, 
the baſe of which is equal to 1B, and altitude the ſpace 
Re) due to the *velocity of the plane, diminiſhed in a triplicate 
Prop. III. ratio of the radius to the fine of inclination, wherefore 
the whole reſiſtance to both planes in the direction of their 
motion will be the weight of a column of the fluid, the 
baſe of which is equal to the planes, and altitude the ſame 
with that juſt deſcribed. Moreover, the lateral force BD 
will be counteracted by an equal and oppoſite force LB; 
and conſequently the remaining forces of reſiſtance being 
in the direction X Lor BC will only retard the progreſs of 
the planes, but will not alter the direction of their motion. 


Cor. 2. Let any ſolid formed by the revolution of a 
plane figure round an axis, be projected or any how im- 
pelled in a fluid in the direction of that axis, and let the 
planes of two circles be drawn perpendicular to the axis, 
and contiguous to each other: then will the circumferences 
of the circles include an annular ſpace, which will be the 
fluxion of the ſurface of the ſolid. If a tangent be drawn 
to this ſurface in the ſame plane with and meeting the 
axis, it appears from the preceding corollary, that the 
reſiſtance to the annulus or elementary ſpace, will be equal 
to the weight of acolumn of the fluid, the baſe of which is 
the annulus, and the altitude equal to the ſpace due to the 
velocity with which the ſolid moves, diminiſhed in a tri- 
plicate ratio of the tangent to the ordinate correſponding. 

Cor. 3. The weight deſcribed in the laſt Cor. will be 
the fluxion of the reſiſtance, if this be expreſſed in terms 
of the abſciſſa and conſtant quantities, the entire fluent 
will give the whole reſiſtance oppoſed to the ſolid, eſti- 
mated in the direction of its motion. - 

IV. 
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IV. 


: FA Hl — 


If a ſphere and cylinder of the ſame Fig.XXVIL 


diameter, move with equal velocities in 
the ſame fluid, and if the direction of the 
cylinder's motion, coincides with its axis, 
the reſiſtance oppoſed to the motion of 
the globe, will be to the reſiſtance op- 
poſed to the cylinder in the ratio of one 
to two. 


The fluid in which the ſphere and cylinder move is ſup- 
poſed to be ſo compreſſed, that the preſſure on every part of 
the moving bodies ſhall be the ſame, as when they are at 
reſt : moreover, it is aſſumed as true, that the hinder part 
of the ſolids contributes nothing to the reſiſtance, which 
will be the ſame as if the anterior part only were expoſed 
to the fluid, the weight and every thing elſe remaining. 

Let CT be the line which the ſphere's centre C de- 
ſcribes during its motion, the velocity of C being equal 
to that which is acquired by a heavy body which deſcends 
from reſt by the acceleration of gravity through the ſpace 
x. Alſo, let GD be a diameter ING toCT, 
GED being the plane of a ſemicircle, which paſſes through 
CT. In the ſemicircle GED draw any radius CA; draw 
AB perpendicular to CE, a6 parallel and contiguous to 
AB, and am parallel to CT; moreover, through the point 
A draw AT, a tangent to the circle at 4. 

Suppoling the plane CEG to revolve round CET as 
an axis, the evaneſcent are 4a will generate an eva- 
neſcent ſurface, which will be the fluxion of the ſur- 
face of the ſphere: if this fluxional area, which we may 
denote by b, moved in the fluid in a direction perpendi- 
cular to its plane with the velocity, which a heavy body 
would acquire by falling freely through a ſpace æ, the 
reſiſtance to its motion would be the weight of a column 
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of the fluid, of which the tmagnitude = 5 z; but as this 1 Sect. v. 
evaneſcent ſurſace is inclined to the direQion of its mo- Ftop. I. 


tion CT in an angle ATC, the whole reſiſtance bz muſt 
pe diminiſhed in a triplicate ratio of radius to the fine of 
| ATC; 


* 
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rop. III. 
Cor. 2. 
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ATC; that is, in the *ratio of 47? : AB?; which will 
give the fluxion of the reſiſtance to the ſolid in the di. 
3 

rection of its motion CT = : x whatever be the 
curve GE; and fince GE is the quadrant of a circle, and 
a3* CF? 
AT* © CH 
LE, kin SC =6 68 = Bb =>83, p = 
. E „, — &, = K, 9 = 
314159, &c. from the properties of the circle, 4 B = 
rie- xx, and by ſimilar triangles 4a: n:: 40: AB, 
rx 


the fluxion of the reſiſtance = bz x 


or Aa: #::r:vri — x*, which gives a 


moreover, the circumference of the circle generated by 
the point 4, while GEC revolves round CE as an axis, 


will be 2p * Vr*—x*, which being multiplied into 


Aa or will give 2pr x, ſor the fluxion of the 


72 __ 


ſurface of the ſolid; and æ being the ſpace due to the ve- 
locity of the ſphere's motion, 2przx will be the whole 
reſiſtance to the 1 evaneſcent reliſted ſurface, ſuppoſing 
the direction of motion perpendicular to it; this being 
diminiſhediſ in the ratic of 73 : x3, or being multiplied into 
3 12 

— gives ee for the reſiſlance to the evaneſcent 
15 13 3 

area, eſtimated in the direction of its motion C7, and the 
N | 2 REA 


reſiſtance to the whole ſurface = the fluent of * 


= — , or when x r, the reſiſlance to the hemiſphere 
5 - 


part ; , . 
=; but the reſiſtance F to the cylinder moving with 


2 
the ſame velocity in the diredion of its axis is L or 


2 
px, which is to the reſiſtance juſt found © as 2: 1. 


If the diameter of the ſphere 4, the ſpace due to its 
velocity = z: the reſiſtance to the ſphere's motion will = 


7. the ſpecific gravity of the fluid being = 1. 


The force of reſiſtance which is oppoſed Newt. 
to a ſphere, moving in a fluid with any Vol 
given velocity, is to the force which would XXVII. 
deſtroy the ſphere's whole motion, in the 
ſame time in which it deſcribes uniformly 


1 arts of its diameter, as the denſity of 


3 
the fluid to the denſity of the ſphere. 


Let the ſpecific gravity of the ſphere be to that of the 
fluid as =: 1, alſo let M be the reſiſting or moving force 
which would deſtroy or generate the ſp here's motion in 
the _ deſcribed in the — yy let the ſphere's 


weight TW = 2, the velocity of the ſphere's mo- 


tion,“ z = - - the altitude, from which a body muſt fall , — * 
from reſt by the acceleration of gravity to 7 2 the ve- 
locity Y: then will a body deſcribe the ſpace 12 3 © aniformly — nm. 
with the velocity V, in the ſame time wherein it deſcribes 
5 when it 15 retarded or accelerated by a conſtant force 


2 which deſtroys or generates its whole velocity Y. To 
find, therefore, the reſiſting force M. or retarding force 
— „which will deſtroy the whole motion of the ſphere 
projet with the velocity V, while it deſcribes a ſpace = 
* by an uniformly retarded velocity, we ſhall have +7 = — Sect. 8 


2 2 4% but l/ = V4lz, wherefore 2 | Supra, 
R 2 44 


— —— ww —ä — — 


„ Sect. V. 
Piep. IV, 


Fie. 
XXVI11I. 


1 


Li 
85 = K, and M = => ; or ſince 2 = 2.2. it follows 


that M = 27, the uniform reſiſting force which 


would deſtroy the ſphere's whole motion in the ſame time 


it deſcribes the ſpace a with an uniformly retarded ve- 


locity, or 84 with the firſt velocity of projection continued 


uniform ; which velocity is in both caſes equal to that 
acquired by a heavy body deſcending from reſt through 


the ſpace & = 5 But the reſiſting force oppoſed to 
zþ a* 


the ſphere's * motion = * which 1s to 


2 
2. —. the 


weight or reſiſtance which would generate or deſtroy the 
ſphere's velocity V, the ſame time in which the ſphere de- 


ſcribes uniformly the ſpace * with the velocity of pro- 


jection J, as 1 to ; that is, as the ſpecific gravity of the 
tiuid to that of the ſphere, 


VI. 


Let a ſphere of given diameter be pro- 
jected in a fluid, the ſpecific gravity of 
which 1s to the ſpecific gravity of the 
ſphere as 1 : n: having given the velocity 
of projection from the point c, let it be 
required to aſſign the velocity of the 
ſphere's motion at any given point o. 

Let the velocity of 113 be that which a heavy 
body acquires in deſcribing the ſpace & from reſt; alſo let 
the ſphere's diameter = 4, and FO = x, p = 3.14159, 
I = 193 inches, z the ſpace through which a de- 


ſcends by gravity from relt to acquire the ſphere's velocity 
in 


„ 


in O, then the only force which acts on the ſphere while 
it is deſcribing the evaneſcent ipace Oo, is that which re- 


tards its motion, and is = — IE | If therefore Oo = *, 


44n 


ing the fluents log. & = — ry, which ſhould vaniſk to- 


gether, ; but when x = o, it follows from the problem, 
that æ = 6, conſequently log. æ = log. &; the entire flu- 


Ba 3 2 
ents therefore will be log. & = log. 4 4% _ 4nd 


= log, 6 — log. z = log. - let e = 2.71828, being 
the number the hyperbolic logarithm of which = 1, and 
2 
— 4nd 


3 
we ſhall have — = 2*"*, and a U XxX e *"*, and 


the ſphere's velocityatO or = V when 


the velocity is referred to the general ſtandard 1, but if it be 
compared with the velocity 2 / in a ſecond which gravity + + Sed. If. 
generates in deſcending bodies in one ſecond of time, we V+ 18. 


” of 35” 2 
ſhall have Y=V 41bxe *"* = * . 


72572 
Cor. 1. The velocity loſt by a globe projected in a 


fluid during the time of its deſcribing the ſpace x, will be 
equal to that part of the initial velocity which is expreſſed 
1 * 


* | 


3nd — 
by the fraction =, the letters e, x, 1, d ſignifying 
FRET 


as before. 
Cor. 2. Thus, ſuppoſe a globe be projected in a fluid 
of the ſame denſity, and to deſcribe a {pace equal to three 
its di = 222 
of its diameters, then x 3 4, and 577 8 and the 
| a 
velocity loſt = — = =L, that is, a globe moving 
. 
in 
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in a reſiſting medium of the ſame denſity with itſelf 
through a ſpace equal to 3 of its diameters, loſes _ 


parts of the velocity with which it was 3 It 
may be here remarked, that the editor of Dr. Helſham's 


— lectures, from the ſame data f makes the loſt velocity 75 


ures, 
p. 366. 11.48 s 3 
inſtead of = of the whole velocity of projection; but 
- his expreſſions for the velocity loſt by a body moving 
through a reſiſting medium, are by no means deducible 
from or conſiſtent with the Newtonian propoſitions which 


are there referred to. 


Cor. 3. From this ſolution we may obtain the quantity 
of motion which would be loſt in any given time by the 
carth, if the medium through which it moved were of 
equal denſity with the atmoſphere at the earth's ſurface. 
Suppoſe the time of motion to be one year, and ſince the 
ſun's parallax is 8 6, the ſun's diſtance from us = about 
24000 of the earth's radii, or 12000 diameters, it follows, 
that in the circumference of the earth's orbit there are 
contained 24000 X 3.14159 = 75398 diameters, and in 
one year the earth will have moved through a ſpace equa! 
to 75398 of his diameters, and if the mean denſity of the 


Newt, earth be to that of air|| as 5 : Fs or as 4000: 1, we ſhall 
val, I. have in the preceding expreſſion for the velocity loſt » = 


4000, — 75398, and 35 = 7.068, then will the velo- 


* 
; $929 
city loſt = — = 3 part of the whole. 
1 1174 


Cor. 4. When the quantity I is very ſmall, the ve- 


| locity loſt will approximate very nearly to — » becauſe 


7 * 

| 2 8 

0 1 
1 In that — — 2 

: , * 8nd” and = 8nd 

; 7 

| thas 

ſ 


1 


thus to aſſume an example from Sir I. Newton, let a globe p Newt- 
of the ſame denſity with water be projected through a me- Vol. 1. 
dium of the ſame denſity with that of air near the earth's Prop. XL. 
ſurface, and let it be required to aſſign the motion loſt in Scholio, 
during the time the ſphere is deſcribing a ſpace equa) 


half its diameter; here we have x = ©, # = $60, = 


=—3_ = —-, ſo that the globe will have loſt that 
13700 C4586 
part of its whole velocity which is expreſſed by the fraction 
7708 . This ſhews how nearly this approximation is to 
the true value; the error not being ſenſible in the ex- 
reſſion above deduced, which coincides with that of Sir 
. Newton to an unit in the denominator. 


Cor, 7. It follows alſo, that if the velocity of projection pig, 
from C be to that of the ſphere when at any point of the XXVII. 
ſpace deſcribed O, as m to 1, then will the ſpace CO or x 


= * x log. m. Thus, I ſuppoſe a ſphere moving in a —— 
fluid of the ſame denſity with itſelf loſes half its velocity, — * 


then will u = 2, 1 = 1, and the ſpace deſcribed by the XXXVUIL' 
4X. «4+ 
ſphere = 2 x log. 2 = 22. — = 1.84839 x 43; 


3 
the ſphere therefore loſes half its velocity before it has 
deſcribed a ſpace equal to 2 of its diameters. 

The theory of reſiſtances, + oppoſed to bodies moving in ur 
the perſect fluids, is demonſtrated by Sir I. Newton only Vol. II. 
under certain conditions and reſtrictions, which may be ge 
here mentioned. 

1. The particles of fluid wherein the body moves are 


ſuppoſed to be perfectly nonelaſtic. 
. The fluid is imagined to be infinitely compreſſed. 


The former condition is ſtrictly applicable to the perfet 
fluids, mercury, water, and even to air, when the reſiſted 
body moves ſlowly, in which caſe the aerial particles ſin- 

ly conſidered, may be juſtly imagined to ſlide away from 
bodies moving through them without adheſion, in the ſame 
manner as thoſe particles which compoſe water or mercury. 
'This is only meant to diſtinguiſh the nonelaſtic particles 
from thoſe which by rebounding from an impact would 
tend to increaſe the reſiſtance beyond that which * 
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ed in the theory. The other condition, i. e. that of in- 
finite compreſſion, obtains not in any fluid whatever, ſome 
allowance therefore is due on this account: but in expe- 
riments made on bodies n_— very ſlowly, this allowance 
will be of no material conſequence, becauſe from the 
ſlowneſs of the motion, the parts left by the ſphere during 
its | 54, cg will be inſtantly occupied by the ſurrounding 
fluid; but when the velocity of projection is conſiderably 
increaſed, the laws of refiſlance demonſtrated by Sir I. 
Newton, depending on the effects of the inertia of the 
matter difplaced only, mult not be expected to correſpond 
with matter of fact. Thus, cannon or muſket ſhot pro- 
jected with velocities from 400 to 1600 feet in a ſecond, 
by their great velocities leave behind them during their 
paſſage tarough the air, either partial or entire vacuity ; 
when the velocity is equal to that of 1600 feet in a ſecond, 
the ſpace deſcribed by the ball as it moves along, is an 
abſolute vacuum, for the air by its elaſticity hs into 
empty ſpace with a velocity of no more than 1296 feet in 
a "nf rg and will not therefore move with ſufficient cele- 
rity to fill up the ſpace deſerted by the ball in its paſſage. 
It follows therefore, that a ball moving with this velocity 
is reſiſted by the whole preſſure of the atmoſphere, exclu- 
five of the effects ariſing from the air diſplaced, and this 
additional reſiſtance muſt in moit caſes be very great: for 
example, the diameter of an iron 24 pounder bong 5-45 

inches, we ſhall have the area of a great circle of the ball 
= 23.385 inches, and allowing 15 pounds avoirdupoiſe 
for the preſſure of the atmoſphere upon each ſquare 
inch, the refiftance to the ball's motion arifing from the 
air's prefſure = 23.385 X 15 = 350.78, or a weight of 
350.78 pounds : to this muſt be added the refiltance which 
15 cauſed by the inertia of the air diſplaced : ſuppoſe the 
ball's velocity to be 1600 feet in a ſecond, and & = the 
ſpace through which a body mult fall by gravity to acquire 
*a velocity of 1600 feet in a ſecond, then will this ſpace 
z = 39793 feet; and becauſe the ball's diameter = 5.457 
inches, the area of a great circle = . 16240 parts of a foot, 
and the refiitance to the ball's motion being equal to the 


weight of a column of air, ſ the altitude of which = 22728 


feet, and baſe = .16240 parts of a ſquare foot will be equal 
in weight to 3231 cubic feet of air, or 3755 ounces = 
234-8 pounds: this being added to 350.7 before found, 
becomes 585.5 pounds for the whole reſiſtance ariſing from 
inertia 


„ 


inertia and preſſure. Mr. Robins found by experiment, , n big, 
that the reſiſtance was about 540 pounds, which is leſs than Gunnery, 
that juſt. determined by 44.5 pounds; this difference may be Vol. I. p. 


eafily accounted for from the method adopted by Mr. Ro- 
bins for determining the reſiſtance, which was by finding 


what reſiſtance was oppoſed to a ball of 4 inch, moving 


with a given velocity, and inferring from thence what would 
be the reſiſtance to a ball of 5.457 inches diameter, if the 
velocity were nearly the ſame; by which it is manifeſt, that 
a ſmall error in the original experiment, for determining 
the leſſer reſiſtance, will cauſe a conſiderable variation in 
the greater reſiſtance, if it be inferred from the leſſer. 

here is another circumſtance alſo which tends ſtill to 
increaſe the reſiſtance to bodies moving with very great 
velocities, ſuch for inſtance as 1800 or 2000 feet in a ſe- 
cond. In this caſe the air being condenſed before the 
ball exerts a force of elaſticity againſt it in proportion to 
the compreſſion ; and it is this repulſion which renders any 
augmentation of the velocities of military projectiles be- 
yond 1200 or 1300 feet in a ſecond, of little uſe in in- 
creaſing either the horizontal range, or the effectual impe- 
tus of the bullet. 

This elaſtic force which the air exerts againſt bodies of 
ſmall weight, but moving with conſiderable velocities, 
may become ſo great in proportion to the weight, as not 
only to deſtroy the motion communicated, but even to re- 

| them; which is obſerved frequently to happen when 
very ſmall ſhot are diſcharged by a large ny of pow- 
der; in which caſe the ſhot return back in a direction 
contrary to that in which they were projected: and it 
ſeems at firſt fight ſingular, although ſtrictly coincident 
with the theory, that a ſmaller charge of powder by giv- 
ing the ſhot leſs initial velocity will cauſe it to fly fur- 
ther than a greater charge, if the quantity of the charge 
ſhould exceed a certain limit. 


VII. 


Every thing remaining as in the laſt 


propoſition, it is required to determine 
8 the 
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the time in which a body deſcribes any 
given ſpace co. | 


— 
1 


The velocity“ at the point O = Vt x * 
If therefore the + time required be 7, we ſhall have T = 
3x 1 * 

TT; 


* ynd 
X e 
: to 


V413 


2 * 
= , Where ſore 177 log. v, 


7.7 8nd 


* e 
V 416 


obtain the fluent let 


and x = * ** =, wherefore e 


: 8nd 8nd 
fluent of which = 75 * v 2 a K e 


, and the time requiied = fluent of 


2 
Ind 


2 
LTD 


4, and the 


; 8 TT | 
time required = .." X ; but this quantity 


ſhould vaniſh with x the ſpace deſcribed, but when x = o, 
8nd 24 772 8 * 4 ir theref 
„„ =_ ==: erefore 
3 * 4 415 3 * v4 415 
: __ be ſubtracted from the fluent juſt found, we 


zx V4 
8 * 4 2 


ſhall have the time T = - „ — 1. In theſe 
3 74 Ib 

caſes the body is ſuppoſed to be acted on by no other force 
except thoſe of projection and reſiſtance, and conſequently 
moves with a velocity continually retarded ; but if a body 
be impelled through a fluid by the force of gravity, this 
force compounded with that of reſiſtance may generate ei- 
ther a retarded or accelerated, or in ſome extreme caſes, as 
it will hereafter appear, an uniform velocity of motion : and 
if the body be afted on by no force out of the vertical di- 
rection in which gravity acts, that is, if it be either gra- 
dually accelerated from quieſcence, or be projected in 
a vertical line, the motion will be rectilinear. 


VIII, 
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O MOT: 
Let a ſpherical body deſcend in a fluid r. 
from reſt; having given the diameter of 
the ſphere and ifs ſpecific gravity, re- 
latively to that of the fluid, it is required 


to aſſign the velocity of the ſphere at any 
given point o of the ſpace deſcribed Ao. 


Let the f ſphere's diameter = &, the ſpecific gras f Euler, 
vity of the ſphere = =, that of the fluid = 1; alſo let —— 
the ſpace 40 which the ſphere has deſcribed from Gunnery, 

d*pu Prop. TH 


b 
the weight of an equal bulk of the fluid 2. » 


and = x: fince the ſphere's weight — and 


being greater than 1, the abſolute or moving force 
da 
6 


eo <2 „which will be always the ſame, whatever be the 


whereby the ſphere endeavours to deſcend will be 


velocity of the ſphere's motion (it being ſuppoſed always 
that the fluid is infinitely compreſſed) : but the reſiſtance 
oppoſed on account of the ſphere's motion will depend on 
the velocity. Let z be the ſpace through which a body 
muſt fall by its gravity, ſo that it may acquire the velocity 
of the ſphere in the point O: then we ſhall have the re ſiſt- 
ance oppoſed to the ſ᷑ ſphere equal to the weight 25 the 
abſolute force therefore, whereby the ſphere endeavours to 
deſcend will be upon the whole = P _ © , 
and this weight being || divided by the maſs moved q $SeQ. J. 
will be the force, which accelerates the ſphere while i: Fiep. IX. 
is deſcribing Oo; and ſince the weight of the ſphere 


+ Sea. V 
Prop. IV, 


Y= E, we ſhall have the accelerating force 


__ _—— and from the principles of ® acceleration 8 
? and p. 56. 


82 * 


— — — — — 
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X 4, and by reduction —*— = 


3% 


4nd 42 4 © 


2 — 2 : to obtain the fluent, 

424 —44—3 441 —1— 332 

let 44 * — OWN 32 v: tak ing the fluxions, we have 
2 * 


32 = — %, and — 


— = — —, the fluent 
44 Xn—1—3z 3 


of which = — > x log. v = — > x log. 4% K 


x 
755 
which quantities ſhould vaniſh together, becauſe by the 


— 32, Wherefore === x log. 4% I-35, 


prob. when x =o, x = ©: but when z 4 * log. 


44 Xn—1—3z 


44 * 21238 becomes — — log. 4.4 X #®— 13 the 


entire fluent therefore will be = — log. 
4nd 3 


Let e = 2.71828, &c. being the num- 


44 Xun—1 
ber the hyperbolic log. of which = 1, and we ſhall have 
r ___3& 
44 Xn—1 "PE 1 —gexa— 4 
3x 
1 %, wherefore z = 2 „ 
44 * —1 3 


3 * 
„ — iX 1 — e *"*: and if the velocity at O, be re- 
ferred to the velocity which the earth's gravity generates 
in bodies each ſecond of the time wherein they fal, be- 
ing = 164; feet or 193 inches, we ſhall have the velocity 


1 — 3x 
ao = * Vi- 


Cor. 1. If the ſpecific gravity of the 4 be infinite, 
when compared with that of the fluid wherein it de- 
ſcends, that is, if a be increaſed ſine limite, the quantity 


= L.A 
wy 2 7 will be evaneſcent, and e * will become = 
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1 and 1 —e 7. 2 where fore the 


| 7 * ke 
velocity will — vV == X — — 4 Ix, which 


is the velocity ® acquired by a body deſcending from reſt » Sect. 114, 
in vacuo by the acceleration of gravity through the ſpace x. Prop. V. 


— - 8 2 
— IT SSR, 
4s x > . - \ Fn " +* 
i CENTS — 
* ry 
— — 222 : 
2 q » „ * 


Cor. 2. If the denſity of the globe is not increaſed ſine 
limite, but bears a conſiderable proportion to that of the 
fluid, the velocity acquired by the globe deſcending in the 
fluid through the ipace x will approximate to the quan- 


. e f 3 2 "oY 
tity W4lxXx1 "I. becauſe e = 1 


1 
4nd +. 32 n*4* 
eaſily deduced. For example, if a ſpherical body of the 
dendty of water deſcends in air from reſt through any ſpace 


x, let = V4 1x, be the t velocity which the body would } Sect. III. 
1 44 g Prop. V. 

acquire by deſcending through the ſame ſpace in vacuo, Cor. 3. 
then will the air's reſiſtance deſtroy that part of the whole 

3x 
16 2 
that is, ſince in this caſe a = about 860, the velocity loſt 

, Th 3x 
truth when the quantity x, or the ſpace fallen through, 
exceeds not the diameter of the ball in a proportion of 
above 1CO tO 1. ; 


nearly, from which the approximation is 


1 
1 
'F 
i 
i 
1 
| 
14 


velocity, and which is expreſſed by the fraction 


„ Which will be very near the 


16 cr — > 7. 
Cor. 3- Since F = V e. — * 120 4nd 


— 4A 
if x be increaſed fine limite, the quantity e * ill ap- 
proximate to and will gang =o, wherefore the velo- 
city acquired by the ſphere will continually approximate 


n 
LLARK ow L, as a limit which it can never ex- 


ceed, or even attain tv in any finite time, 


Cor. 4. Although a ſpherical body deſcending. from 
reſt in a fluid, cannot attain tv its mathematical limit, or 
maxi- 


Newt. 
Princip. 
Vol. II. 


P * 
XXXVIII 
Cor, 2. 
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maximum of velocity in any finite time, yet it will, in de- 
ſcending through a few diameters, approach ſo nearly to 
it, that the velocity will afterwards me to all obſer- 


vation uniform. 


Thus a ſphere, the denfity of which is twice as great 
as that of the fluid wherein it deſcends, will in deſcribing 
16 diameters only, arrive at its maximum of velocity 


within 700 part of the whole; for if we put x = 164, 


1 = 23 then - = 6, and „ © = 7635 and 12 
_ — — — 
2 = i=, and vi = => , and the ve- 


locity after the ſpkere has deſcribed 16 diameters = 
Ts. 
v 2244 „Ges being equal to the limit or 


greateft velocity 4 LED within leſs than gc 


part of the whole, which difference, is far leſs than can be 
obſervable by the ſenſes ; the ſphere therefore, after it has 
deſcribed the ſpace juſt mentioned, may be conſidered as 
moving uniformly. 


IX. 


The greateſt velocity which can be 
acquired by a ſpherical body deſcend- 
ing in a fluid is equal to that which 
would be acquired by it in deſcending 
from reſt in vacuo by the conftant force 
of its comparative gravity, through a 
ſpace which is to of the diameter, as 


the 
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the denſity of the ſphere to the denſity of 
the fluid. 


For when the ſphere by falling from reſt in a fluid me- 
dium has acquired its greateſt * y, the increment of 
yelocity is nothing, that is, the force of reſiſtance is equal 
to the body's weight, and conſequently the force of ac- 
celeration is nothing, Let therefore the denſity of the 
globe be to that of the fluid as = : 1, the globe's diameter 
= d, x the ſpace through which a body muſt fall from reſt 
by gravity to acquire the greateſt velocity above deſcrib- 


ed, then we ſhall have the + accelerating force = 1 ut. 
* 


4 A which by the problem muſt = o; wherefore 


—=1,and3zz=4dxXn—1,ands= 


— , equal to the ſpace due to the greateſt ve- 
locity acquirable by the ſphere; and if / = 193 inches, we if n 


167 1 Sect. III. 
have the greateſt · velocity V2 - I 2 bi 9 


ſpace which is to g. I becomes 4<*, and if the A ; 


| 3 
weight of the ſphere in vacuo be 2. its comparative 
_— whereby it endeavours to end in fluid 


TS... < 1 g 
=P. 23 nd the 3 Gree enn 


its deſcent = —.— : and the velccity generated in the 
ſphere deſcending from reſt in vacuo through a ſpace 


4nd n—l _ 44n 
© eee = Walx 3 ae” 


= VEE; but this is the greateſt velocity which 
the ſphere can acquire in its deſcent by the preceding 
part of the ſolution. 

how far the 


Or thus: Suppoſe it were required to aſſign 
ſphere mal fall rom reſin vacuo by he lien of a con 
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ſtant force, equal to that by which it endeavours to deſcend 
in the fluid, ſo that it may acquire the limit or greateſt ve. 
Jocity above deſcribed. The notation remaining as before, 
we have the force which accelerates the ſphere's deſcent = 


— and 7 the greateſt velocity Va Y 


then ſince if & is the ſpace which a body deſcribes from 
1 Sect. III. reſt by the acceleration of any conſtant force F, while the 
rop. 


Cor. 3. velocity / is generated,“ we have always $ = 27 ap- 
plying this to the preſent caſe, V = the greateſt velocity 


Sect. V. 
Brop, Vu acquirable by the ſphere = 1/1914 X "=, x = 
Cor. 3: 3 


”—1 r 22 
en 3 4R* 


= 2 the ſpace required, which is 0 3 parts of the 


diameter as : 1, or as the denſity of the ſphere to the 
denſity of the fluid. 


X. 
Spherical bodies of very ſmall diameters 
deſcend in fluids ſpecifically lighter than 
_ themſelves,” with nearly uniform veloci- 
ties, which are in a direct ſubduplicate 
ratio of their diameters, the fluid wherein 
they deſcend being the ſame. 


ed. v. For the velocity“ of any ſphere which deſcends in a fluid 
Prop. VIII. of half its ſpecific gravity, through a ſpace equal to 16 of 
Cor. 4 its diameters, will approach to its limit or the greateſt ac- 


quirable velocity within 5— part of the whole; wherefore, 


if the deſcent were continued for an unlimited ſpace, the 
velocity generated during this deſcent would not be _ 
than 
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than ge part of that which the body poſſeſſed after har- 


ing deſcribed 16 diameters ; wherefore the velocity after 
that time may be regarded, in a phyſical ſenſe, as abſo- 
Juzely uniform: but while the diameter of a ſphere is di- 
migiſhed; the ſpace of 16 diameters is diminiſhed in the 
fame proportion, and when the diameter becomes evaneſ- 
cent; the ſphere will have deſcribed 16 diameters in the leaſt 
ſenſible portion of its deſcent: the velocity therefore of the 
deſcent will be as to obſervation entirely uniform. The 
ſame reaſoning may be extended to the deſcent of ſpherical 
bodies of apy other ſpecific gravity, their diameters be- 
ing diminiſhed fine limite. Let / = the diameter be ex- 
refed ip inches, » = the ſpecific gravity of the deſcending 
here, that of the fluid being 1 ; moreover, let / = 19 
ches, then we have the limit or greateſt velocity which 
the ſphere can acquire by ing in the + fluid = + Sed. v. 


ld Prop. IX, 
v 29 EL inches in a ſecond; and by what has 

,* this will be the uniform motion with which * Supra, 
TSS: deſcend, and in the ſame 


fluid —— being conſtant, the velocities will be 
in 3 icate ratio of the diameters. g 
Although it would be extremely difficult to reduce the 
—— relating to the velocities acquired by ſpheri- 
cal bodies which deſcend in fluids to experimental trials, 
when the velocities are conſderably accelerated; yet by 
obſerving the deſcent of ſmall ſpheres, the velocities of 
which are uniform, the theory admits of eaſy illuſtrations 
from matter of fat. The veſſel uſed for the purpoſe, was 2 
inder of 6 inches in diameter and about 5 feet in height, 

In the firſt place, ſuch a veſſel being filled with water, if a 
number of ſmall ſpherical bodies of different diameters, but 
of the ſame ſpeciſic gravity, ſuch as very ſmall leaden ſhot, 
lobules of mercury, &c. be at once ſuffered to deſcend 

om reſt h the water, the larger bodies will be ob- 
ſerved to the other in their deſcent, and that in 
exact order, no ſmall body being ever ſeen deſcending ſo 
faſt as the larger ones, the velocity of deſcent alſo will be 
to all appearance uniform : theſe experiments ſo far cor. 
reſpond with the theory, from which 1t has been deduced, 
that the uniform velocities with which ſmall ſpheres de- 
ſcend in fluids, are in F ratio of cheir dia- 


—_— 


— —— tc WHT. — — — 1 
K —— —— — ——ꝛů— 
* 7 : = 6 CC < þ © = 
* _ * 
* — * — pa > 
— 2 5 * 2 < - 
22 ** : 
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meters, 
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meters, This is an illuſtration of a general kind, that 
which follows is more particular. 

But it may be firſt noted that the diameter of a ſphere 
is obtained far more exactly from having given its 
ſpecific gravity and weight, than from dire& menſura- 
tion. Let 4 = the diameter of a ſphere in inches, alſo let 
n be its ſpecific gravity, that of water being = 1, and a0 
the weight in grains determined by obſervation, then we 


ſhall always have d = * X . 19612. 


To apply this, the ſpecific gravity of a number of ſmall 
leaden ſhot was determined by weighing them in air and 
water, and found to be 11.1, and the weight of a ſingle 
ſhot ſelected from the reſt weighed 1.05 grains; where- 
fore to find the diameter, we have # = 11.1, w = 1.05 


x 
parts of a grain, and the diameter = — X 19612 
= .o89 parts of an inch: this ſphere was obſerved to 
deſcend in the veſſel of water 60 inches from reſt in ſomey 
thing more than two ſeconds, as nearly as could be deter- 
mined. According to the approximated theory it ſhould 
have deſcribed almoſt 61 inches in the ſame time, 
for according to this rule, the + velocity of deſcent = 


AN eee. 


= 30. 48 inches in a ſecond. It will appear from an en- 
ſuing propeſition, in which the real time is inveſtigated 
wherein a ſphere deſcribes from reſt in a fluid any given 
ſpace by conſtant acceleration, how much the experiment, 
and this 2 value for the uniform velocity de- 
viate from the truth. 

In the mean time it may be remarked, that the experi- 
ment is ſufficient to ſhew the coincidence of the approxi- 
mate theory with matter of fact, ſo as to juſtify the conclu- 
fions which will be deduced from this propoſition, 

It appears therefore, that the velocities acquired by 
ſmall ſpherical bodies which deſcend in fluids are ſuffi- 
ciently conſiſtent with the theory, when examined by ſuch 
trials as can be made on ſpheres, the magnitudes of which 
however ſmall, are yet (object to accurate and decifive 
menſuration; we may therefore, without danger of error, 
extend this reaſoning to bodies whoſe minuteneſs renders 
ſoch real menſuration impoſſible. In all cafes it follows 
from the theory, that homogeneal ſpheres of the leaſt — 

. e 
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fible magnitude will t deſcend in a given fluid with velo- 


cities to all obſervation uniform; which velocities are in 
a ſubduplicate ratio of their diameters, and the ſmaller 
theſe diameters are, the more near will the approxima- 
tion be to the theory. The ſame laws of deſcent will 
alſo obtain in evaneſcent particles, the figures of which 
are nearly ſimilar, although not ſpherical, but in various 
rees; this too is confirmed by experiment, although 
in a leſs preciſe way than the preceding truths. For if a 
quantity of ſteel or braſs filings, or other minute hom 
neal bodies of irregular ſhapes, be cauſed to deſcend from 
reſt in a fluid, you will always obſerve the largeſt bodies 
to precede the others in their deſcent : the velocities alſo 
with which theſe bodies deſcend, as in the former caſe, 
being uniform. | 
To apply theſe principles : It was obſerved that a ſphere 
of lead, the diameter of which = .o089 parts of an inch, 
deſcended from reſt in water with a velocity of about 30 
inches in a ſecond, If therefore the diameter of this leaden 
ſphere be diminiſhed in the proportion of v: 1, the velocity 


of deſcent * will be only the ——= partof the farmer ve ® Prop, X, 
* 


locity : thus if the diameter be diminiſhed in the ratio of 
a million to one, that is, if the diameter = ,o00000089 
parts of an inch, the velocity of deſcent will be = . oz 
parts of an inch in a ſecond; and if the diameter be 
again diminiſhed in the ſame proportien, that is, of 
1000000 : 1, the velocity of the particles“ deſcent will 


be only .00003 in a ſecond, or about — of an inch 


in an hour, allowing no additional retardation for the ef. 
ſects of tenacity or coheſion, To appl this reaſoning, 
we obſerve that if the parts of ſome — having 
been ſeparated by diſſolving menſtrua, are ſhaken toge- 
ther, ſo as to be diffuſed uniformly over the whole, they 
will continue for ſome time apparently quieſcent, and at 
length will be obſerved to deſcend equably; and from 
what has preceded, with a greater or leſs velocity, ac- 
cording to their magnitude and denfity, in reference to 
that of medium. Thus ſhould the diameters of the par- 
ticles be equal to .o890 parts of an inch diminiſhed in a 
duplicate ratio of 1000000 to 1, and their ſpecific gravity 
11,1 times greater than K of the fluid, the —_—_ 
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eheir uniform deſcent will be that of about 2, of an 


inch in an hour, provided the particles be ſpherical, or 
not greatly deviating from that figure. But the diminy- 
tion of the parts of Tolid bodies diſſalved in fluids is not 
limited to that juſt deſcribed, either by obſervation or any 
method of argument hitherto made uſe of. On the con 
trary arguments, ſuch as the nature of the ſubject admits 

will induce us to conclude, that ſince matter conſidered as 
occupying ſpace in a metaphyſical ſenſe, is divifible fine 
limite, ſo the actual diviſion of material ſubſtance which 
is effected by natural cauſes is unlimited, as to our power 
of eſtimating it by obſeryation ; there is certainly no ſub- 
diviſion which can be expreſſed by numbers, but what we 
may reaſonably ſuppoſe to be exceeded in the operation: 
of nature. We may therefore juſtly imagine the magnitude 
of the particles of ſome ſubſtances exiſting in a ſlate of ſo- 
Jution, to be far leſs than that of the particles which deſcend 
in water with a velocity of .108 parts of an inch in an 
hour, and that in any affignable ratio: if the dia- 
meters ate leſs than that above mentioned in the ratio of 
1060000 : 1, the velocity of this deſcent will be diminiſh- 
ed in the ratio of 1000: 1, and will be therefore equal to 


that of — part of an inch in 1900 hours, being diminiſh- 


ed in a ſubduplicate ratio of the particles“ diameters ; 
whetefors the particles would be above a year in deſcend- 
ing through one inch in the fluid; and it is obvious, that 
the magnitude of the particles may be ſtill diminiſhed, fo 
that the deſcent ſhall not be ſenſible in any aſſignable time. 
This concluſion will be true, without making any allow- 
anec for the effects of friction, coheſion, and tenacity, 
which exiſt in all fluids in a greater or leſs degree, although 
in water and mercury, termed perfect fluids, they are 
ſcarcely if at all ſenſible in — : but in other fluids, 
a reſiſtance to the deſcent of bodies will be oppoſed by 
the tenacity, as well as the inertia of their parts. 

It will follow upon the whole, that if the diameter of 
diſſolved particles deſcending with.a flow and uniform 
motion in fluids void of tenacity and frigion be known, 
and thelr denſity with that of the fluid be given, the ve- 
locity of their deſcent may be aſcertained a priori, and 
converſely, if their velocity of deſcent be obſerved, and 
their denſity with that of the fluid be known, the dia- 
* ö meter 

5 
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meter of the particles may be deduced, provided 
ſpherical, or of other given figure, not « Teriing pretty 
from that of a ſphere. Let v be the parts of an inc 
which theſe particles deſcribe in their deſcent in one ſe- 
cond, alſo let the denſity of the particles be to that of 
the fluid as »: 1, then will the diameter of the ſpheres = 


9 * 


D 


Thus, ſuppoſe particles of copper diſſolved in ſpirit 
of nitre, — ablerve ed to ſub 2 inch in 48 parts 


of an hour, that is, - J han- 


15 poſing be let it be requir- 
— their d 9 referring to the laſt 


— we have v — I = 193, and if the ſpecific 
gravity of copper be to that of aqua fortis, as 9: 1.3, we 
ſhall have = = 2 = 6.9231, and the diameter of the 


cles = === 3 = leſs than 
part 7728 * 16 X 193 * 5.9231 


I 
48205000000 — 


XI. 
Let a ſperical body deſcend in a fluid Figxxrx. 
from reſt at A, having given the diameter 
of the ſphere and its ſpecific gravity rela- 
tively to that of the fluid; it is required 
to aſſign the time in which the ſphere de- 


ſcribes any ſpace Ao. 


The notation of the eighth propoſition remaining, 


fince the velocity f at any point O = Vt vba. 
| ; 


= * 8 * . 
y 2 4 , — be. 5 22 
1 
— _— 8 . 
— DD I 


9 + 
4 _ 
» - _— + 
g n - ay. - 
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e m. „ Wi-e * e. the une of orion, we tall 


ett, the fluent therefore of : - 


i= one 3 


the time of deſcribing 40 = \/ — 


TT 


Auent of - ==: to obtain the fluent, let 
vV 222 


fince 1— . = „, edu one ſide by 
. and the other by its equal - — . — 
3 1 
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Cor. 1. When » is increaſed fine limite the ſphere's mo- 
tion will not be retarded by the medium through which 
22 
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it deſcends, in this caſe e *"* approximates to1 1 9 9 
MI, | 1 
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2 * VE; the time of deſcribing any ſpace x there- 
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which appears alſo from Sect. III. Prop. IV. 
The times wherein ſpherical bodies deſcend from reſt in 
fluids, determined by theory, admit of very exact experi- 
mental proof. In order to render trials of this ſort capable 
of variety, a hollow braſs ſphere was conſtructed, which by 
means of an aperture could be ſo loaded with leaden ſhot, 
ſand, &c. that its ſpecific gravity might be altered in any 
aſſigned ratio; the aperture being cloted, the whole figure 
was perfectly ſpherical: that the diameter might be aſcer- 
tained, and the ſpecific gravity be afterwards fixed for the 
experiment with greater certainty, the ſphere was ſo adjuſt. 
ed by incloſed weights, that it would reſt in water perfectly 
quieſcent wherever it was placed : after this adjuſtment, the 
weight was found to be = 1093 grains, and ſince the ſpeci- 
fic gravity was the ſame as that of the water wherein it was 
referring to the preceding rule, f we ſhall have + Page 146, 


the ſphere's diameter = 1093” x .19612 = 2.0202 inches: 
a weight of 273 grains being incloſed in the ſphere when 
adjuſted in the manner above deſcribed, the whole weight 
muſt now be 1366, and its ſpecific gravity to that of wa- 
ter, as 1366 to 1093, that is, as 1. 25: 1 ; upon letting this 
ſphere deſcend in water from reſt, it was obſerved that the 

time of deſcribing 60 inches was about 3 ſeconds. 
To compare this experiment with the theory, we 
have the diameter of the ſphere 4 = 2.0202 inches, 
* 


8 
— 


2 


+ 
* 
—— 2 e ” 
* — „ 12 — 
22 . — fa 7, 


E 


-— 


'[ 152 ] 


432 60, EW 1.25. and 2. — — = 09.82, and 


122 10. 101 


. 255 
r — = 219360000, the logarithm of 


1 — A. — 6. 
29, Wee, — 


which from the tables = 8.3411574, which 
: we have alſo 


plied by 2.3015850, will become become 19.206 


1-25 X 2.0202 _ 
'Z * 193 X 25 16767, and 
the time of deſcent by theory = , f e x log. 


P 
„ 
1+ V = 0 = = 49.206 Xx . 14767 = 2.83 i 


I = 1— e oy 


conds. The ſphere deſcended upon trial in 3 ſeconds, 
which deviates from the theory —- parts of a ſecond. 


A few line mes vat ended of making 
theſe ts accurately may be inſerted. The _ 
mould ſmooth, in order that no diminution 


tion may arte from 

2. —— its deſcent at a definite 
inſtant of time, it ſhould be by a very fine ſilk 
line, ſo as to be juſt under the water's ſurface: af the line 
be divided with ſciſſars at the beat of a pendalum clock, 


the beginning of the deſcent will be eſtimated without 


error. 
The weight of the —ͤ— © rakes, that 
theme of grov te Gor — f — 


che centre o here and the point from which the 
ſphere is ſuſpended, and ſhould be 5 — near the 
— ſurface of the ſphere when f | 
The want of due attention to + ware WY has oc- 
cafioned the reſults of ſome experiments, which have been 
made on the deſcent of bodies in fluids, to deviate conſi- 


derably from the theory, whereas the proper precaution in 
con- 


t 


conſtructing the experiment being obſerved, the theory 
will be found to agree with matter of fact to a very ſatis- 
factory degree of preciſion. 

By altering the quantity of weight incloſed within the 
ſphere, the times of deſcent may be varied in any ratio. The 
enſuing table will ſhew the reſults of ſeveral experiments 
made by inclofing different weights within the ſphere, after 
it had been adjuſted, ſo as to remain in water quieſcent 
wherever it was placed, in which caſe it has already been 
ſhewn, that the ſphere's + weight = 1093 grains, and the + Page 151. 
diameter = 2.0202 inches. 


| No. I. 
The weight incloſed was 11 grains, and conſequently a 


or the ſphere's ſpecific gravity was —_ that of water be- 
ing = 1. | 


8 


2 — de- 

COS TOM Mean time | Time by | Error of 
| 601nch 

— — by of deſcent, | theory. experim. 
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No. II. 
The weight incloſed within the ſphere was 3 grains, 
and conſequently », or the ſphere”s Heise gravity in re- 


ference ta water —= _ , that of water being = 1. 


P 
— K — 


8 


Ly nee 20 — Mean of | 

1 Time by | Error of 
2. | reſt by expe- | theſe obſer- ; 

: ouch 4 4 vations. theory. | experim, 
3 | inches. 

I 27.x | 

| 
2 27 27.3 26.66 
1 | | 
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No. III. 
The weight incloſed in the ſphere was 1 grain, and 


conſequently the ſphere's ſpecific gravity = 7 „that of 


water being = 1. 


4 Time of 85 1 
*ribin can o 

3 — row theſe obſer- — by | Erro * of 
2 reſt by EXPE- vations, cory, experim. 
— riment. 

I 45 | 

44 2 44-33 46.21 — 1.38 

31 43:4 | | 


Theſe experiments are coincident with the computed 
times to a ſufficient degree of exactneſs, conſidering the 
extreme nicety requiſite to conſtruct them ſo as to be con- 
ſiſtent with the conditions required by the theory: for it 
is almoſt impoſſible to prevent ſome ſmall degree of oſeil- 
lation in the ſphere while it deſcends; it is alſo equally dif- 
ficult to make the figure ſo perſect that the deſcent may be 
preciſely in a vertical line. It is alſo to be noted, that 
when the incloſed weight, which may properly in this 
caſe be termed the moving force, is very ſmall, as in the 
laſt ſet of experiments, it is very difficult to ſay that it 


ſhall not vary 7 or _ part of the whole from the truth: 


for in this caſe, the unavoidable errors (however ſmall) in 
the conſtruction of weights may conſpire with thoſe of ba- 
lancing the ſphere in the water previous to the experi- 
ments. Theſe cauſes are certainly ſufficient to create ſome 
aberration of the time by experiment from that which is 
deduced from computation, no greater diſagreement how- 
ever is obſerved between the theory and matter of fact, 
than what ſhould be rather attributed to thoſe cauſes than 
to any imperfeCtion in the theory. 

— a body is immerſed in a fluid, it will either “ aſ- 


5 cend or deſcend according as its weight is lefs or greater 
tics, Lect. 4. than that of an equal bulk of the fluid: in either caſe the 


body may be conſidered as ated on by three forces, one 
a whereof 
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whereof is its weight or natural gravity, which is dimi- 
niſhed by the weight of an equal bulk of the fluid ; theſe 


two forces always act in a direction oppoſite to each 


other, and are invariable in quantity, whatever be the 
velocity with which the ſphere moves. To theſe muſt be 
added a third, i. e. that of reſiſtance, which will depend 
both in direction and quantity on the ſphere's motion; if 
the ſphere aſcends, the force of reſiſlance conſpires with 
that of gravity, but the ſum of both forces is leſs than 
the weight of a quantity of fluid equal in magnitude to 
the folid, for which reaſon, the ſphere will continue to 
aſcend in the direction of the Rronger impulſe. 

In the preceding propoſitions the ſpherical bodies have 
been ſuppoſed to deſcend in the fluid, and from the laws 
of this deſcent it has appeared, that bodies of the greateſt 
known ſpecific gravity, f if they be divided into ſufficient! 


minute parts by the menſtrua wherein they are diſſolved, f Page 148. 


may remain ſuſpended in them for any length of time. In 
this manner will aqua regia or even ether hold ſuſpended 
the parts of that moſt ponderous of all metals gold : and 
in the ſame manner air will retain water ſuſpended in it, 
when once ſubdivided into ſufficiently minute parts; and 
various ſimilar inſtances will naturally ſuggeſt themſelves. 
But another difficulty attends theſe phænomena which 
ſhould be here taken notice of. 

Although the laws of reſiſtance will ſufficiently explain 
the reaſon why bodies when diſſolved remain ſuſpended in 
fluids ſpecifically lighter than themſelves, yet it does not 
follow from any thing that has preceded, how a body di- 
vided into parts however minute, can poſſibly aſcend in a 
fluid ſpecifically lighter than itſelf ; whereas it is well 
known that in ſome ſolutions, when the ſolid is to be diſ- 
ſolved is placed at the bottom of a veſſel into which the 
diſſolving fluid is poured, the parts of the ſolid during 
the ſolution, without any motion whatever being com- 
municated to the veſſel, will be diffuſed throughout the 
ſubſtance of the diſſolving fluid, appearing at firſt ſight to 
overcome the natural tendency of all bodies toward the 
earth's centre, and to have ſome new power of aſcent im- 

reſſed upon it in conſequence of the diſunion of its parts, 
ow far this is in reality the caſe may probably appear 
from the ſubſequent propoſitions and arguments deduced 


from them. 
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If a ſpherical body of a given diameter 
be immerſed in a fluid, and if the ſphere's 
weight bears no ſenſible proportion to the 
weight of an equal bulk of the fluid, the 
velocity of its aſcent will be uniform 
from the firſt inſtant of its motion, and 
will be the ſame as that which a heavy 
body acquires in falling from reſt by the 


acceleration of gravity through 5of its 


diameter. 


Let the aſcent of the ſphere begin from quieſcence at 

A, and let 40 = x: moreover, let z be the ſpace through 

which a body mult fall from reſt by the acceleration of gra- 

vity, ſo as to acquire the velocity in O. Then will the re- 

- 

ſiſtance t to the ſphere's motion at O = the weight 2 55 5 

d being the ſphere's diameter, and p = 3.14159, &c. the 
ſphere's weight will alſo reſiſt the aſcent, and i n be a very 
mall fraction repreſenting the ſpecific gravity of the ſphere, 


3 
its weight will be expreſſed by 2. wherefore £2? + 
pd 


1 will be the whole force of reſiſtance oppoſed to the 


ſphere's aſcent: but the force whereby the ſphere endea- 
vours to aſcend 1s the weight of a quantity of the fluid 


equal in bulk to the ſphere, which weight = £2, becauſe 


43 3 42 3 : SP 
: cent = 2 — £2 — #2, and this being divided 
Prog. IX; by the * ſphere's weight cs „ will give the force where- 


6 
by 
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by the ſphere is accelerated at O, which will therefore be 


L * ies 6 
eee, aaron eb tos 


E, the force of acceleration will be = — 3 
4nd 4 n 


424 ä 
from the principles before || demonſtrated, we have ©. — P 


, x 
4nd 4nd” 
| * 1 — — 
ing the variable part of the fluent, to which if the con- 


fant part + — log. 4% be added, we ſhall have ———, 


the number the hyperbolic logarithm of which is equal to 
_ 
I; this will give L = o, (becauſe £= 


is infinite,) and conſequently 44 — 3 * = os or & =45, 
and if / = 193 inches, the ® velocity at O = VE Propev, 


inches in a ſecond, which is the ſame velocity which 
would be acquired by a heavy body which falls by the 
acceleration of gravity from reſt through a ſpace equal to 
of the ſphere's diameter, Since this reaſoning is ap- 


plicable without the leaſt alteration to any other point 2, 
in which caſe the velocity at Q will come out the ſame as 


before = V == inches in a ſecond, it follows, that 
the velocity of the ſphere's aſcent is entirely uniform. 


Cor. 1, A globe without weight aſcends in fluids of any 
different denſities with the ſame uniform velocity, pro- 
vided the diameter of the globe be unaltered. 


Cor. 2. Globes without weight of different diameters 
aſcend in fluids with uniform velocities, which are in a 
direct ſubduplicate ratio of their diameters. Cue. 
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Cor. 3. The concluſions deduced from this propoſition, 
follow alſo from Prop. VIII. where the velocity of the 


ſphere's deſcent is ſhewn to be Y = A — — 


3 * 


** 1—e *"*; „ being aſſumed greater than 1. If 
be aſſumed leſs than 1, ſo that the ſphere may aſcend 
in the fluid, the inveſtigation will be in every ſtep the 
ſame as before, except as far as regards the quantity 2 — 1, 
which will become 1 — 2; ſo that the velocity of the 
ſphere's aſcent will be defined by the equation = 


— — 
E 1 


; and if à o, 


; 3 
as in the propoſition juſt demonſtrated, e % o, and 


92 — — as before. 


Cor. 4. If the ſpheres ſnould not be abſolutely without 
weight when compared with the weight of an equal bulk 
of the fluid wherein it is immerſed, yet the precedin 
principles will be ſufficiently true for any practical appli- 
cation of them to matter of fact, provided the ſpecific 
_ of the ſpheres be not in a greater proportion to 

at of the fluid, than of about 1 to 100: for in this caſe, 
the error of the rules for determining the velocity of aſcent 


will not exceed =o part of the true velocity, which would 


not be ſenſible in obſervation; and in general, if the 
ſphere's ſpecific gravity be a ſmall fraction », that of the 
faid wherein it 15 immerſed being = 1, the error of the 
preceding rule ariſing from the ſphere's weight, will be 
that part of the true velocity which is expreſſed by the 
_—_— a 2, Which appears from inſpecting the rule in 

or. 3. . 

Theſe concluſions ſeem to be related to ſeveral natural 
phenomena, the ſolution of which from mathematical 
principles requires ſome conſiderations to be premiſed. 

Although it is certain that no material ſubſtance is deſti- 
tute of gravity, yet it is equally true that there are fluids 
in nature of ſo rare and ſubtle a texture, that their weight 
is inſenſible in regard to any diſcoverable effects produced 

y it in ſome natyral phænomena. 


Among 
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Among theſe phznomena muſt be reckoned the minute 


bubbles or ſpherical cavities, which aſcend in fluids durin 
fermentations, ſolations, &c. Theſe ſmall cavities are fill 
with airs or elaſtic vapours of different kinds, ſome of which 
are ſpecifically heavier than common air, and ſome far 
lighter than that fluid. Others again conſiſt of a ſpecies 
of vapour ſo rare that its weight is ſcarcely ſenſible: but 
whatever be the quality of theſe vapours, their weight 
affects not perceptibly the velocity of the aſcending 
ſpherical cavities containing it, which appears from Cor. 
. huj. according to which, if the ſpecific gravity of 
the included vapour were only 600 times leſs than that of 
the fluid wherein the ſpherules aſcend, the variation of the 
velocity occaſioned by the weight, will be no more than 


—— part of the whole, which is intirely inſenſible in ex- 


riment. 

FeThat the contents of all theſe aerial ſpherules are elaſtic 
is manifeſt from their cavities admiting of dilatation and 
compreſſion. For it is evident to the ſenſes, that heat or a 
diminution of external preſſure, will cauſe them to expand 
into larger portions of ſpace, whereas the application of 
cold or an additional preſſure will create a diminution of 
their bulk : and if the temperature of the fluid wherein 
they aſcend and the external preſſure remain the ſame, 
their diameters will be unaltered. 

The laws according to which a ſpherical body without 
weight aſcends in any fluid, demonſtrated in Prop, XII. 
huj. are applicable to the aſcent of the minute air bubbles 
above mentioned, although the figure of a ſpherical bub- 
ble will be changed during its aſcent in a fluid if the 
diameter be conſiderable; yet when the ſpheres contain- 
ing theſe vapours are very ſmall, no ſuch alteration in their 
figure takes place, which may be known, not only from 
their apparent perfectly globular form, but from their 
equable and vertical aſcent: whereas when the diameter 
is ſo great that the figure ſuffers alteration, the ſphere's 
motion is neither equable nor in a vertical line, but in va- 
rious irregular directions, tending however upon the whole 
conſtantly upward. It mult alſo be added, that although 
theſe ſpherules being leſs compreſſed as they approach the 
ſurface of the fluid, the elaſticity of their contents will ne- 
ceſſarily cauſe an increaſe of their diameters, yet this in- 
creaſe will be ſo ſmall in moſt caſes, that the velocities as 
determined by Prop, XII. will not be ſenſibly affected 
thereby. 1 
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To illuſtrate this, let FC repreſent the ſurface of a 
fluid of the ſame denſity with water, Z a ſmall aerial ſphere 
aſcending in the vertical line BC ; produce BC to 4, fo that 
C4 way by equal to 34 feet: now it is manifeſt, that the 

re upon the ſphere at B will be as the ſpace BA, and 


conſequently if the depth BC ſhould be one foot, the dif- 
ares at B and C will be as BA: CA, or as 


ferent p 
: 33 ; and the diameter of the ſphere at & will be to its 
Via. infra diameter 5 


P. 163. 


ON 


at C in an tinverſe ſubtriplicate ratio of 34: 33, 
or as 101: 102 nearly: which proportion of inequality is 
ſo- ſmall, that the diameter of the ſphere may Joſtly be 

arded as conſtant during the whole of its paſſage from 
to C. This being the caſe, the velocity of the ſphere's 
aſcent may be eſtimated from having given its diameter, 
. to the preceding + Prop. in which it is ſhewn 
t the velocity of the aſcending ſpherule is intirely uni- 
form, and equal to that which a heavy body acquires in de- 


| ſcending from reſt by the acceleration of gravity through 


| face,) through = finall {p 


Fig. xxx. 


a ſpace equal to 5 of the ſphere's diameter. 80 that if 
S the ſphere's diameter, v the velocity of its aſcent, 
1 = 193 inches, it has been ſhewn, that v = —— 


a 2 
and conſequently 4 = 2. To apply this, ſuppoſe it 


were obſerved that a ſmall air bubble aſcended in water at 
the rate of three inches in a ſecond, and let it be required 
to determine its diameter; here v = z, and by the rule 


o*  .3:X.0 _;- 8 
* 161 16 x 193 ann 


This ſolution is ſuſiciently exact for determining the 
aſcent of aerial ſpherules in water and in fluids of ſimilar 
„(as long as the atm preſſes upon their ſur- 
ace; The proportion of B to CA 
is increaſed either by leſſening or removing the preſſure 
of the atm by — the ſpace BC through 
which the ſſ aſcends, or by cauſing the ſphere to àlſ- 
cend in a fluid of great d com with that of wa- 
ter, ſuch as mercury: for in this latter caſe, the height 4C 
= A4 ſeet muſt be diminiſhed in the proportion of 14 : 1, 
ſo as to become vs — let this = CD, if there fore the 
ſpherule aſcends through BC = 1 foot, the preſſures at 
and C would be as 3.44 : 2.44, or as BD: CD, and the 
diameters at Band C in a ſubtriplicate ratio of 2.44 : 544; 
W 


- 1 7 


=, BL 


which is too great a proportion of inequality to admit of 
the diameters being regarded as conſtant. In theſe caſes 
recourſe muſt be had to a ſubſequent propoſition in order 
to determine the velocities and times of aſcent. 

It is next to be conſidered in what manner theſe aerial 


bubbles act during fermentations, ſolutions, &c. 


„ i XII I 


When a ſolid body is immerſed in a 
fluid which diſſolves it, the parts of the 
diſſolved ſubſtance although of greater 
ſpecific gravity than the menſtruum, are 
yet elevated ſo as to be diffuſed in ſome 
degree over the whole maſs, and this ele- 
vation of the particles 1s cauſed by the 
globules of vapour which eſcape from the 
ſolid during its ſolution, 


The diſcoveries of Dr. Black, Sir J. Pringle, Dr. Mac- 
bride, &c. relative to certain airs or vapours exiſting with« 
in the ſubſtance of bodies in a fixed or latent ſtate, ſeem 
to make it evident that the power wheteby the parts of 
bodies cohere, ariſes from the action of theſe vapours, or 
as they have been denominated, aerial fluids. 


On this account fixed + air has been termed the cement« + Mac- 
ing principle, and although other cauſes may poſſibly con- brig 


cur in the production of the ſolidity of bodies“ textures, 
yet it follows indubitably from the admirable experiments 
of the gentlemen juſt mentioned, that when the fixed air 
which naturally exiſts within the pores of a ſubſtance 
is abſtracted from it, the coheſion of its parts is at the ſame 
time deſtroyed; and the principle is ſtill rendered more 
obvious from reſtoring the — power or fixed 
air, whereby in many caſes a new coheſion of parts takes 
place, cauſing the ſeparated particles of the body to re- 
unite into a ſolid maſs, 2 us, if animal fleſh be im- 


merſed 


— * = 
Es 


"$5 
N 
1 . 


[ 162 J 


merſed under water, after ſome time ſmall bubbles of air 
will be obſerved to riſe in the water, a ſign that fermen- 
tation has begun to diſſolve the texture of the fleſh : which 
by this proceſs being deprived of its natural quantity of 
fixed air, loſes its coheſive firmneſs of texture and becomes 
putrid: but if a ſvfficient quantity of fixed air be reſtored 
to it, the putrid fleſh will recover its ſolidity of texture, 
and become as ſweet to the ſmell as before. What more 
particularly belongs to the ſubje& of the propoſition, is 
an appearance always obſerved during the termentative 
proceſs juſt mentioned; as ſoon as the air bubbles begin to 
ariſe, ſmall particles of the fleſh are likewiſe detached from 
the putreſcent ſubſtance, and aſcend to the top of the wa- 
ter; and this aſcent is cauſed by the bubbles of fixed air 
which aſcend during the fermentation. Each of theſe bub. 


bles would if unimpeded riſe with a velocity which a 
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heavy body acquires in deſcending from reſt by the acce- 
leration of gravity “ through a ſpace equal to 5 of the 


ſphere's diameter : but if any ſolid ſubſtance be attached 
to it, the ſphere will nevertheleſs aſcend, although more 


ſlowly, provided the weight of the attached particle ex- 


ceeds not the weight of a quantity of the fluid equal in 
bulk to itſelf and the ſphere taken together; and this will 
be true whatever be the ſpecific gravity of the particle 
which is elevated by the rn bubble of air. 

In like manner during ſolutions of ſaline, metalline, or 
other bodies, vapours of various kinds are obſerved to 
ariſe in ſmall bubbles, and to eſcape from the ſurface of 
the diſſolving fluid; and it is not improbable, that how- 
ever theſe vapours may differ in — ſpecific proper- 
ties peculiar to each, yet that of cauſing or contributing 
to the coherence of the parts of bodies may be a property 
common to them all: however this may be, it ſeems ma- 
nifeſt, that the numerous aerial ſpherules which aſcend 
from any ſubſtance immerſed in a diſſolving fluid, carry up 
with them the diſunited parts of the ſolid, and in greater 
or leſs quantity, according to the magnitude of the parts 
and their denſity in reference to that of the diſtolvin 
medium. An inſtance of this kind may be eaſily obſerved 
by immerſing a piece of ſugar in a glaſs veſſel of water, 
the air bubbles during their aſcent viſibly carrying up 
with them long ſtreams of the diſſolved ſugar. 

In what manner the diſunited parts of bodies of the 
greatelt ſpecific gravity when once elevated in menſtru- 

1 ums, 
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ums, are notwithſtanding their denſity there held ſuſpend- 
ed, has been already deſcribed. + 

The diameters of the ſpherules of air which aſcend 
during fermentations, ſolutions, &c. have been hitherto 
confidered as invariable, which will be nearly true, pro- 
vided they continue to ſuffer invariable compreſſion, and 
the temperature of the fluid continues the ſame. Although 


it has been ſhewn, that during a ſphere's | aſcent through f Page 160. 


any ſmall ſpace, the compreſſion alters not very conſidera- 
bly, as long as the atmoſphere continues to preſs on the 
ſurface of the fluid, yet when that preſſure is either re- 
moved or much diminiſhed; or if the fluid ſhould be ex- 

ſed to various degrees of heat, the diameters of the aſ- 
cending bubbles will vary in ſo great a degree that the 
velocity of aſcent will no longer be deducible from the 
rules already demonſtrated. In order to inveſtigate the 
velocity with which a ſpherule of air or vapour aſcends, 
allowing for the variation of the diameter, the effects of 
heat are not conſidered, it being impoſſible to reduce them 
to geometrical eſtimation. The temperature of the fluid 
therefore in which the aerial ſpherules ariſe being the ſame, 
the only alteration in their magnitudes and diameters will 
be occaſioned by the variable preſſure acting upon them at 
different diſtances from the ſurface of the fluid: this al- 
teration of the diameter will depend on the law, which tlie 
ſpaces occupied by the elaſtic vapour obſerve in reference 


+ Page 148, 


to the reſpective preſſures: and it is * found by ſome ex- « rg ghing 
periments which have been made on the ſubject (although Gunnery, 


not yet ſufficiently extenſive to entirely eſtabliſh the pro- 
poſition, but which muſt at preſent be allowed as true in 
order to proceed with the argument) that the elaſtic 
forces exerted by a given quantity of this vapour, will 
be 34 in the ſame proportion as the ſpaces occu- 
pied by it are leſs: and it is evident that the elaſtic force 
muſt be equal to that of compreſſion, whenever the mag- 
nitude of the ſpace occupied remains the ſame. This 
being the caſe as long as an air bubble remains at the 
ſame depth, the diameter will not be altered ; but as the 
2 approaches the ſurface of the fluid, the preſ- 
ure will be diminiſhed, and conſequently the capacity 
increaſed in the ſame proportion: that is, the 3 
magnitude will be in an inverſe proportion of the diſtance 
of its centre from the ſurface of the fluid (the preſſure of 
the atmoſphere not being at preſent conſidered), and conſe- 
quently the ſphere's diameter will be in an inverſe ſubtri- 
plicate ratio of the ſame diſtance. If therefore at any given 
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diſtance from the ſurface a, the diameter is 6, let 4 be the 
diameter at any other diſtance x, then by the rule we have 


1 

x T 

3:4 41, — 
K 1 


It has already appeared, that the increaſe of the ſphere's 
diameter will cauſe a continual acceleration of the aſcent, 
and this being the real manner in which aerial ſpheres aſ- 
cend in fluids, ſhould next be conſidered. | 


XIV. 


Let ver repreſent the ſurface of any 
fluid, B a ſpherule of air or elaſtic vapour 
beginning to aſcend in it, in the vertical 
line Bc: produce Bc to A, ſo that ca 
may be the altitude of a column of the 
fluid, the weight of which is equal to that 
of the atmoſphere preſſing againſt a given 
ſurface; then the velocities of the aſcend- 
ing ſphere at any given points o, Q. will 
be in an inverſe ratio of the ſixth root of 
the diſtances oA, QA, when the ſphere's 
ſpecific gravity is diminiſhed fine limite. 

Let the ſphere's diameter when at B = , and ſup- 


ſe the ſphere to have aſcended to the point O; and let 
AO=x, AB =a, then will the diameter of the 7 ſphere at 


4 
2 w? 8 alſo the quantity of contained air or va- 
* 
zur being invariable, the ſphere's ſpecific gravity will 
be inverſely as its magnitude; wherefore if the ſpecific 
gravity at B be = m, at O it will become = m *. 


Let 
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Let z be the ſpace through which a body muſt fall 
from reſt by the accleration of gravity, ſo that it may 
acquire the velocity of the ſphere in O; and fince the 
force which acclerates an aſcending ſphere, the dia- 
meter of which = 4, and its ſpecific gravity = n, is 
T 
89841. , ſubſtituting 1 for 4, and — for , 8 : 
n 4nd x7 4 ad finem, 


the + force which accelerates the ſphere at O will be br Kli. 


32 4 


; and fince the fluxion of the 


T 
ſpace = — &, we have *ﬀ— — 1 — 5 * 4 == &, Pes. V. 
46ma* Cor. 4. & 


and by reduction „enn — 


1 
* 1 


2 a 
4mbx* z, or becauſe m is ſuppoſed to be diminiſhed 
fine limite by the problem 27 = 31, und a = 

T 


Xx 


a : ; 
=; and if I 193 inches, the velocity of the ſphere 


3x7 


no=\V1641d* — 1, VIS Il V6 7 
of : 7 3 


; EP. 
being conſtant, it follows, that the velocity will be in- 
verſely as the ſixth root of x, or of the ſphere's diſtance 
from the point A. 

When the ſpecific gravity of the ſpherule is evaneſcent, 
and the fluid wherein it aſcends is not preſſed by the at- 
moſpheres, the velocities will be in an inverſe ratio of the pig, XxX1. 
ſixth root of the diſtances from the fluid's ſurface: for in 
this caſe, the point a will coincide with the fluid's ſur- 
face at c. 

If it be required to aſſign the velocity at any given 
point O, ſuppoſing the ſpecific gravity of the ſphere too 
conſiderable to be neglected, the problem wil — 

iſticult: 
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11 

difficult : for in this caſe the relation of x and x muſt be 
| | | 7 

aſſigned from the || equation En = — 2, 

4 5 


or 4 — == = & — = . In order to ſeparate the 

unknown quantities, let y be aſſumed of ſuch a magnitude 
" F 

that the fluent of a - ſhall be xy, and let the 


4max*b 
whole equation be multiplied into y, the value of which 


is to be afterwards determined: this will give #y — = 


2 
'T 


= &y — 25} = &y + #5 (becauſe the fluent of ⁊) 
4 6 J 
2 


=A 
— == is by the ſuppoſition = xy). Subtracting &) 
4max*h 
from each fide, and dividing by x, we have 5 = — 


2d _ _ 36's ga? x” 


. 


and if e 2. 182, &c. it will follow, that y = 2 
2 42 ” 
T.T 
. FOR ' * — — 
and conſequently a — —2 = 5 . 


= the fluxion of zy ; it appears therefore that the quan- 
. 1 
2 5 a 


—— _ 

the fluent of fo *** XxX 1—— 

6 mx 
tity ſought or z = ——— " 
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XV. 


Every thing remaining as in the laſt 
propoſition, let it be required to, deter- 
mine the time in which the ſphere of air 
or vapour, beginning its aſcent from B, 
deſcribes any given ſpace Bo. 


Since the fluxion of the - = =, and the ſphere's 


616 
velocity ® at O = . a , it follows, if the time re- XN 


3x? 
2 3 V at 
quired be put = T, that 17 == Sect. III. 
V 161ba? rop, ill. 
. 
Vi 49 K 16 7 
ö I 
= V ; but when x = 4, by the problem 
196 1b a7 
27 - 
T = o, the entire fluent will therefore be T = VET 
f I 
196 164 


Cor. 1. When x = o, the ſphere will have aſcend- rig xxxI. 
ed through the whole ſpace to the — a, and in this 


caſe, the whole time of aſcent = vV ETA Thus 
ſuppoſe a veſſel of 12 inches in _ to be filled with 
water, and let an air bubble of — — part of an inch in dia- 


meter begin its aſcent from the bottom of the ift, 
ere 
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Here (che preſſure of the atmoſphere upon the water's ſur- 
face being removed by an air pump, ) to find the time of 


the ſphere's aſcent, we have a = 12, 6 = 186 12193, 


and the time required = \/ Le 7＋ 23.2 ſe- 
196 X 193 8 


conds. . 

Cor. 2. If two equal ſpherules of air begin to aſcend in 
a fluid of a given ſpecific gravity from reſt at different 
depths, the times of aſcent to the ſurface will be in a direct 
ratio of thoſe 1 7 or of the ſpaces deſcribed by the ſpheres. 

Cor. 3. If the ſphere's diameters at the firſt infant of 
motion ſhould be unequal, the times will be in a direct 
ratio of the depths, and an inverſe ſubduplicate ratio of the 
diameters. ; 

It appeared from the preceding propoſitions, that in 
fluids of conſtant temperature, a ſpherical body of eva- 
neſcent weight would aſcend uniformly ; and that the velo- 

8 city of ® aſcent would be equal to that which a heavy body 
. acquires in falling from reſt by the acceleration of gravity 


through E of the \| phere's diameter, provided the diameter 


ſuffered no ſenſible alteration either from a variable preſſure 
or temperature: but when a veſſel of any liquor is placed 
under the receiver of an air pump, and the air either parti- 
ally or almoſt wholly exhauſted, the preſſures on the air bub- 
Fig. XXXI1. bles will vary conſiderably. Suppoſe BC to repreſent the 
depth from the ſurface through which the ſpherules aſcend 
from reſt; and let CA be the eight of a column of the fluid 
equal to the preſſure of the atmoſphere: if that portion of the 
air be exhauſted from the receiver, which is expreſſed by the 


fraction 245 the force of preſſure at B will be to the force 
at C, as BD:: CD; which preſſures may vary in any ratio 
of inequality, according to the quantity of air remaining 
in the receiver: and this appears to be the reaſon why the 
air bubbles which ariſe in water, &c. when placed in vacuo, 
increaſe to ſo great a magnitude before they arrive at the 
ſurface ; whereas if the preſſure of the atmoſphere is not 
removed from the fluid's ſurface, the diameters of the 
ſpherules alter not very much in aſcending through a 
mall ſpace. The rapid acceleration which is alſo ob- 

ſerved in aerial ſpherules which aſcend in fluids is the 
. Im- 


1 
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included in the exhauſted receiver of an air pump, is the 
immediate conſequence of their increaſing diameters; for 
it has been ſhewn in this caſe, that the velocity of aſcenc 


on account of their variable 3 diameter is in an inverſe ra- f Sect. V. 
ratio of the ſixth root of the ſphere's diſtance from the Prop, XIV. 


ſurface, and conſequently when it arrives at the ſurface, 
the velccity wou'd be greater than any that could be aflign- 
ed, were it not for the remaining part of the air, which 
can never be wholly exhauſted from the receiver, and the 
change of the ſpherical figure cauſed by the increaſed mag- 
— of the cavity occupied by the elaſtic vapour. 

There 1s alſo another cauſe which prevents the accele- 
ration from being increaſed beyond a certain limit: it may 
be mentioned in this place: the propofitions relating to 
the aſcent of acrial ſpherules are demonſtrated on a 1 
poſition, that the force whereby a body endeavours to aſ- 
cend in a fluid is equal to the difference een the weight 
of the ſolid and of y bulk of the fluid, which is true 
even in a phy ſical ſenſe) only while the velocity of aſcent 
is inconſiderable: this is the caſe when air bubbles aſcend 
through ſmall ſpaces in fluids expoſed to the preſſure of 
the atmoſphere, but when the velocity is very much in- 
creaſed, by removing the compreſſure of the atmoſphere, 
ſo as to bear a conſiderable proportion to that with which 
the fluid which impels the — ſphere would ruſh 
into empty ſpace, it no ways impeded, the force of aſcent 
will be no longer-equal to that aſſumed in the demon- 
ſtrations, which is always greater than the true force. 
This might be allowed for if neceſſary to the explication 
of any phznomena relating to this ſubject: but the de- 
monſtrations which have been given are ſufficiently exact 
for any application to practice, where the nature of the 
caſe at all admits of reference to theory. 

Since when the atmoſphere preſſes on the ſurfaces of 
Aujds, the aerial ſpherules aſcend in them with velocities 


which are in a direct“ ſubduplicate ratio of their diameters, ® SeQ. V. 
it follows, that theſe diameters may be ſo minute that their Pp. XII. 


aſcent ſhall be almoſt wholly impeded ; that is, it ſhall be 
ſo flow, that a given ſpace ſhall not be deſcribed by them 
in any aflignable time however great: but if by any means 
their diameters are increaſed, the ſpherules of air will in 
conſequence of this change not only become viſible to the 
eye, but aſcend with velocities increaſed in a ſubduplicate 
proportion of their diameters, if the preſſure of the fluid 
remains conſtant, but if the diameter be increaſed durin 
the aſcent on account of _ continual diminution of p 
are, 


— 
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fore, the velocity will be accelerated. Thus a veſfel 
of water which ſhews no appearance of theſe aſcending 
ſpherules in open air, if it be included under the receiver 
of an air pump, and the air exhauſted, the ſpherules will 
be ſeen to ariſe in abundance and with. accelerated velo- 
cities for a conſiderable length of time, For the preſſure 
being removed, the ſpherules will of courſe be expanded 
by the elaſtic force of their contents. This proceſs ex- 
tracts from the water the air contained in it. 

Alſo if common water in which no ſpherules apparently 
aſcend, be expoſed to hear, the air bubbles will ſoon be. 
gin to ariſe in it, their diameters being enlarged, and 
conſequently their velocities augmented in a ſubduplicate 

roportion : for heat has the property of expanding all 
ubſtances, eſpecially elaſtic fluids. When the degree of 
heat is increaſed fo as to greatly enlarge the magnitude of 
the aſcending bubbles, and conſequently the rapid velo- 
city of their aſcent, the water aſſumes the appearance of 
boiling; having acquired the greateſt heat which it is 
poſſible to communicate to it. This boiling appearance 
depends on the magnitude of the aſcending cavities of 
elaſtic vapour; but it has been ſhewn, that a diminution 
of the preſſure on a flaid's ſurface, will increaſe the mag- 
nitude of the aſcending ſpheres of vapour as well as the 
application of fire. If therefore a portion of the air's 
preſſure be removed from the ſurface of a fluid, a leſs de- 

ree of heat will cauſe the appearance of boiling; it 
is well known, that water will boil with a leſs degree of 
heat when the barometer is low, than when it indicates a 

reater preſſure of the atmoſphere, and this decreaſe of 
— correſponding to the diminution of the atmoſphere's 
preſſure and the heat of a boiling fluid admits of con- 
ſiderable latitude : thus if water moderately warm be 
placed under the receiver of an air pump, and the air be 
ſufficiently exhauſted; the water will be obſerved to boil. 
In the ſame manner newly fermented liquors which are 
replete with a ſpecies of vapour called fixed air, although 
when viewed in open air they diſcover none of the aerial 
bubbles or ſpherules of fixed air aſcending in them, yet 
when ſuch Jliquors are included under the receiver of an 
air pump and the atmoſphere removed, the air contained 
in the liquors will be obſerved to riſe in large and nume- 
rous bubbles, eſpecially if a degree of heat be previouſly 
applied; but it ſhould' be obſerved, that the tenacity 
which this ſort of fluids generally poſſeſſes, prevents the 
air bubbles which ariſe from being immediately 1 — 
| 0 ö an 
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and mixed with the remaining air, inſtead of which they 
are collected into a froth, and ſometimes riſe to a con- 
ſiderable heighth above the furface of the fluid. 


It may be inferred from theſe principles, that air when 


intimately combined with the ſubſtance of water and other 
fluids becomes divided into parts ſo extremely minute as 
to eſcape the obſervation of the ſenſes, until the aerial par- 
ticles ate expanded into larger portions of ſpace, either by 
removing the. preſſure of the atmoſphere, or by heat: aud 
it appears that this minuteneſs of the particles, although 
of far leſs ſpecific gravity than the fluid, detains them in 
a quieſcent tate till their diameters are increaſed by one 
of the cauſes juſt mentioned. | 

It may alſo be added, that excluſive of the atmoſpheric air 


contained in the || ſubſtance of water,&c. ſome ſubtle ethe- {| Hawkſ- 


real elallic medium ſubſiſts alſo, of no ſenſible weight but 
capable of intumeſcence by heat: for after all the atmo- 
ſpheric air has been extracted from water, on the conti- 
nued application of heat, the aſcent of bubbles will ill be 
dberved, 

Concerning the application of the preceding propoſi- 
tions to matter of fact, it muſt be remembered, that one of 
the conditions on which they are demonſtrated is, that the 
elaſtic force of the vapour contained in the cavities of the 
aerial ſpherules obſerves the ſame law in regard to the 
ſpaces occupied by i: as atmoſpheric air does; chat is, the 
force wherewith the vapour endeavours to expand itſelf is 
ſuppoſed to be greater in the ſame proportion as the ſpace 


co 
Exp. 


Phy- 
echan. 


occupied by it is leſs. But although Mr. Robins“ has de- Robins? 


monſtrated that this law obtains in the fixed air or vapour 
of gunpowder, it ſeems probable, that the fixed air which 
riſes from ſome fermented liquors, when the preſſure on 
their ſurface is ſuddenly removed expands itſelf in a 
higher ratio than is conſiſtent with the preceding hypo- 
theſis. This circumſtance therefore muſt be determined b 
accurate experiments: in the mean time it muſt be note 
that whatever law of expanſive force be obſerved in ref 

of the ſpaces occupied, the aſcent of ſpherules filled with 
theſe aerial fluids will not be affected, being the fame as 
that which is demonſtrated in prop. x11. huj. provided 
the compreſſion of the fluid wherein they aſcend be inva- 
riably the ſame in all parts of their aſcent, and this com- 
preſſion be always equal to the elaſtic force of the medium 
contained in the ſpherules. 
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XVI. 


Vapour or ſteam conſiſts of hollow 
ſpherules of the fluid from which they 
ariſe, and their aſcent is cauſed partly by 
the air's gravitation, and partly by the 
impulſe of ſome power which acts in a 
direction contrary to that of the earth's 


gravity. 


It is a known fact, that fluids expoſed to certain de- 
ees of heat, varying with the denſity, tenacity, &c. of 
the fluids, are converted into a rare and elaſtic ſubſtance, 
called vapour or ſteam; one peculiar property of which is; 
that if no ways impeded it always aſcends in the atmoſ- 
phere in a direction perpendicular to the earth's ſurface. 
Concerning the cauſe of this and the other phænomena 
obſervable in che aſcent of vapour philoſophers have 
adopted various opinions; none of which however ſeem 
to carry that perfect and fſatisfaftory conviction to the 
mind, which the ſolution of natural phznomena from me- 
chanical principles is ſo remarkable for. The crude and 
hypothetical notions which prevailed concerning this ſub- 
in the earlier ages of philoſophy, would naturally be 
exploded by men who to a diligent obſervation of nature 
joined thoſe helps which were to be derived from geome- 
try, The opinion of Dr. Newentyt was, that the parti- 
cles of fire adhering to thoſe of water, conſtituted what he 
calls moleculz, which were ſpecifically lighter than the 
air, and conſequently aſcended by the ſame power which 
tauſes cork to riſe in water or iron in mercury. This ſo- 
lution was not ſatis factory to Nr. Hally, who ſubſtituted 
in its place another more conſiſtent with the received prin- 
ciples of hydroſtatics. His idea was, that the aqueous par- 
ticles were by the power of heat formed into hollow ſphe- 
rules, which he could ſhew, might be 3 lighter 
than air in any aſſigned ratio. Theſe therefore mull riſe 
rpendicularly upwards until they arrive at thoſe regions 
of the atmoſphere, the rareneſs of which is the ſame with 
that of the vaporous ſpherules: in this ſtate they remain 
until com by cold or other cauſe they become ſpe- 
* cifically 
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fically heavier than the ſurrounding air, and conſequent- 
ſy deſcend in the form of rain, dews, &c. 

Although this account carries with it great appearance 
of probability, yet it has met with ſeveral ſtrenuous op- 
ponents, among whom is Mr. Clarke in his treatiſe on «1 
motion of fluids; Mr. Rowning alfo uſes arguments againſt 
it, and after them Dr. Hamilton in a tra& writ expreſily 
on the ſubject, undertakes to ſhew, that Dr. Hally's hypo- 
theſis is inſufficient to account for the phænomena of eva- 
poration : his chief argument againſt Dr. Halley is this; if 
the aſcent of vapour were cauſed by water being converted 
by heat into an elaſtic ſteam conſiſting of hollow ſpherules, 
it would follow, that the quantity of ſteam raiſed from a 
pron ſurface depends on the quantity of heat: whereas 

e ſhews, that evaporation is carried on even while the air 
is at the temperature of freezing, and that the quantity of 
vapour raiſed, depends more on the quantity of freſh air 
paſling over a given ſurface of the fluid, than the tempe- 
rature of the atmoſphere. 

Not to enter into any conſideration, whether it be 
certain that the aſcent of vapour from warm liquor be 
analogous to the evaporation of fluids expoſed to the ac- 
tion of current air, or whether each phznomenon be in- 
conſiſtent with the 3 that the particles which 
com poſe r are hollow ſpherules, it may be ſufficient 
for the preſent purpoſe, to apply the propoſitions which 
have been demonſtrated concerning the aſcent of ſmall 
ſpherical bodies in fluids of greater ſpecific gravity, to the 
illuſtration and examination of Dr. Hally theory. 

The denſity of ſteam is various according to its differ- 
ent degrees of heat. The ſteam which is raiſed from 

iling water is 14000 times rarer than water, and fince 
water is at a medium about 850 times rarer than air, it 
will follow, that aqueous vapour heated to the tempera- 
ture of boiling water, is about 16; times lighter than air; 
but this will not give us the rareneſs of an individual 

article or hollow ſpherule: in order to obtain the ſpecific 
avity of which it muſt be conſidered, that if innumera- 
ble equal ſpheres be placed contiguous according to fig. 
XXxX11, the empty ſpace, or interſtices between the (ſpheres, 
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will be ſomething leſs than — of the whole ſpace, the pro- 
portien being as 47.6: 100 nearly. To explain this poſi- 


tion of the ſpheres more fully, as the figure of itſelf may 
be inſufficient, it is only neceſſary to ſuppoſe any given 
ſpace to be filled with hollow cubes equal to each other 
and contiguous ; if a ſphere, of which the diameter is equal 

U do 
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to the ſide of one of theſe cubes, 26 pond within each 


cube; as one ſphere is to its circumſcr ing cube, ſo will 
all the ſpheres be to all the cubes; and this proportion is 
that of 3.14159, &c. to 6, wherefore the hollow cubes be- 
ing removed, the interſtices muſt be to the whole ſpace 
as 2.85841: 6, or as 47.6: 100 nearly: this proportion 
being the ſame whatever be the magnitude of the equal 
ſpheres: but if the ſpheres are ſo placed that the greateſt 
number poſſible may be included in a given ſpace; ſo that 
a plane paſſing through the centres 7, 2 H. L, &c. ſhall be 
diſtant from a plane paſſing through the centres 4, B, 
C, D by a ſpace equal to the diameter of one of the 


ſpheres multiplied into V= according to fig. xxx111, or 


into * according to the figure adjacent; in either caſe 


the proportion of the interſlices to the whole ſpace will 
be ſomething more than that of 1 : 4, being in the ultimate 
proportion of V 18 — p to V 18, when the ſpheres” dia- 
meters are diminiſhed fine limite, p being = 3.14159, 
&c. Now we cannot ſuppoſe that the aqueous hollow ſphe- 
rules are exactly diſpoſed according to fig. xxx11. ſoon the 
other hand, there is no ſufficient reaſon to imagine them 
ranged as cloſe as poſſible, as in fig. xxx111, or in the fig. 
adjacent, in which the interſtices bear the ſame proportion 
to the whole ultimately: here then, if the knowledge of 
the exact manner in which the hollow ſpherules are diſ- 
poſed were neceſſary in the preſent caſe, we could not pro- 
ceed for want of data. But as the iſſue of this reaſoning 
will not be affected $ by any error that can probably be 
committed in aſſigning the ſpecific gravity of the aſcend- 
ing ſpherules, we may aſſume it, merely to proceed with 


the argument, as equal to — part of the denſity of the 


atmoſphere, which is about a mean ſpecific gravity be- 
tween the two extremes. 

It may be objected, that a greater rareneſs is aſſigned to 
theſe ſpherules than they can poſſibly poſſeſs, if they be 
ſuppoſed to conſiſt of ſhells of water filled with air rare- 
fied by the heat of the ſubjacent fluid : becauſe air ſuffers 
but a very ſmall rarefaction when heated from the tempe- 
rature of freezing to that of boiling water, a given bulk 
of the air when at the“ — — of freezing, being ex · 
panded by the heat of boiſing water into a ſpace greater 
than before in a proportion no greater than that of about 1. 
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to 1.414; and conſequently the combination of air, the 


I 1 
. leſs, and water which is 


$50 times greater than that of common atmoſpheric air, 
can never form a ſpherule the ſpecific gravity of which ſhall 


be that which is juſt mentioned, i. e. = a But it is 


evident from- other experiments, that the cavities of the 
vaporous ſpherules are not occupied by air, becauſe when 
ſteam is condenſed by the application of cold, fo as to be 
reduced to water, no air is produced from theſe cavities. 
The fluid which occupies the ſpherules of vapour muſt 
be therefore ſuppoſed to conſiſt of ſome elaſtic medium 
incomparably more rare and ſubtle than air : and conſe- 
ently a hollow ſphere of water filled with this vapour 
ay be lighter than the air in any aſſigned ratio. 


Let their leaſt ſpecific gravity, i. e. when at the tem- 


ſpecific gravity of which is 


perature of boiling water, be aſſumed 25 then by means 


of the different temperatures under that of boiling water 
to which they are expoſed, their ſpecific gravity will vary 


through all the intermediate magnitudes between ET 


and 1, according to the preceding determination: now it 
is to be remarked, that if theſe ſpherules were phyſically 
without weight, when compared with that of an equal bulk 
of air, their velocity of aſcent would be ſuch as a + — 
body acquires in deſcending from reſt by gravity throug 


- of their diameter, in which caſe their ſpecific gravity = 


o; but when their ſpecific gravity = a fraction , their 
diameter 4, and / = 193 inches, their velocity of 5 aſcent 


a [1614 ,—— 3 
r= * V1 —n, and 4 = — ===, F here 


ſignifying the number of inches through which the va- 
pour aſcends in a ſecond. 


It appears therefore that the velocity of aſcent will be 
nniform, if the diameters of the aqueous particles continue 
the ſame; but theſe diameters ſuffer alteration by bein 
expoſed to different temperatures of heat and cold, whic 
by increaſing or diminiing the elaſtic force of the me- 
dium occupying the cavities of the ſpherules, will of 
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courſe expand or contract their dimenſions, and conſe. 
quently alter their diameters in a ſubtriplicate pro- 


rtion. 

Many of the phznomena obſervable in the aſcent of 
vapours are extremely conſiſtent with the preceding hy- 

theſis. If the ſubſtance of miſts and vapours which are 
| to ariſe from lakes or damp grounds, be formed 
of hollow ſpherules as above deſcii bed, they will aſcend 
according to the theory with a motign holly uniform as 
long as their diameters are invaria ſe, which is con- 
fitent with obſervation ; the diameters of the vaporous 
particles being unaltered while the air's temperature con- 
tinues the ſame: alſo ſince it is the property of all elaſtic 
fluids to be expanded by heat, we may juſlly ſuppoſe, 
that the magnitude of theſe ſpherules will be enlarged 
by the ſame means; an immediate conſequence as de- 
duced from the theory is, that their velocity of aſcent will 
be increaſed in a ſubduplicate g ratio of their diameters. 
This alſo is conſiſtent with obſervation, for while vapours 
hang as it were pended in the atmoſphere, their ſpecific 
gravity being but little different from that of air, the heat 
of the ſuns rays by expanding them into larger portions of 
ſpace, accelerates the velocity of their aſcent, and from theſe 

rinciples it would naturally follow, that the diameter of 
the particles of ſteam which riſes from boiling water ſhould 
be larger than thoſe of ſpherules which conſtitute vapour 
when heated to any other temperature, and conſequently 
the uniform velocity of its aſcent ſhould be greater than 
that of ſteam heated to any fnferior degree, which is alſo 
conſiſtent with experience. 

Thus far theory and matter of fat ſcem to agree; and 
if every other appearance were equally deducible from the 
hypotheſis, we ſhould not heſitate to pronounce, that the 

ravitation of the atmoſphere on the ſpherules ſpecifically 
lighter was the only cauſe by which vapour aſcended: but 
a difficulty here occurs from the mathematical principles, 
which if they are not ſufficient for the intire explication 
of the phænomena, are yet ſerviceable at leaſt in ſubjecl- 
ing the hypotheſis to examination. 

If the diameters of the aqueous ſpherules be given, to- 

ther with their ſpecific gravity in reference to that of 

air wherein they aſcend, their velocity of aſcent may 
be determined a priori as far as it is effected by the air's 
gravitation, and converſely, if the velocity wherewith 
vapour aſcends, and the ſpecific gravity of the globules 
be given, their diameter may be — 2 I 
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If therefore the vapour which riſes from boiling water 


conſiſts of hollow ſpherules, and the velocity with which 
it aſcends in the air be obſerved, the diameter of the ſphe- 


rules will be determined, and ſhould agree with obſer. 


vation if the theory be perfect: but it is evident, that the 
particles whereof ſteam conſiſts are of ſuch minuteneſs as 
to render it impoſſible to obſerve them ſeparate from each 
other, the ſubſtance of ſteam appearing, even when ex- 
amined by glaſſes, as a rare and perfectly continuous maſs 
by no means diſti *hable into parts; whereas the dia- 
meter of the particles derived from the theory, upon a 
ſuppoſition that the air's preſſure is the only cauſe of their 
aſcent, is of ſuch a magnitude as would render each ſphe- 
rule obvious to the ſenſes: for if we obſerve the aſcent of 
ſteam from the ſurface of boiling water, it will be found 
to riſe at the rate of 4 inches in a ſecond : and ſince the 


. —_— 1 : 
ſpecific gravity of a particle is about —_— that of air be- 


3 
ing 1, we have for the determination of the diameter 4 


from the theory, a = — I = 193 inches, Y = 4, and 


10.3 
2 
tho diameter ®raquired = — mn = part of an 
| 161 x 1 —= 58 


inch. 

It is to be obſerved, that this reaſoning is not af- 
ſected by any error in the determination of the ſpecific 
gravity of the aqueous ſpherules which riſe from boiling 
water; for their ſpecific gravity was aſſumed = =, 
that of the air being 1, let » be increaſed, the diameter 


i= — i will be all increaſed, and if the 
I x 1— 2 
ſpherule's ſpecific gravity be diminiſhed, the diameter of 


the ſpherule will decreaſe, but can never be leſs than gr 


4 
which is its limit as when # is = o, and the ſame difficulty 


occurs from ſuppoſing the diameter = 8 as = of an 


58 
inch. 
It is however certain, that the diameters of the par- 
ticles of ſteam which —_— boiling water, ws 


g 


- * 
- * * 
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than 2 of an inch: let the diameter, for example, be ſup. 
poſed to = of an inch: to find the velocity of their 
120 f 


aſcent, we have n = —_ I = 193, and the velocity 
required = Vt * Vi—n= 2.78, or not ſo much 


| 82 3 inches in a ſecond; but the ſteam riſes at the rate of 
about 4 inches in the ſame time: it would follow there- 
fore, upon the ſuppoſition that the diameter of a particle 


— 


of ſteam — part of an inch, that this additional velo- 


city over and above that which is cauſed by the air's preſ- 
ſure muſt be attributed to ſome power which acts in a 
direction contrary to that of the earth's gravity. 

It is rather analogous to the operations of nature, than 
Inconſiſtent with them, to ſuppoſe the exiſtence of ſome 
uch power acting in a direction contrary to that of gra- 
vity. The remarkable phænomenon of the perpendicular 
growth and poſition of plants and trees muſt be attributed 
to the conſtant agency of ſome force external to the plant 
or tree itſelf; for if the ground on which a vegetable js 
planted be inclined to the horizon at any angle whatever, 
the plant will however ſoon obtain a direction perpendi- 
cular to the horizon, and continue to increaſe in that di- 
rection. Another phænomenon may be here mentioned 
alſo: if a bar of metal be fixed in a vertical direction, and 
heat be by any means applied to the middle of it, this 
heat will be communicated to the upper part of the bar, 
when the temperature of the lower part is Farce! y altered. 
Many other inſtances might be urged to prove the ex- 
iſtence of ſome power acting in a dire dien contrary to that 
of the earth's gravity: neither will this hypotheſis be at 
all inconſiſtent with that general phyſical truth, i. e. that 
the weight of every body 1s proportional to the quantity of 
matter contained in it; for this will be the caſe whether 
podies be acted on by gravity alone, or by two powers in 

contrary directions, the ſtrongeſt of which is gravity. 
It muſt be however remarked, that this power which 
ſeems neceſſary for the elevation of ſteam, cannot be proved 
the only cauſe of the phænomenon: many fatts and argu- 
ments tending to ſhew that the gravitation of the air is 
u greatly 
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tly concerned in producing them, although it be alone 
inſufficient to account for them wholly. Thus, when we 
ſee the ſmoke which is impregnated with the matter from 
which it ariſes aſcending in the open air, and deſcending 
when placed in a rarer medium within the receiver of an 
air pump, we muſt conclude that the air's preſſure was ne- 
ceſſary to the aſcent, and that the groſs nature of the matter 
carried up with the vapour, renders its weight ſuperior to 
the force whereby it is impelled upwards. Alſo the phæ- 
nomena of the increaſed velocity of aſcent in vapour from 
the increaſe of heat tends greatly to ſtrengthen this opi- 
nion, it being very conſiſtent with the theory of the aſ- 
cent of ſpherules in air above deſcribed. 

It may be added to theſe obſervations, that during the 
aſcent of vapour into the regions of the clouds, two cauſes 
ſeem to operate in a manner contrary to each other. For 
while the increaſing rareneſs of the air cauſes an expanfion 
of the ſpherules, by removing + the compreſſure upon their 
ſurfaces, and conſequently increaſes their velocity of aſcent, 
the colder temperature of the higher regions by contract- 
ing the dimenſion of the ſpherical cavities diminiſhes the 
velocity, and according to the degrees in which theſe cauſes 
2 the vapour will ariſe with a greater or leſs degree 
of velocity until it becames ſtationary when theſe cauſes 
counterbalance each other. Alſo it is eaſy to imagine, 
that atmoſpheric cold may render the vapour ſo denſe as 
to make it preponderate againſt the force which raiſed it, 
ſo that it ſhall deſcend in various forms, i. e. in rains, 
miſts, dews, &c. according to its degree of condenſation. 


XVII. 


Let a ſpherical body conſiſting of elaſtic 
vapour, the expanſive force of which is 
inverſely proportional to the ſpace it oc- 
cupies, aſcend in air of uniform denſity ; 
and let the ſphere be of evaneſcent weight 


when compared with that of an equal 
Z-2 bulk 
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bulk of air, if the air's denſity be dimi- 
niſhed in the proportion of n: 1, the ve- 
locity of the ſphere's aſcent will be in- 


creaſed in the proportion of 1 : n 


For if the denſity of the air be diminiſhed in the ratio 
of 1: 1, its elaſtic force as well as the force of preſſure 
will be diminiſhed in the ſame proportion: the ſpace oc- 
cupied by the ſphere will therefore be increaſed in the 
proportion of 1 : , and conſequently the ſphere's dia- 


1 
meter increaſed in that of 1: =? : but ſpheres of evaneſ- 
cent weight aſcend in fluids with velocities, which are in 
the direct ſubduplicate ® ratio of their diameters; the velo- 
cities therefore with which the ſpheres, whoſe diameters 


1 

are as 1: aſcend, are in the proportion of 1:25. 
From this propoſition may be deduced the explanation 
of ſeveral phænomena relating to the aſcent of vapour, 
that is, as far as the air's * — is concerned in pro- 
ducing them. Whatever be the original cauſe by which 
the aqueous ſpherules are detached from the ſubjacent 
fluid, it ſeems obvious, that the ſame power which con- 
tributes to promote the velocity of their aſcent, muſt alſo 
tend to augment the quantity of evaporation. From the 
theory two cauſes have been deduced whereby this effect is 
produced, i. e. heat, or a * diminution of the atmoſphere's 
gravity, both of which however operate by the ſame 
means, that is, by increaſing the magnitudes of the aſ- 
cending ſpherules, and in theſe particulars theory and 
matter of fact are intirely conſiſtent: for it is obvious to 
common obſervation, that an increaſe of heat augments 
the quantity of evaporation under a given preſſure of the 
atmoſphere, and experiment demonſtrates, that fluids of a 
given temperature being placed under the receiver of an 
air pump evaporate the faſter the more the air is exhauſted; 
ſo that when either pure water or any moiſt ſubſtance is 
pou under a receiver, as the air is exhauſting the water 
comes converted into vapour, riſing in greater abund- 
ance according to the rareneſs of the air within the re- 
ceiver. This vapour by its elaſticity ſupplies in part the 
air exhauſted, and is a very great impediment to the due 
operation and effect of the air pump, as well as a cauſe of 
un- 
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uncertainty in eſtimating the degrees of exhauſtion which 
that inſtrument is capable of producing. In order there- 
fore to exhauſt a receiver as perfectly as poſſible, no moiſ- 
ture of any kind nor any ſolid body which may have im- 
bibed it ſhould communicate with the receiver. This has 
been fully proved by the author of an ingenious and intel- 
ligent ſeries of experiments lately publiſhed. x 


It is manifeſt that the denſity of fluids will not obſtruR 0 
their evaporation ſo much as their tenacity : a hollow p. 614. 


ſpherule of mercury will riſe equally faſt in air with one 
of water of the ſame diameter, provided the ſ 32 ſhell 
of mercury be about 14 times thiner than that of water, 
both being ſuppoſed to be filled with an elaſtic fluid in a 

hyſical ſenſe void of weight; and the very ſubtle and 

iviſible nature of material ſubſtance in general, and eſpe- 
cially of this fluid, renders any degree of tenuity in the 
ſhells of the mercurial ſpherules eaſily imaginable. More- 
over, the parts of this fluid being intirely free from coheſion 
or tenacity, it will readily be converted into vapour by a 
moderate degree of heat, and in the aſcent of theſe vapours 
the ſame laws will be obſerved as in the aſcent of thoſe 
which ariſe from water. Thus taking off the preſſure of 
the atmoſphere from the ſurface of mercury will facilitate 
and accelerate the aſcent of vapour from it ; in whatever 
degree the air be rarefied this aſcent would ſtill continue 


were the + mercurial ſhells abſolutely without weight: and f. 


it is poſſible, that there is no vacuum to be made by art, 
but what will contain air ſufficient to elevate the attenuated 
ſpherules: it is certain, that they occupy the ſpace be- 
tween the ſurface of the mercury and the upper extremity of 
a barometer, * the altitude of the mercury being ſenſibly 
affected thereby; but whether this aſcent of mercurial va- 
pour ſhould be attributed to the very ſmall quantity of 
air, which notwithſtanding the utmoſt care uſed in con- 
ſtructing the inſtrument may remain within the ſabſtance 
of the mercury, and at length emerge from its ſurface, or 
to that additional power vver and above the air's pravita- 
tion which has appeared neceſſary to account for the phæ- 


nomena of the aſcent of || vapour, future experiments muſt — Ad 


determine, R 
To examine this ſubjeR a little more particularly: the 
ſmoke which ariſes from ignited bodies, it is evident muſt 
aſcend by the ſame cauſes which elevate vapour from the 
pure fluids, and this being the caſe, it might be expected 
that the laws obſerved in the aſcent of them all would be 
preciſely the ſame; but although vapour from water and 
mer- 
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mercury riſe the more copiouſly and with the greater ve- 
locity, according to the rareneſs of the air wherein th 
aſcend, ſmoke 3 ignited bodies deſcends in air which 
is rarefied to any conſiderable degree: and this phæno- 
menon is by no means inconſiſtent with the theory; for 
the globules which form ſmoke are always of an unctuous 
nature, and 8 require far greater degree of heat 
to expand them ſo as to become capable aſcending, than 
that by which the vapour of mercury or water begins to 
riſe: but when once the globules of ſmoke have aſcended 
from the ignited body, being deprived of their heat, they 
ſoon become hard in cooling, and are incapable of any 
expanſion from the elaſticity of the contained medium, 
notwithſtanding the external air ſhould be rarefied in any 
degree however great. Now it *appeared, that the rare- 
fation of the air in which the vapour of water or mercury 
aſcended, would cauſe an acceleration of the vapour's ve- 
locity from the increaſe of the diameter of the globule's 
which from their extreme fluidity expand themſelves into 
larger portions of ſpace as the external preſſure of the air 
is diminiſhed ; but in ſmoke the tenacious quality of the 
hollow globules when cool prevents ſuch expanſion, and 
conſequently when the air is ſo rarefied that the weight of a 
globule exceeds that of an equal bulk of air (together with 
whatever additional force over and above the air's preſſure 
contributed to its aſcent) it will deſcend. 
The action of any other power, except that of the air's 

reſſure has not been very particularly conſidered as it is not 
— intended to ſet ſorth a compleat theory, but to apply 
the mathematical principles as far as they will allow us 
to the explication of the phænomena. What has been 
obſerved in relation to ſmoke is applicable in ſome de- 
gree to the vapour which ariſes from heterogeneous fluids, 
and from ſolids impregnated by them. Here the globules 
of vapour which ariſe from the ſame ſubſtance will differ 
in quality as well as their velocity of aſcent; and while 
the purer and moſt fluid parts continue to aſcend with ad- 
ditional velocity as the air is rendered more rare, the 
groſſer vapour, the _—_— of which admits not of an 
expanſion of the globule's diameters like the former, will 
either riſe with a leſs degree of velocity, continue ſtation- 
ary, or deſcend, as the tenacity operates in a greater or 
leſs degree while the air is rarefied, 
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SE CT. VI. 


CONCERNING THE COMMUNICATION OP 
MOTION TO BODIES WHICH REVOLVE 
ROUND A FIXED AXIS, 


HE principal properties of rectili- 

near motion, both accelerated and 
retarded, may be inferred from the pre- 
ceding propoſitions; in demonſtrating 
theſe, the impelling force, as well as that 
of reſiſtance, has always been ſuppoſed to 
be impreſled in the direction of a ſtraight 
line paſſing through the centre of gravity 
of the moving body, and in this caſe 
every particle of the body muſt partake 
of the ſame degree of velocity, being equal 
to that with which the common centre 
of gravity moves. 

But it frequently happens that a body 
or ſyſtem of bodies is ſo conſtituted, that 
when any force is impreſſed upon it, no 
motion can be produced, except round a 
fixed axis; ſo that the velocity of the par- 
ticles which compoſe the ſyſtem will be 


greater or leſs, according as theſe parti- 
cles 
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cles are further from the common axis or 
nearer to it. Theſe circumſtances ſhould 
be attended to, in order to aſcertain the 
motion of revolving bodies, the preceding 
principles of acceleration being not wholly 
of themſelves ſufficient for that purpoſe, 
without taking into conſideration the par- 
ticular nature of rotatory motions. 

In order to demonſtrate the laws ob- 
ſerved by bodies which revolve round a 
fixed axis, two things are principally to be 
attended to, i. e. the moving force by which 
the revolving motion 1s generated, and 
the inertia of the parts whereof the ſy- 
ſtem is compoſed ; the moving force ex- 
erted on any given particle in the ſyſtem 
as well as its inertia depends on its diſ- 
tance from the axis of motion, every thing 
elſe being the ſame, and if both theſe be 
aſcertained, the abſolute acceleration of 
the particle will be determined, and con- 
ſequently the abſolute velocity generated 
in it in a given time. 

The methods therefore of determining 
theſe forces in any given circumſtances 
ſhould next be deſcribed. 

Let Aro repreſent the circumference 
of a wheel which turns in its own plane 


round an horizontal axis, paſſing through 
Sz 
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s its centre, and let a weight p, fixed at 


the extremity of a line A v, communicate {{,.y. 


motion to the wheel. Moreover, let the 
whole weight of the wheel be q; and 
ſuppoſe this weight to be collected uni- 
formly into the circumference A G n, 
then during the deſcent of the weight p, 
each point of the circumference muſt 
move with a velocity equal to that with 
which » deſcends, and conſequently fince 
the moving force is the weight », and 
the maſs moved y d; the force which 
accelerates p in its deſcent, will be that 
part of the accelerating force of gravity 


which 1s || expreſſed by the fraction 0 — 


The velocity therefore which is generated 


in v in any given time is found from the 


rules before * demonſtrated : thus LO" Tz 


Sug I 

Q to be equal to r, then will wy ns 2 
and the weight » will be accelerated by a 
force which is to that of gravity as 1 : 2. 
and ſince gravity generates in bodies which 
deſcend near the earth's ſurface one ſecond 
of time a velocity of 32 f feet in a ſecond, 
it follows, that the weight » will in the 
ſame time have acquired in its deſcent a 
A a velo- 7 
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velocity of 16.7; feet in a ſecond only. This 
caſe 1s mentioned rather particularly, as 
the more complicated properties of revoly- 
ing bodies demonſtrated in the ſubſequent 
propoſitions will be referred to it. 

The parts of the weight Q which are 
uniformly diſpoſed over the circumference 
AFGH, balance each other round the 
common centre of gravity s, their weight 
therefore is of no effect in accelerating or 
retarding the deſcent of 2; and this will 
be the caſe whenever the axis of motion 
paſſes through the common centre of 
gravity: but in order to render the pro- 
perties of rotatory motions more obvious, 
it will be convenient to diſpoſe the parts 
of the revolving ſyſtem, ſo that the axis of 
motion ſhall not neceſſarily paſs through 
the common centre of gravity: thus, re- 
ferring to the preceding caſe, inſtead of 
ſuppoſing the weight Q to be uniformly 
diſpoſed over the circumference A u, 
let it be collected into any point q. Here 
it is manifeſt, that if the maſs Q be acted 
on by gravity, the force which commu— 
nicates motion to the ſyſtem round s will 
be variable, it being the greateſt when s 
is horizontal, and gradually diminiſhing 
till Q has deſcended to its loweſt point. 

But 


(187 J 
But as we ſhould begin with the moſt 
ſimple caſes, the moving force muſt be 
conſtant. This will be effected by ſup- 
poſing the maſs which is collected in © to 
be deſtitute of weight, and to poſſeſs iner- 
tia only; it follows therefore that during 
the revolution of d round 5s as an axis, 
the moving force will be conſtantly equal 
to p, and the maſs moved = e + r and 
conſequently the force which accelerates 
the deſcending weight or any point in the 
circumference will be that part of gravity 


P 
hich is expreſſed by the * fraftio 
which is exp y "Fe 


the ſame as before. 


In theſe caſes the force which commu- 


nicates motion to the ſyſtem, has been 
ſuppoſed a weight or body acted on by 
the earth's gravity, and conſequently con- 
ſtitutes a part of the maſs moved, at the 
ſame time it acts as a moving force: but 
motion may be communicated by a 
force which ſhall add nothing to the 
inertia of the matter moved, and it 
will be convenient in many demonſtra- 
tions to aſſume the moving force of this 
kind: the inertia of the moving force 2 
therefore in the ſubſequent propoſitions 
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will not be taken into account, unleſs ex- 
preſſly mentioned. Thus, if any number 
of bodies without gravity, being collected 
into the points v, H, Q, are cauſed to re- 
volve round the axis s, by a moving force 
p, the force which accelerates theſe bodies 


P 
* * 
provided the bodies r, u, q be diſpoſed at 
a diſtance from the axis of motion equal 


in their I revolution will be 


to the radius of the circle Ar, at the 


circumference of which the moving force 
P is applied. 

In the preceding example r, u, Q, &c, 
have been ſuppoſed to move with the 


ſame velocity : but when bodies revolve 


at unequal diſtances from the ax1s, their 
velocities of motion being different, other 
rules will be neceſſary to determine the 
force whereby any given point of the 
ſyſtem 1s accelerated ; theſe are contain- 
ed in the following propoſitions. In de- 
monſtrating the properties of rotatory 
motion, the revolving ſyſtem will be ſup- 
$14 to conſiſt of one or more of the 
ie 


s A, B, C: the magnitude of theſe 


is aſſumed as evaneſcent, becauſe were the 


contrary ſuppoſition adopted, the parti- 
cles in each body would be impelled by 
| | dif- 
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different moving forces, and exert differ- 
ent degrees of inertia in oppoſition to 
the communication of motion, But the 
force which impels each individual par- 
ticle, and the effects of its inertia in given 
circumſtances muſt be known before the 
acceleration of the whole ſyſtem can be 
determined. 

The bodies 4, B, c, which may be 
termed, according to the ideas juſt de- 
ſcribed, material points, are imagined to 
be connected together by ſome perfectly 
rigid ſubſtance, ſo as to always poſſeſs the 
ſame ſituation in reſpect of each other, 
and conſequently no motion can be pro- 
duced in any of them, except all revolve 
at the ſame time round the common axis 
of motion, 

All the points in this imaginary ſub- 
ſtance by which the parts of the ſyſtem 
are connected together, partake of the 
ſame angular motion deſcribing circles 
round the common axis s; a force 2 
therefore being applied to any point in 
the plane of its motion, and in the di- 
rection of any line in that plane which 
paſſes not through the axis, will commu- 
nicate an equal angular motion to the 
whole. Thus, let B repreſent a material xv. 

point 
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point moveable about an axis of motion 
. paſſing through s, with the centre s, and 
diſtance sD, deſcribe a circle : now, 
if 8 be connected with every point in the 
area of this circle, which is an inflexible 
ſabſtance, no force can be applied to move 
the circle, but what muſt communicate 
the ſame angular motion to 3. Let the 
force be applied at the point p; it is ma- 
nifeſt, that in order render its effects con- 
ſtant, the inclination of its direction to 
so muſt be always the ſame, and in a 
given plane: and the moſt obvious me- 
thod of effecting this, either in conſider- 
ing the ſubject theoretically, or in the 
practical illuſtration of it, is by applying 
a thin and flexible line np round the 
f circumference of the circle v, and 
ſtretching this line by a given moving 
force p. Here it is plain, that in what- 
ever part of the circumference p, the 
paint v 1s ſituated, the effects of the force 
p will be the ſame, as if it were directly 
r to ↄ in the direction of the plane 
motion and perpendicular to s p, and 
the point B; will revolve with the ſame ab- 
folute and angular velocity in both caſes. 
Theſe conſiderations being premiſed, 
in order to prevent unneceſſary repeti- 


tions, 
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tions, let A, B, c be a ſyſtem of bodies of 
evaneſcent magnitude and without gravity | 
moveable about an axis of motion which 
paſſes through s, it is to be noted, that 
the imaginary ſubſtance by which parts 


of the ſyſtem A, B, c are connected, mult Fiz. 


contribute nothing, either by its weight 
or inertia, to accelerate or retard the mo- 
tion of the material points A, B, c, which 
are cauſed to revolve by the action of the 
given and conſtant force v applied at the 
diſtance from the axis s p. 

The abſolute force of p to move o, or 
any point in the circumference, will be v, 
but the communication of motion to this 
point D is reſiſted by the inertia of the 
bodies A, B, c, which being moved with 
different velocities and acted on by dif- 
ferent moving forces, their inertia will 


not be eſtimated by their * quantities of pi 


matter only, according to the laws ob- 
ſerved in rectilinear motion: the force 
which accelerates v therefore cannot be 
obtained by dividing » by a+ B + c; 
but if an equivalent maſs, or a quan- 
tity of matter can be aſſigned, which being 
collected into any points of the circum- 
ference a, b, c will cauſe an inertia or reſiſt- 
- ance to the motion of o, equal to that ex- 
erted 


F 
XXXV, 


1 cumference == 
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erted by the particles A, x, c, when revolv- 
ing at their reſpective diſtances, the force 
which accelerates the circumference or any 
point in it Þ will be determined. Thus, 
let the maſs Q when collected into a, be 
ſuch as will be equivalent in its inertia to 
A when revolving at the diſtance s A; 
alſo, let & be the maſs collected into b, 
which is equivalent to x when revolving 
at the diſtance 8B; and let T be the maſs 
collected in c be equivalent to c when re- 
volving at the diſtance sc; then will the 
maſs moved by the force v be q + R + T, 
and the force which accelerates the cir- 


* - =: being equal 


to that by which the circumference or any 
point in it is accelerated, when the ſyſtem 
conſiſts of A, s and c, revolving at the re- 
ſpective diſtances from the axis of motion 
SA, 83, 8c. 


N. B. In the ſubſequent 8 the moving force 
P is ſuppoſed to be applied to any point O, in the direction 
of a ls which 1s perpendicular to the axis of motion, 
and at right angles 10 SD. 


I 


Let a body collected into the point , 
revolve round an axis of motion paſſing 
through 
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through s by the action of a force p, 
applied at the diſtance s from the axis; 
it is required to aſſign what quantity of 
matter muſt be collected in the point p, 
ſo that o may be accelerated in the ſame 
manner as when B revolved at the di- 
| ſtance s , and conſequently that the an- 
gular velocity of and Þ round s may be 
the ſame in both caſes. 


When any two bodies are put in motion by two con- 
ſtant forces acting for the ſame time, the quantities of 
matter moved are in a direct || ratio of the moving forces 


and an inverſe ratio of the velocities generated; that! . Vils 


is, if E expreſſes the ratio of the moving forces, > that 


of the quantities of matter, and - of the velocities gene- 
rated, the relations of theſe quantities is defined by the 


V 


equation >= 2 * 7 


To apply this it muſt be obſerved, that although the 
abſolute force of the weight P acting upon the point D, 
remains conſtantly the ſame, yet its effects upon bodies 

laced at different diſtances from the axis of motion, are 
in the inverſe proportion of thoſe diſtances; - therefore the 
moving forces exerted by P on the points B and D, will 
be in the proportion of SD to SB: alſo by the problem the 
angular motion of D and B are equal, and conſequently 
the velocity of B is to the velocity of D, as SB: SD; 


and ſince the quantities of matter f in B and D are in the f Supra. 


direct proportion of the moving forces, or of SD: SB, and 
an inverſe proportion of the velocities generated, or of 
SB : SD, we ſhall have the quantity of matter in B to that 
contained in D, as SD*:SB?, and conſequently the 
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Or thus, let x = the quantity of matter required to be 
collected in D, M the moving force which acts on B, 1 
that which adts on D, the velocity of B, v that of O, 

IG Ges OY M S 
then f will y. but — = 76 by the pro- 
2 _8D 
V 8 
8D* 
52 


perty of the lever: moreover by the nature of 


angular motion, wherefore "= and x = B X 


8 
SD 

Cor. 1. Whenever therefore a body B revolves round 
an axis by the action of a conſtant force P, applied at a 
given diſtance S D from the axis; in order to find the 
force which accelerates D, the maſs B may be ſuppoſed to 
be removed, and inſtead of it an equivalent weight B x 
755 „collected in the point D to which the force is 
applied. 

Cor. 2. Since the + moving force is P, and the maſs 


moved ES „(the inertia of P not being conſidered,) 


x $8 
S* 
the force which accelerates D will be || that part of the 
acceleration of gravity which is expreſſed by the fraction 
P PI O07” 

* SB* BNS 

* 557 

Cor. 3. Let any number of bodies 4, B, C. &c. be put 
in motion round a fixed axis, paſſing through ò by a conſtant 
force P applied at D, the point O will be accelerated in the 
ſame manner, and conſequently the whole ſyſtem will have 
the ſame angular velocity, if inſtead of 4, B, C, &c. placed 


at the diſtances SA,SB,SC, we ſubſtitute the bodies 8 


SD* 
752 5 + 5 theſe being collected into the points 
a, b and c reſpectively: the moving force in this caſe is P; 
£.* 7 5,7 3.1 1nd 
7 Le 7 La 7 LK 
and conſequently the force which accelerates D is that part 


of the accelerating force of gravity which is expreſſe — 
i ; 


the maſs *moved = 
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P 


R — 
* 75. 55. © © K 55 
SD* x P 


AX SA*+BxXSB*+CXxSC* 
Cor. 4. The velocity || of the point O is uniformly acce. 


it follows alſo, that the angular velocity of the ſyſtem is 
uniformly accelerated, becauſe the abſolute velocity of any 


Se. I. 
lerated, becauſe the force above determined is invariable: Pop- IV. 


point at a given diſtance from the axis of motion is as the 


angular velocity of that point, and conſequently of the 
whole ſyſtem. 

Cor. 5. It is manifeſt that it is of no conſequence whe- 
ther the bodies 4, B, C, &c. revolve in the ſame or in 
different planes, if their diſtances from the axis S 4, S 3, 
SC are the ſame; theſe diſtances being eſtimated by lines 
drawn througn 4, B, and C perpendicular to the common 
axis of motion; if therefore they ſhould be ſituated in va- 
rious planes, they may be referred to any one given plane 
perpendicular to the axis. 


Cor. 6. It is obvious alſo that changing the poſition of pi. 


the bodies A, B, C in the ſame plane will not affect the 
force which accelerates the ſyſtem, provided their reſpec- 
tive diſtances from the axis of motion alter not: thus, with 
the centre &, and diſtances SB, SC, let the arcs of circles 
be deſcribed; if B is transferred to &, or C to c, the mov- 
ing force which acts on theſe bodies reſpectively will not 
be altered, and conſequently the maſſes moved being 
likewiſe conſtant, the accelerating force will be the ſame. 
Cor. 7. Alſo the propoſitions r will be 
equally true, whatever be the force by which the angular 
motion is generated, provided it be conſtant; or if variable 
ſhould its action be conſidered for an evaneſcent particle 
of time only. 
Cor. 8. In theſe propoſitions the angular motion is ſup- 
ſed to be communicated by the action of a force ap- 
plied at a ſingle point only, at an invariable diſtance from 
the axis. Thus, ſuppoſe a revolving ſyſtem to conſiſt of 
the bodies 4, B, C — bs magnitudes and equal to 
each other in quantity. Let a weight P equal to 4, B, 
or C be applied by means of a line going round a wheel 
DH, ſo as to communicate motion to the ſyſtem during 
its deſcent. Moreover, let SD =1, S = 2, SB z, 
and SC = 4, and let it be required to aflign the force 
which accelerates the deſcent of the weight F. 
Bb 2 Here 
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Here referring to the rule, we have the force required 
ED SD*x P 3 I 
ETIxXASFExXSB ei © 


= „which is the true accelerating force when the moving 


force is yoid of inertia; but in the preſent caſe, the 
weight P as not only as a moving force, but as a part of 
the maſs moyed, and as P moves with the ſame velocity 
as the point D, the effects of its inertia will be eſti- 
mated by ſuppoſing a maſs of matter = P to be collected 
into the point D: here then the moving force being P, 
d the maſs moved P x 32; T A* KR TIN 
and the maſs move * 55 + * F * 5. 


+C * Sy „the force“ which accelerates the deſcent of 


© SD* Xx P 4 
Fw be <TD" LARA BxXIBT CHIC” 


35˙ the line and parts of the wheel not being taken into 


account. It follows therefore, that the weight P will de- 
ſcend from reſt by the force of this acceleration through 


2355 parts of a foot in a ſecond; and in other different 


times of deſcent the ſpaces + will be varied in a direct 
duplicate ratio of the times, becauſe the accelerating force 
is conſtant, * 
Moreover, the velocity acquired by the deſcending weight 
P in a given time, or through a given ſpace, will be deter- 
mined by the rule demonſtrated in ſect. 111. prop.v. Thus 
* P x SD* 
Putting Fx 8D* + Ax A8* + B x BI + © x Cot 
= F, I = 193 inches, s = the ſpace deſcribed by P from 


reſt, the velocity acquired by P will be 747 Fs inches in a 
ſecond, and in the ſame manner having given any two of 
the four quantities, 1. e. the accelerating force, the ſpace 
deſcribed from reſt, the time of deſcription, and the ve- 
wy acquired, the other two may be determined as in 
111. 
For the further illuſtration of this ſubject, the following 
_— of uniformly accelerated motion may be here 
* 


nſerte 


II. 
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II. 


If any two bodies be acted on by mov- 
ing forces which are conſtant, and which 
are in an inverſe proportion of the ſpaces 
deſcribed from reſt, the quantities of mat- 
ter contained in the bodies will be in an 
inverſe duplicate ratio of the velocities 


generated ; that 1s, if —Tepreſents the ra- 


tio of any two maſles of matter, = the 
ratio of the moving forces by which they 
are impelled, 2 that of the ſpaces deſcrib- 


ed from reſt, and - the ratio of the velo- 


cities generated, the propoſition aſſerts, if 


The duplicate ratio of the velocities is equal to the ſum 4 þ 
of the ratios of the ſpaces deſcribed and of the |accelerating |, 5* — 1 

* Mae 
forces, or —; = = x 5. but *Z = 2. x F. we have » $60. 4:20 
7 = 2 Prop. IX. \ ſ | 4 

4+ and when as in the pro- . 


Sect. III. 
rop. 1, 


; 
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: 2 
the velocities and quantities of matter will be 2 2 2 


that is, the quantities of matter are in an inverſe dupli- 
cate ratio of the velocities generated. 

This conclufion immediately applies to the preceding 
propoſition, in which it is required to aſſign the ratio of 
two quantities of matter under the following conditions, 
i. e. 1. They are to revolve round a common axis & with 
the ſame angular velocity, the abſolute velocities therefore 
muſt be in the direct proportion of their diſtances from the 
axis, or of the ſpaces deſcribed. 2. While a conſtant force 
P is applied to any given = D, the effects of theſe 
forces to impel bodies at different diſtances from the axis 
will be in an inverſe ratio of thoſe diſtances, we have 
therefore the ſpaces deſcribed in an inverſe ratio of the 
forces which impel the two bodies, and conſequently, by 
the propoſition juſt demonſtrated, the quantities of matter 
in an inverſe duplicate proportion of the velocities gene- 
rated, or of the diſtances from the axis, 

Cor, 1. Let it be required to aſſign what quantity of 
matter muſt be collected into any point E, ſo that the 
ſyſtem in fig. xxxv. ſhall revolve with the ſame angular 
velocity as when B revolved at the diſtance S B, every 
thing elſe remaining, by the rule we have the weight 


2 
fought to be collected in E = F 


III. 


In a ſyſtem of bodies which revolve 
round a fixed axis with an uniformly ac- 
celerated motion, the forces which accele- 
rate particles at different diſtances from 
the axis will be in a direct ratio of thoſe 
diſtances. 


By the nature of angular motion, the velocities of the 
different points in any revolving ſyſtem will be in a direct 
ratio of their diſtances from the axis of motion: but 


whenever bodies are unĩformly accelerated, the velocities 
generated 


nay, 
= 7 
4 «% 
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nerated in a given time will be direQly as the accelerat- 
ing forces ; conſequently the forces which accelerate 
the different points in a ſyſtem of revolving bodies, muſt 
be in a direct ratio of thoſe diſtances from the axis. 


Cor. 1. It followed from prop. 1. cor. 3. that 
the force which accelerated the point D was = 
P x SD . 

Tx $4* + B «x $SB* Fe and by + this + Prop. III. 


propoſition, the force which accelerates D is to that by 
which B 1s: accelerated in the proportion of SD: SB: 
it follows therefore, that the force which accelerates B 
2 PxXSBxX8$8D * lik 
= Tai FxXIFF cx fc; ne mn 
the force which accelerates any other point C = 
P x8SC x8D 
AxXSA*+B XxX SB*+C x SC* 
the ſum of the forces which accelerate all the particles 4, 
AS+SB+SCxXSDxXxP 


B, C will be TN Fe and fince 


the quantities of motion or moments generated in bodies 
in a given || time, are as the quantities of matter and the || Sea. I. 
forces which accelerate them jointly, the ſum of the Prop. IX. 
moments generated in a given time will be expreſſed by 


AxSA+B xSB+CxSCxPx8SD 
Ax AS*+BXSB*+CxSC* * 
It is manifeſt, that although the bodies 4, B and C, and 


the quantities P and SD remain unaltered in quantity, 
yet the ſum of the moments generated in a given time 
will depend on the diſtances S4, SB, SC; but dimi- 
nution and augmentation of theſe may be ſuch that the 
ſum of the moments generated in a given time may till 
continue the ſame; there is therefore ſome intermediate 
diſtance at which if all the bodies be collected, the ſame 
moment will be produced by the force P acting for a given 
time, as when the bodies 4; B, Care diſpoſed at their re- 
ſpective diſtances SA, SB, SC, 


„ and conſequently the 


IV. 
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IV. 


In a ſyſtem of bodies a, 3, c moveable 
round an axis s, to which bodies motion 
is communicated by a force r acting at a 
given diſtance from s; 1t is required to 
aſſign ſome diſtance so, at which if all the 

bodies are diſpoſed, the ſum of the mo- 
ments generated in them in a given time 
{hall be the ſame as before, every thing 
elſe remaining. 


Let A, B and C be collected at the diſtance SO, then 
will the ſum of the moments generated in a given time 


A+B+ Cx $80 XP x SD 
Se. VI. — k * ap 
Prop. 11, be expreſſed by || TO T C 2 
AX ASTIBXBSTCN OS „ PX SD b 
AX AS*+B x BS*+C x CS? 8 7 
the problem, and 8 0 the diſtance required = 
Ax AS*+B x BS*+C xC8* Now it is 10 
—TxXASIBxXBS+CxCS * ow it is manitelt, 
that if the bodies 4, B, &c. be transferred to the line $O, 
1 keeping their reſpective diſtances from &, the moments 
Cor. 6. enerated in a given time will be the the ſame as before. 
t G be the common centre of gravity of 4, B, C when 
collected in the line SO, and ſince in this caſe by the pro- 
perty of the centre of gravity 4 x 84 + B xSB +C x SC 


= A+B+C xXx SG, it follows, that $0 = 
Ax SA*+B xSB*+C x SC* | 


A+B+CxSG 

Fig. Cor. 1. Thus let FGH repreſent a circle moveable in its 
XXXVII. on plane about an axis which paſſes through its centre S. 
Suppoſing the circle material, let the whole maſs be col- 

lected into any radius SC, the diſtance of each particle 

from & remaining the ſame; then will the denſity of the 

matter in the radius increaſe in the ratio of the diſtances 

from S. Let G be the centre of gravity of the weight 

us 


— ——— — 
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thus diſpoſed 50 is found by the uſual rale to be ? of SC, 


Moreover, if the particles thus condenſed in the line SC 
be denominated 4, B, C, &c. the ſum of all the products 
AX A8S* + BY BS*+ CXCS?, &c. appears to be 


4 2 
4431 C, &c. X = We have therefore the diſtance 


90 as deſcribed in the problem = 7F BT x —— 


divided by AF FFT , wherefore $0 = — 
Conſequently if the whole matter of the circle be collected 
into one or more points at the diſtance of 3 of the radius 


from the axis, the ſame moment will be generated in a 
given time in the maſs thus diſpoſed, as if it were diffuſed 
uniformly over the whole area. | 


4 . 
'T 
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Cor. 2. In a given ſyſtem the ſum of the moments ge- 
nerated in the ſame time will be in a direct proportion of 
the diſtances at which the moving forces are applied from 
the axis; that is, if theſe forces be conſtant and every 
other circumſtance remain the ſame in both caſes, 

In theſe propoſitions the effects of gravity on the bodies Fig.” 
A, B and C have not been conſidered, motion being com- XXXVI, 
municated to the ſyſtem by the action of a force applied at 
a given diſtance from the axis, and this force has been aſ- 
ſumed of invariable quantity. When gravity acts upon 
the ſyſtem as a moving force, each particle contributes to 
the communication of motion, as well as to the inertia of 
the maſs moved; alſo the force of acceleration will be 
variable, unleſs the time of its action be taken evaneſcent : 
but in this caſe alſo the velocity generated in a ſyſtem in a 
given fime, will be obtainable from the preceding rules, 

auſe the force exerted by gravity on any body or ſyſtem 
of bodies will have preciſely the ſame effects to create mo- 
tion (the maſs moved not being here conſidered) as if the 
whole weight were collected into the centre of gravity, 
and will be conſtant while the centre of gravity is de- 
ſcribing an evaneſcent arc. | | 
Suppoſe therefore the bodies 4, B and C to gravitate pig. 
3 the earth's centre, and let G be their common XXXVIII. 
centre of gravity, and draw SG; it is manifeſt that the 
point G will not be r except when it is placed 
| 0 coin - 


Fig. 
XXIX. 


1 Fig. XL, 


Fig. XLI, 


3 


coincident with its loweſt point, in which caſe the line 
SG is perpendicular || to the horizon: let it be moved 
out of — ſituation, ſuppoſe into the poſition SG: with 
the centre & and diſſkace SG deſcribe the arc GG and GD 
equal to it, and draw GB perpendicular to SG; then the 
weight of the ſyſtem being denoted by the line SCG in 

uantity, and the direction in which gravity acts, let this 

e reſolved into two, 1, e. SB which urges the ſyſtem di- 
realy from &, and BG perpendicular to SB which impels 
it round the axis of motion: in this ſituation therefore the 
point: G will be acted on by a force in the direction BG, 
which is to the weight of the ſyſtem as ZG to 8G. This 
force will decreaſe continually as S BG approaches SCG, 
and when it coincides with $ CG will be evaneſcent: the 
centre of <a having then acquired its greateſt velo- 
city will begin to aſcend on the contrary ite, being re- 
tarded according to the ſame laws by which it was before 
accelerated, until it has loſt all motion at O; this motion 
of the ſyſtem round an axis through the angle GSD, when 
effected by gravity, is called a vibration or oſcillation, and 
the vibrating ſyſtem is called a pendulum. 

It is next to be ſhewn, at what diſtance from the axis 
the whole weight of the ſyſtem muſt be collected, ſo that 
ie _ vibrate through a given angle in the ſame time as 
OTC. : 


V. 


In a ſyſtem of bodies a, B, c, moveable 
round an horizontal axis which paſſes 
through's : let 6 be their common cen- 
tre of gravity, when referred to a vertical 
plane paſling through s, and in the line 
s produced, let a point o be ſuppoſed 
ſuch, that if a + 8B +c be collected into 
o, the ſyſtem will perform its vibrations 
through a given angle in the ſame time, 
as when the bodies a, B, c are diſpoſed at 

the 


a 
the diſtances s 4, sB and s c reſpectively, 
and in their original poſitions in reſpect 
of each other; it is required to aſſign the 


diſtance so. 


Here two pendulums are to be confidered, the one con- 

ſiſting of the bodies 4 + B + C, diſpoſed at their reſpec- 
tive given poſitions and diſtances from the axis SA, SB, 
SC, the other being formed by collecting the ole maſs 
A+B+C into ſome point O; and it is required by the 

roblem to ailign the diſtance SO, when theſe two pendu- 

ums. perform the whole and every correſponding part of 
their vibration through a given angle in the ſame time. 
Let each pendulum begin its vibration from the line 
SGNO, and with the centre & and diſtances $G, SO de- 
ſcribe the arcs Gg G, Os O, and through g which is con- 
tiguous to G draw the line So: moreover, draw the right 
fine GM. Then during the time in which any point G 
at a given diſtance from the axis in both pendulums de- 
ſcribes the evaneſcent I arc Gg, the force which accelerates | Sea, NT, 
that point will be conſtant in both pendulums, and if theſe Prop. IV. 
forces are equal to each other at the firſt inſtant of motion, F 
the point G in both pendulums || will deſcribe the given | Page 202, 
arc Gg, and any ſubſequent 4 given increment of the arc nd | 
6 g in the ſame elementary particle of time, and con- — — 
ſequently that whole arc in the ſame time. We have 282 
therefore only to aſcertain at what diſtance SO, the bodies * 21 
4434 muſt be collected, fo that the point G may be ac- 188 
celerated by the ſame force as When the pendulum conſiſt- 
ed of the bodies 4 + B + C vibrating at their reſpective 
given poſitions and diſtances $4,SB, SC. ; 
The moving force which acts upon + the point G (be. + Page 20. 
ing the centre of gravity of the firii mentioned pendulum) 


1 4 + B +C* 705 and this force will in a given time 
generate the ſame velocity in G, if 4, B, C were remov- 


ed, and the equivalent t maſſes — 76 727 —— + — ha 


CEE ame cellofied in @, the force vid which 


S$G* 
Ty —  A+B+CxMGxS8G Sed. VI. 
8 —— — — 
accelerates the point *G= 7 78*+ BxB8*+ Cx C80 e 
Ccz Thi 


2 8 Ca. and the force which t acceleratesG = 78 
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This is the caſe when the parts of the ſyſtem 4, Þ and 
C are diſpoſed at their reſpective diſtances and poſitions 
SA, SB, SC: now let 4+ B + C be collected in ſome 
point O, and through O draw ON perpendicular to SGO, 

; u 1+ 3+CxXON 
the force which accelerates O will be =——- Fre 6 


MG 


— 8G 

If the forces which accelerate the point G in both caſes be 
made equal, the abſolute velocity generated in equal parti- 
cles of time in G will be the ſame in both pendulums, which 


®* Set. III. will therefore deſcribe the given ® arc of vibration Gg in 


rop. 


the ſame time. Since therefore the forces which accelerate 
the point G in the two caſes deſcribed in the problem are to 


MG A+B+TxMG xSG 
be equal, we have S0 4x AS* + B x BS*+C x CF” 
2 2 
and 80 = (K +B x BS*+C x C8* 
ATS ATC 


Cor. 1. The point O is called the centre of oſcillation, 
and the diſtance intercepted between the axis and this 
point determines the length of the pendulum, 


Cor. 2. The whole maſs therefore which is contained 
in a pendulum may be ſuppoſed, as far as regards the time 
of its vibration through a given angle, to be collected into 
the centre of oſcillation. 

Cor. 3. The ſum of all the products, which are formed 
by multiplying each particle of a ſyſtem into the ſquare of 
its diſtance from the axis of motion, is equal to the rect- 
angle under the diſtances of the centres of gravity and of- 
cillation from the axis of motion, into the weight of the 
whole maſs, that is, if 4+ C, &c. , Ax 48* 
+ B x BS*+ C x C8*, &. = SO x 8G xW. 


Cor. 4. In theſe demonſtrations the bodies 4, B and C 
which compoſe the revolving ſyſtem have been aſſumed of 
evaneſcent magnitude; and the rules demonſtrated are 
eaſily applied to the determination of the centres of oſcil- 
lation in natural bodies, which are made up of innumera- 
ble elementary particles, by finding the ſum of all the pro- 
ducts which can be formed by multiplying each particle 
into the ſquare of its diſtance from the axis of motion, and 

- dividing this ſum by the bodies whole weight into the 


diſtance of the common centre of gravity from the axis. 
Cor, 
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Cor. 5. When the revolving ſyſtem conſiſts of ſeve 
bodies, the centres of oſcillation and gravity in each o 
which when revolving round the common axis is known, 
the centre of oſcillation of the whole ſyſtem is determined 


thus. Let O, O, O repreſent the diſtances of the centres of 

oſcillation of the ſeparate parts, from the axis, and G, G, 
W 

and G be the diſtances of their reſpeQive centres of gra - 


vity; alſo let V, V, V be the weights of the ſeparate 
ts, and SG the diſtance of their common centre of 
ravity from the axis; then the diſtance of the centre 
of oſcillation of the whole ſyſtem from this axis will be 
#78; 8 HHH WW” 
OGW + OGW + OGW 
_ 


/ 551 
SGXW+W4H 


Cor. 6. Suppoſe the weight of a pendulum to be col- Fig. xL11, 


lected into the centre of oſcillation O, and let the pendu- 
lum perform its vibration in the arcs of a circle, The 
force which accelerates the pendulum when at P, will be 
to the force which accelerates it when at any other point 
As the ſines OM, ON. If theſe fines were the ſame 


roportian as the arcs OP, O2, the ® arcs would be de- * SeR. III. 
ribed in the ſame time, provided the vibrations commenc. Prop. I. 


ed from the points 2 and P; but fince the ſines increaſe 
not in ſo great a proportion as the arcs, it is manifeſt, that 


the time in which t —— deſcribes the larger arc 


of its vibration, will be greater than that in which the 
ſmaller vibrations are performed, But when the arcs are 
very ſmall, the ratio of the fines becomes more nearly co- 
incident with that of the arcs themſelves, and conſequently 
the forces which accelerate the pendulum are more nearly 
in that proportion, and accurately ſo when the arcs are 
evaneſcent. The times therefore wherein a pendulum 
performs its leaſt vibrations in circular arcs will be equal, 
whatever be the proportion of thoſe arcs, and may be de- 
termined by referring to prop. 1. ſect. 111. Suppoſe SO to 
be perpendicular to the horizon, being the quieſcent po- 
fition of the pendulum, and let it be deflected from its 
vertical fituation * an are PO, then will the force 
accelerating the point P, be that part of gravity which is 


expreſſed by the fraftion S, and when the arc PO is 
Eva- 
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| PO 
evaneſcent, the force =7F7T 5 letp = 3-14159, 1 = 193, 
then will the time wherein the pendulum deſcribes Oy 
sec. 1. px V PO SO 
„„ che time of one 


— 
— ———— — 
— 


6 So. 


entire vibration = 2 * yo parts of a ſecond, 
21 


Let ABC be ſyſtem of bodies without weight, move- 
I able about an axis which paſſes through S. Let So = 


AX AS*+ BX BS*+ CXCS* . 
W then if che whole matter 
Seat were collected in o, the ſame ||quantity of motion would 
— iv. be generated in the ſyſtem in a given time, as when 
A+B+C revolved at their reſpective diſtances SA, SB, 
SC: if any given moving force V, by which the angular 
metion is generated, be applied at the ſame diſtance from 
the axis S in both caſes, and in a direction perpendicu- 
lar to SG; the ſum of the moments generated in a given 


time will in this caſe be expreſſed by the quantity . 


Now let the whole maſs 4 + B + C be collected into any 
other point O, and the force be applied in a direction 
perpendicular to S O to communicate motion to the point 
O, then will the quantity of motion generated in a given 
time be denoted by V, and the proportion of theſe quan- 
tities of motion generated in a given time will be that of 
SG to So. This is applicable to the vibratory motion of a 
pendulum which is effected by gravity. The force to create 
motion in pendulums is the gravity of each particle, and 
this will be equivalent in its effect to the entire weight 
applied at the centre of gravity: therefore, let G be the 
AX AS*+ Bx BS*4+ Cx C8 


centre of gravity, and do =—— FT c 


and let O be the centre of oſcillation : the quantity of 
motion generated in the pendulum by gravity in a given 
time will be to the quantity of motion, which —_ be 
generated in it when the whole maſs is collected into the 
centre of oſcillation, in the proportion of S G: Co. 


: VI. 
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VI. 


In a given ſyſtem of bodies ARB Æ c if rg. x11v, 

the diſtance of the centre of gravity from 
the axis of motion be increaſed, the di- 
ſtance between the centres of gravity and 
oſcillation will be decreaſed in the ſame 
proportion, provided the plane wherein 
the pendulum vibrates be the ſame in re- 
ſpect of the bodies a, B and c. 


+ CG*—- 28G * Ge, (becauſe C8* CG - GS8*— 268 12. 
X87 = CG* + G8* — 2GS* —-2GS Xx $c = CG* + G8* 
—28G x GS + Sc) and A x A8*+B x B8* + C « C8* 
= A x G8* + GA* + 2SG® x Ga + B x GS* + GB* + 
28G xGb+ CxXG8*+ GC*—28G x Ge: but by the 
property of the centre of gravity, Ax Ga+B x Gb— 
Cx G So, wherefore Ax AS + BX BS*+ CxXCS8*= 


ITE c + AxX4G + BXBG*+ Cx CG, and 
$0 = 4+ 3+ Cx68 AX AG*+ BXBG* + CXCG* 
A+ B+ CxXxG8 4+ B+ cxcs 
=G8 + GO, and taking GS from both fides, we 
AXAG*+ BXBG*+Cx CG. Kel 


ha O = ns bl 

2 A+B+Cx8G 

AXAG*+BXBG'S+CXCG?, -  conftant in the 
A +8 + C nf 


ſame ſyſtem, when the plane of vibration alters not, it fol- 
lows, that GO will be inverſely proportional to SG. 


Cor. 1. With the centre G and diſtance SG, deſcribe a is 


circle . Let R2 be the diſtance of the centre of a 
| ation 


Fig. XL. 


Fig, XLIV, 
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lation from the axis of motion when the pendulum vi. 
brates in the ſame plane as before, round any point in 
the circumference S RF, for example R, then will R 
— $0 pros = LEES DE S+ Cx CG* _ 
wad! 3 2 GRxXA+B+C = 
GO by the propoſition, and conſequently SO = R2 : the 
ſame ſyſtem will therefore perform its vibrations in a 
iven arc of a circle in the ſame time, wherever its centre 
of ſuſpenſion be ſituated, provided it be always at the ſame 
diſtance from the centre of gravity, and the plane of its 
vibration in reſpect of the ſyſtem be not altered. 


Cor. 2. If G be the common centre of gravity of the 
whole ſyſtem, and of any two or more parts, for example 
A and B, then the diſtance BA remaining, let theſe bodies 
revolve round &, in the plane which is perpendicular to the 
axis of motion; wherever they are fixed during this revo. 
Jution, the ſyſtem will vibrate through a given angle round 
the axis of motion & in the ſame time as before; for by 
the revolution of 43, the quantity Ax AG + B x BG* 
+CXxCG?* 1s not altered, and SG being likewiſe the 

2 2 2 
ſame, 60 NLD iu be 
| | A+B+CXSG 
unvaried, and conſequently 8 O the ſame as before. 

Cor. 3. Let 4, B, C repreſent any ſyſtem revolving 
round an axis paſling through S; let & be the centre of 

vity, O the centre of oſcillation, and F the weight of 
cS body ; then if the ſyſtem when referred to any one 
plane, which is perpendicular to the axis, conſiſts of the 

rticles A, B, C, &c. the ſum of the products which are 
ormed by multiplying each particle into the ſquare of its 
diſtance from the centre of gravity = $G x GO x W.: 


that is, when theſe diſtances are eſtimated by lines drawn 


Fig. XLVI. 


through each particle perpendicular to a line which paſſes 
through the centre of gravity ; or if the whole figure be 
projetied into a plane Pm to the axis and paſs- 
ing through the centre of gravity, theſe diſtances may be 
eſtimated by lines —— gl between the particles and 
the centre of gravity itſelf. 

Cor. 4. Let ABC repreſent the plane which paſſes 
through the centre of gravity of any irregular ſolid, and 
let a line be drawn perpendicular to this plane paſſing 
— 2 the centre of gravity G. Any where in the plane 
SABC, let two points 8B found by trial be ſuch, that 
when they are ſupported, the ſolid will remain balanced in 
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any poſition; the centre of gravity muſt be in a line which 
joins theſe points. Let the body vibrate in the plane SABC 
round an horizontal axis which paſſes through S. Elevate 
the point & ſo that & H may be oor, and let the 
weight g _ vertically by means of a fixed pully C be 
ſuch as is juſt ſufficient to ſupport SZ horizontal: alſo let 
SB=a, the weight of the 


I 
aw * 
brations in a circular arc round the given axis which paſſes 


through & in 7 ſeconds; then the diſtance of the centre of 

oſcillation from the axis SO = Li, inches“, / being = 
| * þ 

193 inches, and p = 3.14159, &c. wherefore GO = 


Suppoſe that the ſyſtem performs # very ſmall vi- 


2171 a 2 40 1— 299 
e re, andftwxGOX 


SG=AxXAG*+B x BG* C x CG?, &c. = 
„ri 
A2. ee 2. This propoſition is of conſider- 
able uſe in the practical conftruftion of the balance, when 
the motion of that inſtrument as well as its equilibrium is 
conſidered, which will be ſhewn on a future occaſion. 
Suppoſe," that during the vibration of a ſyſtem of bodies 
round a fixed axis, ſuch an obſtacle were oppoſed to any 
int O, as to entirely deſtroy the motion of that point. 
be point O being quieſcent, each particle of the ſyſtem 
will endeavour by its inertia to proceed in the direction 
of its 4 motion, that is, of the tangent to the circular arc 


y = w, then will SG = 


„ Sect. III. 
Prop. I. 


* Sect. V. 
rop. I. 
Cor. 3», 


Fig.XLVII, 


I. Law 


which it was deſcribing the inſtant O was ſtopped. Theſe of Moon, 


forces will therefore act on the ſyſtem to turn it round O, 
and if the ſum of the forces on each ſide of O ſhould be 
unequal, the motion of the ſyſtem will not be deſtroyed 
when O is ſtopped : but ſince the forces which a& on the 
penduluini between O and & will have an effect to continue 
the motion of the fyſlem contrary to thoſe which are im- 
preſſed on the other fide of O, if the point O be ſo ſituat- 
ed that the ſum of the forces to turn the ſyſtem round O on 
each fide of that point may be exactly equal, the whole 
motion of the ſyſtem will be deſtroyed the inftant O is 
ſt This point, determined according to the con- 
ditions juſt deſcribed, is called the centre of percuſſion, 
and if a pendulum vibrating with a given angular mo- 
tion ſtrikes an obſtacle, the effect of the blow will be the 
greateſt when the impact 358 in that point; for = 


Fig. xl VII. 
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chis caſe, the obſtacle receives the whole revolving mo- 
tion of the pendulum; whereas if the blow be ſtruck in 
any other point, a part of the pendulum's motion will be 
employed in endeavouring to continue its rotation. 


VII. 


In a given ſyſtem of bodies a +B +c 
moveable about an axis of motion paſſing 
through s ; it 1s required to determine the 
diſtance of the centre of percuſſion from 
the axis of motion. 


Let G be the common centre of gravity, draw SGOL, 
and let © be the centre of percuſſion, Through 4, B 
and C draw Aa, Bb and Cc perpendicular to SA, SB and 


C reſpeQively, and the lines FD, BE, CF perpendicu- 
lar to SO: then the inſtant O is ſtopped, the body A will 


endeavour to proceed in the direction A a, being perpen- 
dicular to SA, and thereb __ forward the point a with 
a force proportional to A x SA; this may be expounded 


in quantity and direction by the line 4a, but the direction 


in which it acts being oblique to S0, in order to find what 

art of it is employed to turn the ſyſtem round O, it muſt 
be reſolved into two Da and DA, whereof Da tends to 
urge the ſyſtem from S, and AD to impel it round O: con- 
ſequently this latter force is that part of the whole force 
AX SA, which is expreſſed by the fra8tion , or be- 
cauſe of the ſimilar triangles DAa, S DA, by the fraction 


SD, the force of & therefore applied to turn the ſyſtem 


$4 


Euclid. 
lem 


Lib, 6, 
Prop, 13. 


when O is Ropped = = Fx Sb, and the 
effect of this force to generate angular motion round O is 
AxSDxXOa= AN DJG Ya; and fince by fimilar 
triangles S4 = = " follows, that the force of 4 to 
turn the 2 round O AR SDR SO -A ge 


* 
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and by the ſame reaſoning the force of B to turn the 
ſyſtem round O in a contrary direction = B x 8 B*— B 
* SEN SO, and that of C CNC -C OF SO: 
and ſince theſe forces are to balance each other round O 
by the problem, we have 4x SD x SO —4 x SA 
BxXSB*—BXSExXSO+Cx8SC—CxSFxS$S0O, 
and $80 = 2*54*+B x 8B* + C x SC? 
= AXKSD+BXSE+DxSF 

of the centre of gravity Ax DBK SE 
+CxX$8$F=8GxXxXA4A+8B+dcC, it follows, that SO = 
Ax 48*+ B x BS*+C xC8* 


A+ B+Cx8G 


Cor. 1. The diſtance ® of the centre of percuſſion is + ged. VI. 
equal to the diſtance of the centre of oſcillation from the Prop. V. 
axis of motion, 

The centre of oſcillation has been defined that point 
wherein if all the matter of a ſyſtem were collected, the 
time of vibration through a given angle would be the 
ſame as before, and conſequently the angular velocity ge- 
nerated in a given time muſt be the ſame in both caſes: 
but here a — is 8 be taken * of. In de- 
termining the centre of oſcillation, when the parts of a rig. xl. 
ſyſtem 4 B, C are diſpoſed at the reſpective given poſi- 0 
tion and diſtances SA, S B. SC, the moving force which 
generates the angular velocity, that is, the natural weight 
of the body is applied at the common centre of gravity; 
whereas, when the matter of the ſyſtem is collected into O, 
ſo that the time of vibration in a given angle may be the 
ſame as before, the moving force is applied at O, having 
changed its place from G to O. | 

This is the caſe when a pendulum is put in mation by 
gravity, but when any ſyſtem of bodies 4, B, C is cauſed 
to revolve by the action of a force applied at any given 
diſtance which changes not, if the whole maſs 4+ B + C 
be collected into the centre of oſcillation, the angular ve- 
locity generated in a given time will not be the ſame as 
before: there exiſts therefore ſome other point R, in which Fig. XLII. 
if all the matter 4+ B+C be collected, a given force 
P applied at an invariable diſtance from the axis, will ge- 
nerate the ſame angular velocity in the ſame time as if the 
bodies were diſpoſed at their reſpective diſtances SA, SB, 

SC. This point is called the centre of gyration. 

N. B. To avoid repetitions, whenever any moving 
force is applied to turn a ſyſtem round its axis, it is al- 

dz Ways 


- 
— * 

— 2. 4 o - _ 

2 * — 4 


Pay 
- - 
— 


* 
82 WT. a - © 
- -- 
* 9 
* — aw 


; and fince by 


— — - - 
5 5 "as ** * 
LES 
« 


. . pg” 


of 
4 
4 
4 


?. 212- 1 


ways meant to act in the direction of the plane wherein 

the ſyſtem revolves, and at right angles to a line, drawn 

2 the point at which it is applied, perpendicular to 
e axis. 


VIII. 


Fig. XL11, In a ſyſtem of bodies a, B, c revolving 
round an axis which paſſes through s; 
having given the quantities of matter 
contained in A, B, c, and the diſtances 
SA, SB, SC, it is required to determine s 
the diſtance of the centre of gyration from 
the axis of motion, 

Let any force P be applied to turn the ſyſtem at 
any given diſtance from the axis SD. If force 

„ Sed. I which accelerates a given point D be the ſame in any 

Prop. i. two caſes, the “ abſolute velocity of that point gene- 


rated in a given time muſt be the ſame, and conſequent. 
sea, VI. ly the angular velocity || —— in the ſyſtem equal 


<p in both caſes: the force which accelerates the point D = 
+ Sea. VI, P X 8 2 g 


1 5 FCrROFt ET now, let 4+ B+C 
* coincide with R, and the force which accelerates D will be 


PX $SD* 
* —, theſe forces muſt be equal b the h po- 
ITT C NSR. n ; ad mo 


theſis: making therefore —— 
m 42 "AX AS*+BxX BS*+Cx C85 
P x 8D? 


Y 4858 c x £2 


Le AT + FEPTECECD, and the diſtance of the centre 


. , Ax AS*+B x BS*+CxC8* 
of gyration required = A | — 
x | | A+B+C 


Cor. 1. Let T BTC, and ſince A x A8* + 
B x BSH Cx CS* SR x, it follows, that SR 


„ we ſhall have SR = 
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= $0 8: + wherefore the diſtance of the centre of + Sec. VI. 
yration is a mean proportional between the diſtances of _ 
2 centres gravity and oſcillation from the axis of motion, 
Cor. 3. Every thing remaining, the angular velocit 
generated in a ſyſtem will be the ſame, whether the mals 


Wis placed at the diſtance || SR =V SO x SG, or whe- || Supra. 


ther the maſs -F. Fe is placed · at the diſtance 8D. fuel. 


Cor. 3, Let the ſyſtem revolve in the ſame plane as be- 
fore, * round an axis which paſſes through the centre of 


. rere. 
gravity ; and let G2 = \/ = = 
being the diſtance of the centre of gyration t from the axis 5 Sea. VI, 
— — from the propoſition it appears, that G = J. 

X ., 


Cor. 4. Let ABCD repreſent any pendulous body mov- pig. 
able round an axis of motion H 7 which paſles through &, XLVIL 
and let any impact be impreſſed on the point DO, (while the 
pendulum is at reſt,) in an horizontal direction and per- 
pendicular to the vertical plane ABCD. To find the 

gular velocity, which is communicated to the pendulum 
by the impact, let the weight of the pendulum be , let 
6 be the centre of gravity, O the centre of oſcillation, — 

R the centre of gyration; then let a weight be aſſu 
which is to F as SRI, or SO Xx SG to SD, this weight 


=Fx 755 W being collected into the point O, the 
ſame angular velocity will be generated in the ſyſtem, as 
when the pendulum is of the prior form, every thing elſe 
being the ſame. 

This is the rule delivered in Mr. Robins“ Gunnery, 
without, demonſtration, page 86. vol. 1. and by the ap- 
plication of it to his experiments, Mr. Robins was the firſt 
who aſcertained with any tolerable degree of certainty the 
initial velocity of military projectiles. 

_ Gallilzo had demonſtrated that the track of a body pro- 
jected in any direction not perpendicular to the horizon, 
was a parabola, the air's reſiſtance being not conſidered, 
and this reſiſtance was imagined to be ſo ral, that bodies 
moving through it would not ſenſibly deviate from the 
ath which they would deſcribe in vacuo, the velocity and 
tion of projection being the ſame. 9 This opinion & Philef. 


however erroneous was adopted by Dr. Hally, as as ſe- Ne 
veral > > 
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yeral other eminent philoſophers. That either the t of 
of projectiles was defective, or the reſiſtance of the air ſuch 
as rendered it inapplicable to praftice, was however after. 
wards diſcovered. When equal bullets are ſhot off from 
the ſame piece of ordnance, and with equal charges and at 
the ſame elevation above the horizon, the horizontal ran 

and times of flight muſt be the ſame or ver . 
(provided the — of the balls be perfectly ſpherical, 


and their ſubſtance altogether e however great 


the air's reſiſtance may be. This being the caſe, if the 
horizontal range were obſerved on any one diſcharge at a 
given angle of elevation, the initial velocity wherewith 
the ſhot quitted the cannon would be deduced from Gali- 
Izo's rules, provided the air's reſiſtance were inconſider- 
able in its effects. But it appeared from experiments made 
on the ſame piece of ordnance, from which bullets exactly 
equal were diſcharged with equal quantities of powder 
and at different elevations, that the initial velocities de- 
duced by Galilzo's theory from the different horizontal 
ranges obſerved were entirely different. Neither did the 
horizontal ranges follow that law in reſpe& of the eleva; 
tions, which is demonſtrated by Galilzo. : 

Various hypotheſes were formed in order to account for 
theſe irregularities. Mr. Robins perceived that their true 
cauſe could not be determined, except the initial velocity 
of the ſhot in given circumſtances were firſt with certainty 
known. The great velocities communicated to bullets 
by gunpowder, rendered it impoſſible to make any direct 
obſervation on them: Mr. Robins therefore uſed the fol- 
lowing indire& method, which ſeemed fully to anſwer his 
intentions. 
SAC repreſents a pendulum moveable about an hori- 
zontal axis JH: a heavy block of wood ABCD was ſo af- 
fixed to the rod ES, that its anterior ſurface might be 
vertical when quieſcent and parallel to a plane which paſſed 
through the axis of motion. When a bullet impinged per- 
pendicularly on the ſurface 4D, the pendulum was cauſed 
to vibrate on its axis of motion, and the weight of it was 
ſo adjuſted in reſpect of the bullet's weight and velocity, 
that the angle of vibration might be ſuch as admitted of 
the moſt exact determination by experiment. 

Suppoſe then that a muſket or other bullet were to 


ſtrike perpendicularly againſt the point D, and the angle 


through which the pendulum is impelled by the ſhot ob- 
ſerved. Mr. Robins” problem is to infer the velocity with 
which the bullet impinged againſt the pendulum from 


having 


L erg ] 
hayiag given this angle, ther with the dimenſions and 
weight of the pendulum: the ſolution of this may ſerve 
as an illuſtration of the principles of rotation juſt de- 
monſtrated. 


IX. 


Let a muſket or other ball perpendicu- 4 wy 


larly ſtrike againſt and penetrate into the 
ſubſtance of the pendulum ABD in the 
point v; let the angle through which 
the pendulum is impelled by the ſhot be 
A*: having given the weight of the pen- 
dulum and of the ball, and the diſtance 
from the axis of the centres of oſcillation 
and gravity of the pendulum together 
with the diſtance sp; it is required to 
aſſign the velocity with which the ball 
ſtruck the pendulum, 


Let the weight of the pendulum = V, and that of the 
=P; alſo, let O be the centre of oſcillation, G the centre 

of gravity, R the centre of gyration, and let 2 be a weight 
which being collected into the point D, a given force ap- 
plied to D will generate the ſame angular velocity as if it 
were applied againſt the pendulum itfelf in the point D. 


W x 8G x 80 M SR. 


Sea. VI. 


This |equivalent weight L -N = F757 Þrop. VII 


by the laſt propofition : alſo, let / be the velocity com- 
municated to the point D, x the velocity of the bullet re- 
quired, then the block of wood being nonelaſtic the laws 
of collifion give the following proportion 2 + P : P 
:t:x:F; wherefore the velocity of the ball x x 


Cor, 


Prop. i. 


. Conſequently fince Land P arg known, it only 


remains 


—— ug — — 9 — 


2 This is manifeſtly the rule juſt demonſtrated for a com- 


— — — — 
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remains to aſſign the velocity Y which has been com- 
municated to the point D, from having given the angle 
4, through which the pendulum is impelled by the 
ſtroke. Let SO , SD = 4, then the velocity acquired 
by the centre of oſcillation in a pendulum, which de- 
ſcribing from reſt any arc of à circle has arrived at its 
loweſt point, is equal to that acquired by a heavy body 
which has deſcended freely from reſt by the accelera- 
tion of gravity, through a ſpace equal to the verſed fine 

of the arc deſcribed by the pendulum: In like manner, 
if any given velocity be communicated to the centre of 
oſcillation of the pendulum when quieſcent, it will riſe 
through an arc whoſe verſed fine 1s equal to the ſpace 
through which a body falls freely from reſt in order to ac- 
quire. that velocity. 'This being the caſe, fince the pendu- 
lum in the problem deſcribes an arc 4, let & be the 
verſed ſine of the arc 4 to radius = 1, then will the 
centre of oſcillation or the point O deſcribe an arc during 
its motion, the verſed fine of which = 56, and conſe- 
quently if / == 167 feet, the initial velocity“ of O will be 


= V 414+ feet in a ſecond, and the velocity of the point 


"41ba* 
D=V —.— =. This therefore will give us the ve- 
locity of the bullet the inſtant it truck the pendulum or 


Y 
E = X feet in a ſecond, 


To illuftrate this, let an example be aſſumed from Mr. 
Robins. The pendulum which he made uſe of weighed ;6 
pound 3 0z. or 675 0z, The diftance of the impact from 
the axis = 66 inches = 8D, $O = 62.66 = 5, $G = 
52. Mr. Robins + after having deferibed the conſtruc- 
tion of his inſtrament and the conditions of this problem, 
fays, In the compound ratio of 66 to 624, and 66 to 
_ & 52, take the quantity of matter in the pendulum to a 
4 fourth quantity, which is 42 pounds f oz. Now 
« meters will know, that if the blow be ſtruck in the 
« centre of the piece of wood ABCD, the pendulum will 
«« reſiſt the ſtroke in the ſame manner, as if this quantity 
„of matter only (42 pounds 4-0z.) was concentrated in 
« that point, and the reſt of the pendulum was taken 


« away.? 


pound ratio of 66 to 62. 3, and 66 to 52 is the ſame as the 
: ſquare 
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ſquare of the diſtance of the impact to the ſe un- 
der the diſtances of the centres of gravity and oſeil lation 
from the axis of motion; that is, in a du 
the diſtance of impact to that of the centre of gyration 
from the axis. The equivalent weight therefore which in 
the preceding ſolution was denoted by 2 will = x 
$GX80 __ 675 & 62.664 X 52 __ 
TC IEEE... eas 


In the experiment of Mr. Robins, the chord of the 


angle through which the pendulum was impelledf by the g; 


ſtroke, was obſerved to be 17.25 inches to a radius of 
71.125 inches, This gives the angle itſelf = 5 55" 48”; 
we have moreover for the determination of the bullet's 
velocity of impact from the propoſition, 4 = 66, 5 = 624 
and 2 = 42 pounds => of an o. or 504-95 o. 6 = 


| the verſed fine of 13* 55 48” to radius 1 = .02941057, 


plicate ratio of 


Robins“ 
unnery, 
page 37, 


P = 1 0z. and the bullet's velocity required = 2 


X 22 = 39.727 X 505.95 = 20100 inches, or 1675 


feet in a ſecond, / being = 193 inches: if according to Mr. 
Robins, / be aſſamed = 196.06, the velocity of the bullet 


will be = 1688. Mr. Robins + makes the velocity from + Page $3, 


the ſame data to be 1641 feet in a ſecond: or if the com - 
putation had been exact according to his principles, 
the velocity would have been 1645. This difference is 
remarked in the excellent comment“ on Mr. Robins“ 
Principles of Gunnery: it was occaſioned by his havin 


aſſumed as true, that a given velocity being communi- R 


cated to any point of the pendulum D when — 
will cauſe that point to deſcribe an are of which the verſed 
line is equal to the ſpace through which a body muſt fall 
from reſt by its gravity, to acquire that velocity : but this 
is true only when the given velocity is communicated to 
the centre of oſcillation: if therefore a given velocity be 
communicated to any other point D, in order to find to 
what perpendicular altitude that point will riſe, the velo- 
city at the ſame time impreſſed on the centre of oſcillation 
muſt be firſt found; then the ndicular altitude to 
which the centre of oſcillation riſes will be equal to the 
ſpace through which a body muſt fall freely by gravity to 
acquire that velocity, and from this the altitude to which 
the point ſtruck will riſe, may be inferred by the rule of 

0 pro- 
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proportion. Thus let / be the velocity communicated to 

$75), the point Dh, then will / x 59 be the velocity commu 
nicated to the centre of oſcillation, and if / = 193 inches, 
or 167; feet, the verſed fine of the arc through which the 


Pete . centre of oſcillation is impelled* = Ig N, wherefore 
Cor, 3. 1 E 7 8 
the r altitude through which the point ſtruck 
D will aſcend = T7 85 and conſequently if this alti- 


tude = a by obſervation, Y the velocity communicated 
. a V* x SO 
will be n for _ yy = a, we have = 


Arr. Mr. Robins“ rule makes it V4 1a» 


which will give the reſult too ſmall in the proportion of 
d: . when SO is leſs than SD, and greater in the 

ſame proportion when $O is greater than SD: thus in 

the example juſt referred to 1645 : 1688: 62.3 : /66- 

In this ſolution ſeveral minute circumſtances which may 

in ſome degree aſfect the velocity deduced from the rule 

are not taken into account, being in general inſenſible in 

experiment: ſuch as the reſiſtance of the air, the figure of 

the ball which has in the ſolution been ſuppoſed a point: 

alſo the ball's weight will alter the centres of oſcillation 


and gravity, and V the equivalent weight 2. 
Moreover, the time during which the ball penetrates the 
block is aſſumed as an inſtant, whereas it is of finite quan · 
tity, however ſmall: but theſe circumſtances are in general 
too minute to have any ſenſible effect: in — caſes 


corrections may be applied, if they ſhould be neceſſary, 


X. 


r xlix. In a ſyſtem of bodies which may vibrate 
as a pendulum round any axis of motion 
perpendicular to the plane A8 c: having 
given the centre of gravity o, draw any line 
$GOL through & in the plane of motion 

| A 
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ABC; let it be required to aſſign in this 
line a point q, through which if the axis 
of motion paſſes, the pendulum ſhall vi- 
brate in the leaſt time poſſible. 


Let O be the centre of oſcillation, 2 the centre of ſuſpen- || Bernou!li, 
fion, and the weight of the pendulum : moreover, let the 
ſum of Ax 4AG*+B x BG*+ Cx CG*,&e.=8: alſo, let G2. 
=, GO = y; then x + y will be the length of the pendu- 
lum which is to be a minimum by the problem, wherefore 


+5 =0, d = —5; but ®lince xy Sig, taking the pig V1. 
fluxions x5 = A, in which equation ſubſtituting — 3 3. 
for a, we have x =y, thatis, G2 = GO, and xy = Z,= 


Kent gn. _ oo, vheretbre C = 


A+B+Cc q 
Ax AG*+BX BG*+C x CG | 3 
WEE A+B+C w- 2 to the f diſtance of ,p. VII. 4 


the centre of gyration from the axis of motion, when that 
axis paſſes through the centre of gravity. 
Let therefore the ſyſtem revolve round the axis which 
paſſes through the centre of gravity ; and ſuppoſe R to be 
the centre of gyration when all the matter is collected into 
any line SGL, each particle keeping its reſpective diſtance 
from G, then with the centre G = diſtance GR deſcribe 
a circle, and if the ſyſtem vibrates in the ſame plane as be- 
fore, the time of vibration will be leſs when the axis of 
ſaſpenſion paſſes through any point in the circumference of 
the circle juſt deſcribed, than when it is further from the 
centre of gravity or nearer to it. 
Thus, let A BC repreſent a cylinder, if the maſs con- Fig. L. 
tained in that body were collected into the line GC, each © 
article preſerving the ſame diſtance from the axis as be- 
os the centre of gyration R would be diſtant from the 
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centre of the circle G by == the radius : if therefore the 
2 

radius GC be divided into 100 parts, and GR be taken 

equal to about 71 of them, and the cylinder vibrates in its 

own plane round an horizontal axis paſſing through R, 

the time of vibration will 3 leſs than if R were placed at 
e 2 a 
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2 greater or leſs diſtance from the centre of gravity, 
Thus alſo, if a right line 4B or flender cylinder vibrates 
about a point R, and if AB = 100 parts, and AR about 
21 of them, the line will vibrate about & in leſs time than 
if AR were greater or leſs, the angle through which the 
ndulum vibrates being the ſame in all theſe caſes. 
Whenever the centre of gyration of afiy figure which 


| revolves round an axis paſſing through the centre of gra- 


vity G, is mentioned, it is meant to be the centre of gy- 
ration of the body when collected into any given line in 
the plane of motion paſſing through the axis, and each par- 
ticle keeping its reſpective diſtance from the axis. 

This is here mentioned, becauſe when the axis of motion 
paſſes through the centre of gravity, SG = o, and SO is in- 


. AxCA*+BX BG* + CXGC* 
2 — — — — — 

finite; but SR*= 8G x SO = 55 
alſo in this caſe, and may be determined eicher by ſind- 
ing the ſum of Ax GA? B, &c. and dividing it by 
A+B+C, or by ſuppoiing the mals to be collected into 
any line GD, which paſſes through the centre of gravity, 
each particle preſerving its reſpective diſtance from the 
axis. Let o be the centre of oſcillation of the line GD, 


when the maſs is ſo collected into it, and g its centre of 


gravity, then will SR = Sg x So as before. The quan- 
tity SR being aſcertained, with the centre G and Alkane 
GR, let a circle be deſcribed : then the centre of gyration 
may be any where in the circumference of the circle, the 


angular velocity 1 in the ſyſtem in a given time 
: PREY 


depending on its diſtance from the axis only. 


XI. 


Let ABc repreſent a ſection or plane 
which paſles through the centre of gra- 
vity of any irregular body. Suppoſe this 
body to vibrate as a pendulum in the 
plane aBc round an axis which paſſes 
through s; it is required to determine the 
diſtance from the centre of gravity of any 

aft cm te "other 


a 
other point Q, through which if the axis 
% paſſes, the time in which the pendulum 
vibrates through a given angle ſhall be 
the ſame as before, the plane of vibration 
not being altered, 


Let R be the centre of gyration of the ſyſtem, when it 
revolves round an axis which paſſes through the centre of 
vity, and take a third proportional G2 to the lines 
S, GR. With the centre G, and diſtances GS, G2 de- 
ſcribe the circles LSV, L:: if the axis of the pendulum 
paſſes through any point in the circumferences of theſe two 
circles, the diſtance of the centre of oſcillation from the 
axis of motion will be always equal to the ſum of the radii 
of the circles, the time of vibration therefore through a 
given angle will be the ſame in both caſes, 


Let the pendulum vibrate round &, and let O be its 
centre of oſcillation : then = «peg hon particles which 
compoſe the ſyſtem when referred to the plane of vibration 
to be A, B, C, &c. the ſum of all the products AX AG* + 


Bx BG*+||CX CG?, &c. = GR*x A+B+C = SGXGOt — 
* A+B+C,&c. wherefore GO = 2 , and SQ= GO+SG Ce. "3 


Se . 
G 2 2 2 Prop. VIII. 
2 505 486 = 2 but by conſtruction GR* SG 
8 * ; 
x NG, wherefore SO = —.— It — = 2G + 8G 


= to the ſum of the radii. Now let the pendulum vi-- 
brate in the ſame plane round 2, and let I be its centre 
of oſcillation, then will + GH = ET and 2H = G2 + Fg vll. 
. Cor, 3. 


GR F 
= but GR*= GS x G2 by conſtruction, wherefore by 


G 
ſubſtitution 2H = C2 + e =G2 +6GS, or 
the ſum of the circle's radii as before. 


2 


S 
2 
— 


T > 


Cor. 1. It appears that there are two diſtances of the 
axis of motion from the centre of gravity of any pendu- 
lum, either of which being aſſumed, the time wherein the 

| pendulum 
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pendulum vibrates through a given arc will be the ſame, 
the plane of vibration not being altered. 

G . 2. When the axis of motion paſſes through the 
centre of gyration R, there is no other diſtance of the axis 
of motion from the centre of gravity, which will cauſe 
the pendulum to vibrate in the ſame time, the two di- 
ſtances before determined now coinciding with GR; and 

in this caſe the ® pendulum vibrates in a given angle in 
the leaſt time poſſible. 

Cor. 3. In any pendulum which vibrates in a given 
plane if an axis of motion be made to paſs through the 
point which was before the centre of oſcillation, the former 
point through which the axis paſſed will become the cen. 
tre of oſcillation, - 


o Se. VI 
Prop. X. 


XII. 


In a ſyſtem moveable round a fixed 
axis, and conſiſting of bodies the weights 
and figures of which are known: having 
given the moving force r, and the diſtance 
from the axis so, at which it is conſtant- 
ly applied, let it be required to determine 
the force which accelerates p. 


Fig. LI. 


Let the moving force be a weight P applied ſo as to act 
on O by means of a line wound round the circumference 
DFE: whatever be the figures of the bodies which compoſe 
the ſyſtem, if the component particles be 4+ B+C, &c. 
+E+F+6G, &c. the force which accelerates D will be = 

Px SD 
PXSD*+ AxXAS*+ B x BS*&c.+ Ex ES*+ Fx FS*,&c. 
but in any body which revolves round a fixed axis S, 
if SO be the diſtance of the centre of oſcillation, SG the 
diſtance of the centre of gravity from the axis, and V the 
Sect. VI, bodies“ weight, the || {um of the products 4 x A8*+ B X 
3 B8*+CxC8S?, &c. will = SO x SGK let there- 
FO fore the weights of the bodies which conſtitute the ſyſtem 


be V, V, W; let the diſtances of the centres of oſcillation, 
belong · 
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belonging to the bodies conſidered to revolye ſeparate- 


ly round the axis, be O, O, O, &c. reſpedtively, and the 


diſtances of the centres of gravity be G,G,G; then the force 


| P x $D* 
which accelerates D = — JT TT. 


P x SD*-+ OGW + OGW + OG 
When this rule is applied to practice, it is manifeſt, that 
the axis of motion muſt paſs through the common centre 
of gravity, (this being the beſt method of rendering the 
moving force ———_ in which-caſe the centre of oſcil- 


lation of the whole ſyſtem is ' infinitely diſtant ; but both * SeR. VI. 
the centres of gravity and oſcillation of the ſeparate parts Prop. V 


are determined as if theſe bodies revolved round the axis 


of motion ſeparately : thus, let 4 repreſent a 2 Fig. LIII. 


at the extremity of which two equal ſpheres are fixed, fo 
that the axis of the cylinder ſhall paſs through the centres 
of the ſpheres F and G. Let SF =, SG a, FH=r, 
the radius of the cylinder = c, and $4 = 6, and let the 
weight of either ſphere = V, and that of the cylin- 


k 2 Ul $4 * 
drical arm $4 = ; alſo let SG = — being the 


centre of gravity of $4, then if the ſphere 4 were to 
revolve horizontally round the vertical axis LX the di- 
ſtance of the centre of oſcillation from the axis of mo- 


tion = a + =, let this = $O; alſo, if the cylinder $.4 
revolves round the axis paſſing through S, the diſtance of 


the centre of oſcillation from the axis = Lia ; let 


this be repreſented by S O; then if a force P be appli 
to the point D, the force by which P is accelerated will be 


PN SD ; 
* 7 7 7 er or if SD 24 
PxSD*+280 x SGXV TSO SGN 


PX d* 
* * . 
Pd* + WISE + a x9 


the force = 


When a body revolving round an axis which paſſes rig. LIv. 


through its centre of gravity, is contained under any fingle 

metrical figure, the force of acceleration will be at once 

obtained by finding the ſum of the product: which ariſe from 

multiplying each particle into the ſquare of its diſtance 
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from the axis; thus let a cylinder DE revolve round its 


axis, paſſing through the centre & by the action of a force 
P applied at D, the force which accelcrates D will be 


P Xx 8D* SY 
N BSI CHo dc. ſuppoſing 4, B and C 


to be the particles which compoſe the cylinder; all theſe 
22 may be referred to one plane, i. e. that of EBD. 

o find the ſum of 4 x AS8*+ B x BS?, &c. let SA x, 
SD = 4, the cylinder's weight = V, and let a circle 
AF H be drawn through A with the centre $ and diſtance 
SA. Moreover, let à be a point contiguous to 4, and 
with the centre $ and diſtance $a deſcribe a circle af þ: 
the area intercepted between theſe two circles will be 
to the whole area, as the weight of an increment of the 
cylinder is to its whole weight; but if p = 3.14159, 

e circumference of the annulus = 2p x, and its area = 
2fxX, and fince the whole area = p4*, we have this 
proportion 2px# : pd* :: 4: V or 4 = », 


| 7 

and this particle multiplied into the ſquare of its diſtance 
_ 

from the axis = >=, and the ſum of all the pro. 


4 
duQs ſimilarly taken ===, or when x = d, this ſum 


===; the moving force therefore is in this caſe P and 


the mas moved ER = 4 a which 
accelerates the point D = — If the force P ſhould 


72 
conſiſt of a weight poſſeſſing inertia, applied to turn the 
cylinder by means of a line going round it, and termi- 
nating in P, the inertia of P muſt be added to the maſs 


33 2 Pd* 
moved, this will give the accelerating force 2 


= —=—. In the ſame manner, let a ſolid be formed 
2Þ + W 

by the revolution of any plane figure round a ſtrait line 
conſidered as an axis, if { ſolid ſhould be put into mo- 
tion round this axis by the action of any force applied 
at a given point, the force by which that point is accele- 
— may be determined. = 

| Y 


— - 
- 


— 
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By theſe propoſitions the revolving motion of regular 
bodies may be aſcertained from the neceſſary data, and of 
irregular bodies alſo when the axis of motioff paſſes not 
through the centre of gravity ; for if the diſtances of 
the centres of gravity and * oſcillation from the axis of * Prop. VI. 
motion can be found by experiment, the diſtance of the Col. 4. 
centre of gyration from the axis will be a mean + propor- + Sea. VI, 
tional between them. But when a ſyſtem of irregular Prop. VIII. 
bodies revolves round an axis which paſſes through their . 
common centre of gravity, the ſyſtem muſt be cauſed to 
vibrate as a pendulum round ſome other axis parallel to 
the former: and if the diſtance of the centre of oſcilla- 
tion from the axis of vibration be thence inferred, this 
with the diſtance of the centre of gravity from the centre 
of oſcillation will give the diſtance of the centre of gyra- 
tion from the axis which paſſes through the centre of gra- 
vity, and round which the ſyſtem revolves. 
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XIII. 


Let $1« repreſent the plane in which xg. Lv; 
any irregular body or ſyſtem of bodies 
revolves round an axis of motion paſſing 
through the centre of gravity &: having 
given the weight of the ſyſtem and the 
point p, to which a given force is applied, 
it is required to aſſign the diſtance of the 
centre of gyration from the axis of mo- 
tion, 


Let G be the common centre of gravity of the ſyſtem, 
and — ap the whole to be referred to the plane SIX, let 
the ſyſtem revolve in this plane round a fixed horizontal 
axis which paſſes through G: «through G draw any line 
SGo, and with the centre G and any diſtance G D draw 
the circle SDIK, and ſuppoſe all the matter which is 
t coincident with the circumference S 7X juſt deſcribed, t Sed. VI, 
to be collected into 4: in like manner imagine all the 999. 1. 
matter contained in other concentric circles to be collected — 
into the correſponding * in the line Go, let g be the 

centre 
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centre of gravity of the matter contained in this line, 
and let o be the centre of oſcillation; then if a weight = 


55 vere collected into the circumference IX, 
or any point of it D, the other parts of the ſyſtem being 
removed, the point D would be accelerated in the ſame 
manner as when the ſyſtem itſelf is ated on by the ſame 
force applied at the ſame diſtance from the axis. In this 


: SD* x P 
caſe the force which accelerates 4D = F J 


or if the inertia of P is conſidered, the force = 
SD*P 
FCD SS ai but ſince the figure of the ſyſtem 


is not geometrical, the quantity V x Ig X oe „or the 


equivalent weight cannot be eſtimated by theory; it may 
be determined by experiment in the following manner. 
Let a weight P be applied to communicate motion to 
the ſyſtem by means of a very ſlender and flexible line 
going round the wheel SD K, through the centre of which 
the axis paſſes: let this weight deſcend from reſt through 
any convenient ſpace „ inches, and let the obſerved time 
of* its deſcent be 7 ſeconds, then if / be the ſpace through 
which bodies deſcend freely by gravity in one ſecond, the 
equivalent weight ſought = E 575 3 - OL 
— P. Let this weight = 2 and we ſhall obtain the ſum 
of each particle multiplied into the ſquare of its diſtance 
from the axis of motion; and conſequently the diltanc» of 
the centre of gyration from the ſame axis: for fince : 
V:: Gg x Go: GD*, + we have AX GA*+ B x GB* + 
CxGC',&, = GD*X2 = GoX GHR I, and fince G 
G g = GR*®;, it follows, that the diſtance of the centre of 


gyration from the axis, or GR GDK = This hav- 


ing been once determined, the force which accelerates any 
point of the ſyſtem in other caſes, at whatever diſtance the 
moving force be applied, will be known. For the angu- 
lar velocity of the ſyſtem will always be the ſame, as if 
the whole maſs were g collected into 1 centre of gyration. 
An experimental method is alſo delivered by Bernoulli, 
and long ago || tranſcribed : a demonſtration of it may be 
here inſerted as a further illuſtration of the printiples of 
I rotation. 
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rotation. In any irregular figure referred to the plane Fig. L vi. 
SIK, let G be the centre of gravity, O the point to which 
a moving force þ is applied to turn the ſyſtem round an 
axis which is perpendicular to the plane SIX With the 
centre G and diſtance G D deſcribe a circle SLM; then 
taking any point in the circumference &, let the ſyſtem 
vibrate in the plane & I & perpendicular to the axis which 
paſſes through &, and let 6 be the centre of oſeillation of 
the ſyſtem ſo vibrating : then let GO , SG =GD A. 
the weight of the ſyſtem = V, and the moving force 
þ x GS 


DX C +wxXGo 


=: the force which accelerates D = 


2 2 the demonſtration of this rule follows im- 


mediately from the preceding principles; for ſince- the 

centre of gravity is G, and of oſcillation O, it follows, 

that *SG x GOxw=4x 4G +B x BG*+C x GC, , 
or the ſum of all the products which are formed by mul- Cor — 
tiplying each particle in the ſyſtem into the ſquare of its 

diſtances from the axis, when that axis paſſes through the 

common centre of gravity: wherefore SG x GO =6bd= 

AX AG" + B x BG* + CX CG* 

W 

tance of the + centre of gyration from the axis, when the + Seck. VI. 
ſyſtem revolves round G; let the maſs av be collected into Prop. VIII. 


the centre of gyration at the diſtance 54 from the axis; 
then will the communication of motion be the ſame as if 


= the ſquare of the di- 


the equivalent weight w x 2 were collected in the point 


Dy, the other parts of the ſyſtem being removed: here the 1 Sc. VI. 


force which communicates motion to the point D is p, the C —_ 


maſs moved p + = and the || force which accelerates D ere lx, 


9 0 
SE bw © pd +6 
"ow 


The diſlance SO is obtained practically thus; ſuppoſe 
that the ſyſtem performed u leaſt vibrations in ? ſeconds, 
4 : 214 
if /= 193 inches, p = 3.14159, &c. SQ =p no length 


required, 


Ff2 The 
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The objection againſt the application of this method to 
practice is the difficulty of aſcertaining the diflance of the 
centre of oſcillation from the axis &, or the ſpace $O by 
1 

his ariſes ſrom the friction of the axis, the air's re- 
ſiſtance and the inequality of the arcs through which the 
pendulum vibrates, to al) which it is difficult to apply the 
exact corrections; and it is obvious, that ſince the lengths 
of pendulums vary in a duplicate ratio of the times of vi- 
bration, a ſmall error in eſtimating the time cauſes a con- 
ſiderable variation in the lengths deduced: fo ſmall an 


. — IV, error as 9 ſeconds in 10 hours cauſes ® a change of length in 
p. l. 
Cor. 8. a pendulum which vibrate ſeconds = 7 part of an inch, 


and this error even ſome pendulum clocks are liable to: 
but when pendulums are ſuſpended in a manner leſs ac- 
curate, the danger of error in determining the centre of 
oſcillation becomes much greater, the lengths thus deduced 
having been miſtaken by perſons well verſed in experi- 


ments, but who have truſted to experiment only, by =, or 


even a greater proportion of the true length. 


In the propoſitions concerning rotation which have 
been demonſtrated, the axis of motion has been ſuppoſed 
fixed ; but there are other caſes in which the axis itſelf 
moves with the common centre of gravity through which 
Fig, LVn. it paſſes, To exemplify this, let G repreſent . centre 

of gravity of a ſphere placed and ſuſtained quieſcent on an 
inclined plane, by a force which acts in a direction paral- 
Jel to the plane : it is known, that in this caſe, the force 
in the direction of the plane is to the body's weight, as 
the height of the plane to the length. When therefore the 
ſphere is left to itſelf, it will endeavour to deſcend alcng 
the plane by a force which 1s to its natural gravity as the 
plane's height is to its length. 

Part of the ſphere's natural weight is loſt by its preſſure 
g__ the plane in a direction perpendicular to it: let 
the line 45 repreſent in quantity and direction the ſphere's 
natural gravity ; this being reſolved into two, EB perpen- 
dicular to plane, and AE in the direction of it. Then 
the force which impels the ſphere will be that part of 


its natural weight which is expreſſed by the fraction 75 
If the ſphere was at liberty to move freely in the direc- 
i tion 
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tion of this force, each particle would partake of an equal 
motion, being the ſame as that with which the centre of 
vity moved: and this would be the ſphere's real mo- 
tion were there no adhefion between the ſurfaces which 
prevented the ſphere from ſliding down the plane; it is 
2 this principle only, that the laws demonſtrated by 
alilzo can be applied to the deſent of bodies along in- 
clined planes. Indeed the ratios of the ſpaces deſcribed 
on a given inclined plane, will be the ſame in given cir- 
cumſtances, whether the ſphere rolls or ſlides ; but the ab- 
ſolute quantity of them cannot be from hence afſigned : 
and as the ſurfaces cannot be made ſo ſmooth as to prevent 
their rotation when they deſcend along inclined planes, it 
muſt not be expected that their motion will correſpond 
with the theory, unleſs the rotation be taken into account. 
To conſider this a little further: While the impelling 
force acts on the centre of gravity G, in the direction pa- 
rallel to the plane HG, the youn A, which is contiguous 
to the plane's ſurface, will be prevented from moving 
along with the centre of gravity by the adhefive force 
exiſting between the point 4 and the plane: by which 
means, while the centre of gravity deſcends along the 
plane in a right line, the ſphere will revolve on an axis, 
and all the particles except thoſe in the axis of motion 
will deſcribe cycloids, 
The force which accelerates the centre of gravity of a 
ſphere or cylinder, when rolling down an inclined plane, 
is next to be conſidered. 


XIV. 


The force which accelerates the centre 
of gravity of a ſphere, while it rolls down 
an inclined plane, is to the force by which 
it would be accelerated were it to ſlide, in 
the ratio of five to ſeven. 

Let the height of the plane be H. its length L, and the 


ſphere's weight = /; then will the force by which the 
cen tre 
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centre of gravity endeavours to deſcend along the plane 


be — 2 Alſo, if the ſphere were to ſlide, the weight 


moved being = IF, the accelerating force = 7 : but 


fince the ſurface revolves with a velocity equal to that 
with which the centre of gravity moves, the inertia ariſing 
from the ſphere will conkit not only of the ſphere's mats 
of matter, but of the reſiſtance which proceeds from the 
rotatory motion. Let the ſphere G be ſuppoſed to deſcend 
by fliding, then will the inertia be , but let a line paſſing 
through the centre G be cauſed to communicate with the 
vertical circumference of a great circle of another ſphere 
H. equal in all reſpects to G, and moveable round an hori- 
zontal axis of motion by means of this ſtring: here it js 
manifeſt, that the circumference of the ſphere muſt be ac- 
celerated exactly in the ſame manner as the centre of gra- 
vity G. Now it is immaterial whether this rotatory mo- 
tion be produced in the deſcending ſphere G, or in any 
other equal to it in weight and magnitude, the motion 

roduced in a given time being the ſame in both caſes: it 

lows, that the force which accelerates the rolling ſphere 
will be the ſame as that which accelerates the ſphere which 
flides, and at the ſame time communicates a rotatory mo- 
tion to an equal ſphere H, ſo that the circumference of the 
Jatter ſhall move equally faſt with the centre of the de- 
ſcending ſphere, 

Let R be the centre of gyration of either ſphere, the 
weight; then will the inertia of the ſphere H which fe- 
fiſts the communication of motion to its circumference 
to which the moving force is applied be the ſame, as if 


W x 155. * were collected into the circumference, ſince 
it moves equally faſt with the centre G; when therefore 
the ſphere rolis down the plane, the whole maſs moved or 
reſiſtance ariſing from inertia will be . + ELL 2 


2 
Gnce in the ſphere HR* = = the inertia will be =, 


and becauſe the moving force is 2 - it follows, that the 


force which accelerates the centre of gravity G = = , 
which 
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which is to the force which would accelerate the ſphere 
when ſliding down as 5 : 7. 
Cor. 1. The abſolute force whereby motion is gene- 


rated in the circumference of the ſphere 4 is = = * 


T. For the equivalent weight at the circumference oft he 


the ſphere Z is = _ „and the force which accelerates 


the circumference = 5 * 7 whereſore the moving force 
which is always tequal to the weight moved multiplied in- $ Sol. J. 
to the number expreſſing the accelerating force will be F top. IX. 
„ 
1 7 2E 
Cor. 2. In the ſame manner, let a cylinder revolve 
down an inclined plane the axis being always horizontal, 
the force which accelerates the axis will be found that 


2 


part of gravity which is expreſſed by the fraction : * Fo 


Let 4 BC repreſent the ſection of any irregular figure Fig. LVIIT, 
whatever paſling through its centre of gravity G: with the 
centre G and any diltance GS deſcribe a circle. Suppoſe 
the whole ſyſtem to roll down an inclined plane, being 
ſuſtained on the circumference DS which is always in con- 
tat with the plane and vertical. If & be the centre of gy- 
ration of the figure, the force which accelerates the centre 
of gravity will be that part of the acceleration of gravity, 

Fi; GD* 
which is expreſſed by the fraction -—— LTH 
that part of the moving force which cauſes che rotation = 

W x GR* 
GD* GR 
from the preceding ſolution. 

Cor. 3. Let the figure be ſuſpended on an axis paſſing 
through any point & in the circumference ; and when it vi- 


brates in its own plane, let O be the centre of oſcillation: 


the force which accelerates the centre G will alſo = 76 


= 


H 
* 7 » and 


x 2. the demonſtration of which follows 


 AXAG*+ BXxBG* CCG, &c. Seck. VI. 
—— — — , 
"7 or GR = A+B+C Sleep. VI. 
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GO * S, or GO x GD; ſubſtituting therefore GO x GD 
8 GD* 
for GR* in the former expreſſion, we have Sr = 


6 D* GD 8G ; 
7 I+GOXOD — TD GO _ FO! and the force which 


accelerates the centre of gravity = 85 * 5 , and that 


part of the moving force by which the rotation of the cir- 
GO HH , 

3 

The force whereby ſpheres, cylinders, &c. are cauſed 
to revolve as they move down an inclined plane inſtead of 
ſiding, is the adheſion of their ſurfaces occaſioned by the 
preſſure of the — body againſt the plane : this 

reſſure is part of the body's weight; for the weight be- 
ing reſolved into two, one force in the direction of the 

lane, and the other perpendicular to it, the latter is 
the force of the preſſure, and while the ſame body rolls 
down the plane, will be that part of its weight which is 
expreſſed by the cofine of the angle of the plane's eleva- 
tion divided by radius. It appears from hence, that 
fince the coſine of an arc is decreaſed while the arc in- 
creaſes, the preſſure may by elevating the plane to a cer- 
tain angle Gove the horizon become ſo ſmall, that the 
adhefion ſhall be leſs than the force neceſſary to make the 
circumference of the ſphere revolve fo faſt as the centre of 

avity deſcends : in this caſe the ſphere deſcends by ſlid- 
ing partly and partly by rotation. 

The ſame will happen when the ſurfaces of the revoly- 
ing body and of the plane are ſo ſmooth, that their mu- 
tual adheſion is leſs than the moving force or weight ne- 
ceſſary to generate the rotation of the ſphere ; that is, re- 


ferring to the example juſt | mentioned leſs than 0e 


But a body may be cauſed to roll at all elevations of the 
inclined plane, by winding a line round the cylindrical 
ſurface in a manner repreſented in fig.Lv111. as the cylin- 
der G deſcends it unwinds itſelf from the line, which in 
this caſe ſupplies the place of the adhefion between the 
ſurfaces ; let the rolling body be ſuſpended on any point 
of the circumference S, let G be its centre of gravity be- 
ing coincident with the axis of the cylinder, and ſuppoſe 
O to be the centre of oſcillation of the figure, when vi- 
brating round & in its own plane, then will the _ 
. 


cumference 1s cauſed = 


| 9s) 
which accelerates the centre of gravity be that part of the 
accelerating force of gravity which 1s expreſſed by 70 X 


7. and if the body's weight = V, the abſolute force or 


GO mn; 
7 InS % 
where fore let a line X'S be drawn coincident with the plane, 
and a wheel X be placed in a vertical plane in contact 
with KS; moreover, let a line wound round the deſcend- 
ing cylinder DS be applied over the wheel or pully, and 


weight whereby the rotation is || cauſed = Jy — 


to the extremity of this line, let a weight y = W x 56 


X ” be be affixed ; this weight will remain quieſcent while 


the body ABC rolls down the plane, being juſt equal to 
the tenſion of the ſtring Xp. 

It is obvious, that if the plane is elevated as to be 

ndicular-to the horizon, the body 4 BC will deſcend 

Co vertical line, by the action of an accelerating force 
* 35 , fince H S L, and the weight p, which is equiva- 
lent to the tenſion of the ſtring X , will become = W Xx 
GO 
50 * 


XV. 


Let AB c repreſent a body moveable xi, LIX. 


round its centre of gravity s, through 
which an horizontal axis of motion paſſ- 
es; let & repreſent the centre of gyration 
when the whole maſs is collected into the 
line so Ro, each particle keeping its reſpec- 
tive diſtance from the axis: having given 
the weight of the whole body, and of p 
which communicates motion to the ſyſ- 

0 tem 
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tem by means of a line py wound round 
the circle p, it is required to aſcertain 
the angular velocity generated in the ſyſ- 
tem in a given time. 


Let the diſtance of the centre of gyration from the axis 
SR Dr, SD = 4, the weight of the body ABC = u, then 


Prop Vi will the force which · accelerates D be -A cc were / deli. 
** tute of inertia; but if the inertia of y be conſidered, the 
"TY 8s - 00 8 

force of acceleration is * let c = 3.14159, 

I = 193 inches, then in the time : the 3 nerated 

in the point D, or deſcending weight p, wi that of 

Itpd* .. a a 
— 77 inches in a ſecond ; and ſince the circumfe- 


A 

rence of the circle EFD = 2ed, the angular velocity gene- 

rated in the time «= 292 2X 221pe* _ _360*Jepd 
2cdXd*p+r*'w exd*p+irw 


Itpd © We © 
degrees, or 3 revolutions in a ſecond. 


Cor. 1. The angular velocity generated in the ſyſtem 
during the deſcent of the weight p through any ſpace «= 


[ip 0 4 
Vi + <c*r*w * 360" degrees, or VR + e*r*w 


revolutions in a ſecond. Let F be the force which acce- 

lerates ; then the abſolute velocity generated in O dur- 

ing the deſcent of p through a ſpace # by the accelerating 

be farce F on V 4aliFt inches in a ſecond ; and any arc 
cor. 3. 41 is to 2cd the circumference of the circle EFD, 
as A* the angle ſubtended by V4/sF is to 360: where- 

fore 4 =v 41:F x 22, being the angular velocity 

reſſed in the number of degrees which would be de- 

bed in a ſecond by the ſyſtem, were the acceleration 


to ceaſe immediately after the weight p has deſcended 
through the ſpace ; and reſtoring the value of F = 


74 


— 


(885-3 


„the angular velocity =V—= 7 rl 


Tr 


MT 1 XY 
4 +r* w 


* 360? degrees, or V FT revolutions in a 
ſecond, 

Cor, 2. The ſpace deſcribed by the weight p in its de- 
ſcent from reſt during : ſeconds = ot E , 2 
da" p +r*w Cor. 5, 
ſequently the time of deſcribing any ſpace s, that is, . = 


4 277 p + 3r* ww 4 
ſeconds. 1 


Ip 4 
Cor. 3. The ſpace deſcribed by p from reſt while an an- 
gular velocity of x revolutions in a ſecond is generated = 
Od p+n* fav 
Ip : 
Cor. 4. The force which ꝑ accelerates the centre of gyra- 2 Sea. v1, 
J. 


Cor. g. The abſolute velocity in the wei 
Pp while it deſcends from reſt ä ſpace — 


re- and the velocity generated during the | 's 


X 8 4lspr* 

ſame deſcent in the centre of gyration = Vr 

Cor. 6. The velocity generated in the centre of gyra- 
tion in the time / = 7 Lc inches in a ſecond, 

While motion is communicated to a ſyſtem of revolving 
bodies by the action of a deſcending weight p, the force 
of this weight is employed partly to move the ſyſtem and 
partly to move itſelf: but it frequently happens in che 
4 —5— of the principles of rotation to practice, hat 

e inertia of the weight p is too inconſiderable to have 
ſenſible effect. 


G22 
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XVI. 


In any ſyſtems of bodies revolving by 
the action of weights (conſidered as 
without inertia) the abſolute forces which 
impel the centres of gyration, are in a 
compound ratio of the quantities of mat- 
ter or weights of the ſyſtems and the ve- 
locities generated in the centres of gyra- 
tion, if the times of motion be equal: and 
the abſolute forces or weights which are 
applied to communicate motion to the 
ſyſtems, are in a compound ratio of the 

quantities of matter moved or weights of 
the ſyſtems and a duplicate ratio of the 
velocities generated in the centres of gy- 
ration, provided the ſpaces deſcribed by 
the deſcending weights be equal. 


The notation of the laſt propoſition remaining, let 
be the velocity generated in the centre of gyration in : 


I 
— ſeconds, then we have v NE „and when the 


[tpd 4 
inertia of p = o, v = == , and Z ===; but 


the abſolute force which acts on D is 2, and that which 
acts on the centre of gyration = 75 vwherefore the forge 


which a&s on the centre of gyration Mis proportional to 


* 


yo the quantity 27g, and in g given time 2/2 being con- 


fant, 
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Rant, will be as v wv, that is, as the velocity generated 
into the quantity of matter, which is the firſt part of the 
propoſition. 

he velocity generated in the centre of gyration, while 


the deſcending weight p deſcribes the * ſpace : is V — 2 Prop. xv: 
Or. 5. 
inches in a ſecond : let this = v, we have therefore v , 


2 
— 4-22 and p = Tr but þ is the abſolute force which 
acts on the ſyſtem, and this force or weight, if the ſpace : 
which it deſcends through be the ſame, will be as v* x wv, 
or in the ratio of the quantities of matter moved and a 
duplicate ratio of the velocities generated jointly, which 
is the ſecond part of the propoſition to be proved. 

The following concluſions are inferred from the twollaſt 

ropoſitions, on a ſuppoſition that the inertia of the mov- 

ing force is = 0. | 

1. If a force þ 9 motion to a given ſyſ- 
tem of revolving bodies, is applied at different diſtances 
SD, SI from the axis, the forces which accelerate the 
points D and 7 in the two caſes, are in a direct duplicate 
ratio of theſe diſtances. 


2. The notation remaining the ſpace deſcribed by the 
weight 7 from reſt in 7 ſeconds E. 
wr 
3. The abſolute velocity generated in the deſcending 


| x 774 
weight þ in deſcribing a ſpace / from reſt = \/ i a 4 


4. The velocity generated in p during its deſcent from 
reſt in e ſeconds = 2 inches in a ſecond. 
| wr 


5. The angular velocity generated in the ſyſtem in 7 
ſeconds = 22 * 360 degrees, or Lis revolutions in 
: er*w r 
a ſecond, . 
6. The angular velocity generated during the deſcent 
of the wei h a ſpaces V . revolutio 
e weight p through a ſpace 5 = ei revolutions 


1 ſeco . 
in a ſecond . The 
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7. The velocity generated in the centre of gyration in 
t ſeconds = e. 


5 8. The velocity generated in the centre of gyration 
' during the deſcent of the weight p through a ſpace . = 


* VE. 


9. The time in which the centre of gyration deſcribes 


SWF 


from reſt any ſpace 5 = Voz. 


10. The velocity generated in the centre of gyration 
during the time that point deſcribes any ſpace 8 = 


wr 


From the 8th Cor. it follows, that the motion of the 
centre of gyration generated by the force of a weight de- 
ſcending — a given ſpace &, applied at any Aa oe 
from the axis whatever, is the ſame as would be generated 
in the centre of gravity of the whole ſyſtem, when at li- 
berty to move freely; if the given weight were applied to 
accelerate it from reſt through a ſpace S. 

From theſe propoſitions the principle denominated 
Conſervatio virium vivarum, as far as it is conſiſtent with 
truth, is readily deduced. This principle was former] 
ſappoſed to conſtitute a theory not entirely conſiſtent wi 
that which is eſtabliſhed upon the Newtonian laws of mo- 
tion; but the different opinions concerning the meaſures 
of force having been long acknowledged a diſpute about 
words, it has become unneceſſary to conſider the ſubject 
in a controverſial manner. 

According to this theory, Leibnitz and Bernoulli eſti- 
mate the force of bodies in motion by the ſum of the pro- 
ducts, which are formed by multiplying each particle into 
the fquare of its velocity. 

Though this has long ago been demonſtrated by various 
writers to be falſe, when applied in a general way to the 
colliſion of bodies; yet it is certainly true as far as regards 
the communication of motion by conſtant acceleration, 
under certain reſtrictions and conditions, and is in fact no 
other than a propoſition eaſily deduced from the — 
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laws of motion. This has been ſufficiently ſhewn when 


the motion communicated is “ rectilinear; the application „ Se. 111, 
of it to bodies which revolve round a fixed axis will ſerve Prop. VI. 


for the further illuſtration of the theory. 


F XVII. 

body or ſyſtem of bodies revolves round 
an horizontal axis which paſſes through 
the centre of gravity s. Suppoſe mo- 
tion to be communicated to this ſyſtem by 
the action of a weight p, affixed to a line 
wound round the circumference of a cir- 
cle, the plane of which is the ſame with 
that of the rotation, and the centre coin- 
cident with the axis of motion : then if p 
by deſcending through any ſpace s, ge- 
nerates velocity in the revolving ſyſtem, 
the ſum of the products of each particle 
in the ſyſtem, multiplied into the ſquare 
of the velocity generated in it, will be 
equal to the ſum of the products of each 
particle in the body p into the ſquare 
of the velocity which would be generated 
in it by gravity, if it deſcended freely from 
reſt through the ſame ſpace s. 


The notation of the preceding propoſitions remain- 
ing, the velocity generated in the — D during the 


spd* 
deſcent of p|| through the ſpace s = V—, and 
con- 


Let a Bc repreſent the plane in which a rig. Lix. 
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, , — 2 
conſequently the velocity of any particle 4 = * 


5 . and the ſquare of the velocity generated in 4 = 


4 - - = and in like manner the ſquare of the ve- 
WTO 
locity generated in any other particle B during the de- 


. 45 8PB* 
ſcent of y through , will be === * I and the ſum 


of the products of each particle into the ſquare of its velocity 
4lsþpd* AXAS*+ BxBS8*4+ CxC83, &c. 
= "_— 7. but 
WF 
Ax AS*+BxBS*t+C xCS, &c, = wr®, wherefore the 
ſum of the products before mentioned = 4/sp. Now let 
the weight y deſcend from reſt through the ſpace : by its 


natural gravity, the velocity generated [will be / 4 /s, and 
the ſquare of the velocity = 4 /s, and this multiplied into 
each particle of the body p = 4/sp; the ſame as the ſum 
of the products of each particle in the ſyſtem into the ſquare 
of its velocity. 

The explanation of theſe propoſitions was the ſubject of 
a diſcourſe on the force of bodies in motion, delivered at 
a public courſe of lectures read at the univerſity of Cam- 


bridge, in the years 1776 and 1777 ; and the truth of them 


* SeR. III. 
Prop. VII, 


was confirmed by many experiments, as well on bodies 
which moved in right lines, as on thoſe which revolved 
round a fixed axis of motion: it was ſhewn, that the New- 
tonian meaſure of the quantities of motion by the joint ra- 
tios of the quantities of matter and velocities generated, 
and that of Leibnitz and Bernoulli, according to whom 
the forces communicated to bodies are proportional to 
the quantities of matter moved, and the ſquares of the ve- 
locities generated in them, are conſiſtent with each other, 
and with the theory of motion in general: and for the fol- 
lowing reaſons: namely, fince if the times of motion be 
the ſame, the forces which “ generate velocities in bodies, 
are as the quantities of matter and velocities jointly, ac- 
cording to the Newtonian meaſure ; whereas if the ſpaces 
deſcribed from reſt are the ſame, the forces to create mo- 
tion in the bodies moved are as the quantities of matter 
and the + ſquares of the velocitics jointly, as Bernoulli 
and others affirm in general, and without the 2 

0 y . 
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: and it was obſerved, that the princi le upon 


which the coincidence of the two theories depends, is the 
following propoſition, i. e. that when bodies are uniform- 
ly accelerated through equal ſpaces, the accelerating forces 
are as the ſquares of the velocities generated. 


XVIII. 


Let 4B repreſent a ſtraight lever move-xig, 1x. 
able round an horizontal axis of motion 
which paſſes through s: let the arms be 
$B, SA: ſuppoſe a weight w to be affixed 
to the extremity of the ſhorter arm, and 
to be raiſed by the weight p, applied at 
the extremity of the longer arm, when 
the lever 1s horizontal; and let it be re- 
quired to aſſign in what time, w will be 
raiſed through a given altitude; the weight 
and inertia of the lever itſelf not being 
conſidered. 
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When there is an equilibrium on any mechanic power, 
the proportion of the weight ſuſtained to the power ſuſ- 
taining it, will in all caſes be aſſigned from having given 
the dimenſions of the mechanic power. 

An equilibrium having been once formed, the ſmalleſt 
addition of weight will cauſe the body to which it is a 
plied on either fide to preponderate: in this caſe a certain 
degree of motion is generated, and fince the uſes of the 
mechanic powers are not only to ſuſtain forces in equili- 
brio, but to raiſe weights and overcome reſiſtances, it is a 
problem of principal conſequence, to aſſign the abſolute 
quantity of motion generated by a known moving force, 
in Fare circumſtances. 

et A a, Br. Firſt to conſider the effects of 
the force þ to turn the uu " the firlt inſtant of ww. 
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The force applied to B is the weight 5, but ſince the 
weight wv being ſuſpended from the extremity of the 


arm SA will balance a weight = — when placed at B, 


this force muſt be ſubducted from 0 the impelling force 
therefore Which acts on B upon the whole will be p — 


5 FEW Z. The * inertia or maſs moved at B will 
r 


F 
er be obtained by ſuppoſing the bodies p and uv to be te 


moved, and an equivalent maſs p + = to be concen- 
trated in B; the inertia therefore at B will be that of the 


maſ T Le 2 and the force which accelerates B or p 


at the firſt inſtant of motion when the lever is horizontal = 
* — 
L = I — | Let this = F; ſuppoſe the point p to have 
'®* deſcended through the are BP, and through P draw PE per- 
| — to SB, and let PE = x, SB =r, then will the 
orce which accelerates the point P be leſs than when the 
lever is horizontal, in the proportion of SB: SE, or of r: 


Ma wm x* 
Vr &, and will therefore = F x ———: let 2 be 


the altitude through which a body mnſt fall freely to ac- 
quire the velocity of p, during the time of its deſcribing 


the elementary arc Po; and ſince the arc Po = —- 2 , 


a S WR - 
* op. V. dhe principles of acceleration + give us & = — 


8 — 
„ 

inches, the velocity of p while it deſcribes o Þ = V4/Fx 

inches in a ſecond. 


If T be put to repreſent the time of deſcribing the 


= F, wherefore x = xF, and if / 193 


. ais will give 17 = . 
ads Pour . th will gre 5? = 


oy * of 
7 * —— the fluent 
Which 
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which will be the time of deſcribing the arc Bp: this 
may be found by an infinite ſeries, Since — 


xx? 
221 E 4 
825 * + 17. 1 714.4 7 72.4. 6 
5 : 3 
&c, the fluent of ——=—— will = = x 

Wr*x—x? E 

WT wi. #*.1. #* 8-3-6 
4 12.2.8 + r*2.449 7 4.6. 1j Kc. and the 


time in which the weight p deſeribes the arc Bp = * LA 


ws i x* x*.1.3 F*.1.3.c 
ET 25.8 177748 192.4611 

Ned in ſeconds, As the arms of a lever in raiſing 
weights are ſup ſed to move through but ſmall angles, 
a few terms of the ſeries will be a ſufficient approximation: 
if the angle through which the weight a i: 


, &c. exe 


s raiſed, be not 


greater than thirty degrees, two terms will give the time 


true within about 15 part of the whole. 


In this caſe, the weight and figure of the materials of 
which the lever is compoſed, have not been taken into 
account. The following is a more general ſolution ; let 
AB be the lever, w the weight moved by the power p. 
each acting in a direction perpendicular to the horizon. 
Let G be the common centre of — of the whole 
ſyſtem, including the weights p and , and the lever itſelf, 
and O the centre of oſcillation when 435 vibrates round 
the axis S: the force which accelerates B when the lever 

$GxSB _ SB 


. — — * . 
js ® horizontal = 550 55 If this be put = F, Reg * 


the time wherein p deſcends through a * 
ſpace , and conſequently wherein qw aſcends 


8 * = YZ rs... 
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When a wheel and axle is employed to raiſe any weight 
9 applied to the circumference of the axle, by means of 
the power ? applied to the circumference of the wheel, 
the axis of the wheel is ſuppoſed horizontal, and the 
moving force being conſtant, the force which accelerates 
any given point in the ſyſtem will be obtained from the 
principles already demonſtrated, and conſequently the 
ſpace deſcribed by the elevated weight in a given time 
will be aſcertained, 


XIX. 


Let aBc repreſent a wheel and axle, its 
weight w, and let the axis be horizontal: 
having given a weight q applied to the 
circumference of the axle, and p applicd 
to the circumference of the wheel in or- 
der to raiſe q, it is required to aſſign the 
ſpace deſcribed by the elevated weight q 
from reſt in any given time. 


The abſolute force which impels D is p, and ſince 54 


acts in a direction contrary to p with a force = C AA 


this being ſubdued from v will give 7 — EL, — 


pxSD—qx A 
SD 
impels D. Let the centre of gyration of the wheel be 
R; then ſuppoſe the maſs of matter in the whole ſyſtem 
2 * 12 
removed, if the maſs —— — 75 be 


concentrated in D, the point D will be accelerated in 
the ſame manner as when the parts of the ſyitem are diſ- 
poſed as they are deſcribed in the problem. Since then 
— 7 75 — — and the 


inertia 


ſor the force which upon the whole 


the force which impels D = 
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f inertia which reſiſts the communication of motion to D is 
wX8R* + 7X SA*+ p Xx SD 


* 

— þ>xSD—-qx84x8D 
th D NN DK 
quently the force which accelerates the weight ⁊0 in its aſ- 
px SD- Xx SANA 
ax RF p xX8D*+ g x SH® 
I = 193 inches, then the ſpace deſcribed from + reſt by g 

in the time ? ſeconds F inches, 


Cor. 1. Let SD be to SA as : 1; then if Sd à, 
SD = na: let SR =a, tham the force which accelerates 


« oe 2 Fd *q_ : 

pen D =— I, 
Cor. 2. If the inertia of the wheel and axle is evaneſ- 

cent or too ſmall to have ſenſible effect, the force which 

mw p = 17 8 5 

pn* T 

Cor. 3. If the inertia of the moving force is alſo = o, 


the force which accelerates the point D = .. 


, we have the force which ac- 


Ir; and conſe- 


= 
accelerates D = 


Cor. 4. If the maſs moved has no weight but poſſeſſes 


2 
inertia only, the force which accelerates D = Ar . 
Whenever motion is communicated to a body, a cer- 
tain rehſtance muſt have been overcome by the moving 
force: this reſiſtance is of various kinds, 1. e. 1. The iner- 
tia of the maſ noved whereby it endeavours to perſevere 
in its ſtate of quieſcence, or of unfform motion in a right 
line. 2. That of a weight or other abſolute force op- 
poſed to the action of the moving power. 3. Obſtacles 
upon which the moving body im nging 15 retarded in its 
rogreſs: ſuch for example is the reſtſtance which ariſes 
from the particles of a fluid through which a body moves, 
he eſtimation of theſe reſiſtances, and their effects in re- 
- tarding the motion of bodies acted on by a given force, 
are deducible from the laws of motion, and conſtitute a 
part of the ſolution of almoſt all problems relating to the 
motion of bodies. 
u The 


p „ Sect, 
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+ Sect. III. 
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The moving forces alſo are of various kinds, i. e. the 
earth's gravity, muſcular power, the impact of bodies 
ſolid or fluid, &c. It has been ſhewn, that the effects of 
theſe moving forces which are exerted on bodies in order 
to create motion, excluſive of the reſiſtance oppoſed to 
them, depend on the various circumſtances of the time in 
which they act, and on the ſpaces through which the bo- 
dies moved are jmpelled, &c. 

Theſe conſiderations are urged to ſhew, that from the 
great variety of undetermined conditions which may enter 
into mechanical problems, there muſt be of courſe various 
me:hods of producing the ſame mechanical effect; and it 
is a very material part of the art, conſidered either in a 
theoretical or practical vie to proportion the means to 
the end, and to effec this with all the advantages which 
the nature of the caſe is capable of. It is the due obſer. 
vation of theſe particulars which contributes to render 
mechanic inſtruments compleat, and the neglect of them 


- defeftive in their conſtruction. This proper choice of 


means to produce mechanical effect is frequently the reſult 


of long continued experience independent of all theory ; 


Fig. LxI. 


the knowledge of which however when immediately ap- 
plied to practice would ſave the artiſt much time and 
trouble, as well as would be =o ative of other advantages 
which experience alone mult be deſtitute of.. 


XX, 


ABC is a wheel and axle moveable 
round an horizontal axis which paſſes 
through s. Suppoſe a given weight q, 
which 1s applied to the circumference of 
the axle, to be raiſed by the application 
of a given moving force p, which is ap- 
plied to the circumference of the wheel: 
let it be required to aſſign the proportion 
of the radii of the wheel and axle, fo 
that the time in which the weight w aſ- 

cends 
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cends through any given ſpace ſhall be the 
leaſt poſſible. 


Let the given radius of the axle $4 = a, the radius 
of the wheel ſought = x, let the wheel's weight = , the 
diſtance of the centre of gyration from the axis of motion 
r, then will the force which accelerates the weight 5 

133 3 
during its *deſcent = SI Tia , that which ac- 
42 * —qga* 


0 D T 


telerates q in its + aſcent 


The ſquare of ttime therefore in which any ſpace : is de- 1 Sect. III. 


ſcribed by the aſcending weight g = px . 1 


a2 f — 94 
which is to be the leaſt poſſible by the problem; making 
therefore its fluxion = o, we have fax*x — 2b xx — 
wripaz—pga*# = 0, which being reduced gives x = 


244 923 Af. 


| Pp 
Cor, 1. Suppoſe the ineftia of the wheel to be evaneſ- 
cent, then x = <1.E Lees, and if 2 = 


Ps 
p 
that is, the weight moved being equal to the moving force, 


it will follow, that x =« + ax V2=ax1+v 2. 
Let ABC repreſent a cylindrical wheel, the radius of 
which = 10 inches, and its weight 20 oz. let the radius 
of the axle 84 = 1 inch, the weight to be raiſed through 
any given ſpace be 100 o. the moving force by which it 
is raiſed = 33 oz. fince the radius of the cylinder = 10 
inches, the diſtance of the centre of gyration from the 


axis = V 50 inches i: then to find a diſtance SD, at which 
the moving force is applied, ſo that the time in which 
4 aſcends through a given ſpace ſhall be the leaſt poſſible, 
we have 9g = 100, p = 33, w=20, r*=50, a=1, and 
the diſtance ſought = = — — 

Lon 33 * 


9.3; inches, 
This 
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This therefore will be the moſt convenient diflance to 
apply the given moving force, when the chief object is to 
leſſen the time of aſcent. If it be required to aſſign the 
diſtance SD, when the moment communicated to wv while 
it aſcends'through a given ſpace is the greateſt poſſible, the 
ſolution will be the ſame as before, which therefore anſwers 
to two conditions; that is, it will render the time in which 
q aſcends through a given ſpace the leaſt, and the moment 

nerated during the ſame aſcent the greateſt poſſible. 

If the weight 9 inſtead of aſcending in a vertical di- 
rection is drawn along an horizontal — and the ſus- 
faces be perfectly free from friction, the weight of 5 will 
= ©. In this caſe if it be required to aſſign the diſtance 
SD, at which if the given force 6 be applied, the time of 
deſcribing a given | ſhall be the leaſt, and the mo- 


ment generated in g the greateſt poſſible, we ſhall have 
SD = ＋＋ = * „and if the inertia of the Whecl 
ſhould be too ſmall to have ſenſible effect, S D = a x 


VL. 
Pp 
Thus, let the quantity of matter to be drawn along the 
lane de four times greater than that which is contained 
in the moving force, the radius of the axle $A being 
given; in order that it may be impelled with the greateſt 
velocity poſſible and with the greateſt moment, the radius 


of the wheel ſhould be double to that of the axle, when 
the inertia of the wheel is not conſidered. 


XXI. F 


ABC is a wheel and axle, the axis of 
which is horizontal: having given a mov- 
ing force or weight p acting on the cir- 
cumference of the wheel in order to raiſe 
a weight y which is applied to the cir- 
cumference of the axle, it is required to 


aſſign 
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aſſign the quantity y, when the moment 
generated in it in any given time ſhall be 
the greateſt poſſible, the inertia of the 
wheel and axle not being conſidered. 


] 
N 
1 

[ 

1 
q + 
if 

i 

1 


Let SD g d, g a, the force which accelerates the 


aſcent “ of y = I. fend Ll —. : therefore if / 193 inches, * Sec. VL 
UI Fg DD => 299 Prop. XIX. 


the velocity generated in y in the + time ? will be 271 x +$e8. in. 
adp — a* rop. II. 
4 ⁰＋ ya® | 

2 1 4 e 
ſame time 7 will be expreſſed by 2/7 K 7 = 


and as this is to be the greateſt poſſible by the pro- 
blem, its fluxion muſt be = o, which will give 245 
— 2a*d*pyy — 2597 3 — O, and the weight ſought — 


n + 4 p*a—4d*þ 


- V + 
. — - — — . 
l DS 3 


„ and the moment generated in 5 in the 


Cor. 1. If 8D is to SA as n: 1, y =p x Va* + n* 
—#*p: if the radius of the axle = the radius of the 


wheel, that is, if a = 1, the weight y will be =p ; 28 I: 
the weight moved therefore muſt be about 75 parts of the 
moving force. 


Cor. 2. If the wheel's weight be taken into account, let 
its weight = ww, the diſtance of the centre of gyration 
from the axis = r, and the moment generated in the aſ- 


cending weight the time 7 will be expreſſed by 2/z x 


2 7 7 == A » Which is the greateſt poſſible when 4 
754 a2 ear + d a—d*p— rw 


a* 


Ii XXIL 
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XXII. 


rig ·Lxul. Let AB CH be a ſyſtem of bodies move- 

able round a vertical axis which paſſes 

through the common centre of gravity of 

the ſyſtem. Suppoſe DEG to be a wheel 

the axis of which is vertical and coinci- 

dent with that of the ſyſtem, let motion 

be communicated by means of a line go- 

ing round this wheel, the ſtring pp be- 

ing ſtretched by a given weight p; let it 

| be required to aſſign the radius of the 

wheel EG, ſo that the angular velocity 

communicated to the ſyſtem in any given 
time may be the greateſt poſſible. 


Let the weight of the ſyſtem = a, the diſtance of the 

| centre of gyration from the axis of motion = , the ra- 
dius ſought SD = x: then will the velocity generated in a 

Prov XV. my you in the“ deſcending weight p be proportional to 


wr* + px? 

N 

| ſame time as —=— , which is to be a maximum by the 
| wri+ px 


conditions of the problem ; we have therefore its fluxion 
pwri x +pixtx—2p* x*x 


and the angular velocity generated in the 


= ©, and the diſtance ſought | 


— 5 
wr? + px* 


Ve | ( 


Thus, ſuppoſe the moving force is = of the weight of 


the ſyſtem, it ſhould be applied at a diſtance from the axis 
a equal 


— — — — —— 
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equal to twice the diſtance of the centre of gyration, in 
order to produce the greateſt angular velocity in a given 
time. 

In order to increaſe the action of a given moving force 
againſt a weight to be raiſed, or reſiſtance to be over- 
come, a combination of two or more mechanic powers is 


frequently made uſe of. Let p be a power applied by means Fig. LXIV. 


of a line to the vertical wheel C: ſuppoſe the circumference 
of the axle K to be in contact with the circumference of 
any other vertical wheel B, ſo that the circumference of 
the wheel B may always move equally faſt with that of the 
axle which belongs to C: let alſo e axle of B commu- 
nicate motion to a vertical wheel 4, to the axle of which 
a weight 5 is ſuſpended, ſo as to act in oppoſition to 5 
moreover let In: 1 be the ſum of the ratios of the radius 
of each wheel to that of its axle; then if p/mn = 9, the 
two weights y and av will ſuſtain each other in * 
but if Inn is at all greater than g, the equilibrium will 
be deſtroyed, and the next problem is intended to aſſign 
the motion communicated to p or q in given circumſtances, 


XXIII. 


In a ſyſtem of wheels and axles juſt riguxiv. 


deſcribed, let the radii of the wheel and 
of the axle A be in the ratio of 1: 1, the 
radii of the wheel and axle in Bas m: 1, 
and of c as n: 1; alſo let the diſtance 
of the centre of gyration from the axis 
in A be r, the diſtance of the centre of 
gyration in B = s, in C = t: and let the 
weight of the wheel and axle a = a, that 
of B = b, and of c = c: ſuppoſe the 
weight p ſufficient to communicate mo- 
tion to q; and let it be required to aſſign 

112 the 


8 * . 
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the ſpace deſcribed by q in its aſcent from 
reſt during a given time. 


'The abſolute force of 5 to move itſelf =p, and ſince 4 
acts in oppoſition to this force, its effects muſt be ſub- 
ducted from þ in order to obtain the force which impels 
5 on the whole; and fince would balance a weight = 


12 if applied at p, the force which impels p on the 


whole will be 2 _ — 2. In the next place, the inertia 


which refiſts the communication of motion to p muſt be 
aſcertained. Motion is communicated to the wheel 4 from 
the circumference of the axle B, and the inertia of A and of 
® Sect, — the weight g which reſiſts the communication of a force 


Prop. V 2 
applied at / = . in regard therefore to the in- 
ertia of A and g, theſe may be ſuppoſed to be removed, 
Sea. VI. . ar +9 , "2 
— K and the equivalent + maſs py collected into the cir 


cumference of the wheel A, or of the axle B. Since mo- 
tion is communicated to B by the circumference of the 
axle C, the inertia of I together with the equivalent maſs 
9 "I-.0 oi be — — 

ſince motion is communicated to C by the weight 
acting at D, the inertia which reſiſts the communica- 
Tire, 

xn * 


: in like manner 


tion of motion to D or p will be 22 
£F-btar +q __ Prfnp + cf Pm +fPb+t aq 
144 * n* 5 T* m* n* 
and the force which accelerates p in its deſcent from reſt = 
pImn—qxImn 
Eu TUN Tra „and that which 
5 Inn - 
accelerates g n A P ＋ * 14 
If therefore this force be put F, and / be = 193 inches, 
gect. III. the ſpace deſcribed by g in its aſcent from reſt in the time 
top. IV. # ſeconds 4 will be = F inches, 
Cox. 5. 


, 


XXIV. 
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XXIV. 


Let A, B repreſent a ſingle moveable rs. Lxy. 
and a fixed pully, by means of which the 
power v elevates the weight W: having 
given v and w, together with the weights 
of the cylindrical pullies A and x, it is re- 
quired to aſſign the ſpace which the de- 
ſcending weight » deſcribes in a given 
time, the weight of the moveable pully 
being included in the weight w. 

The abſolute force which impels P in its deſcent, is its 
own weight or P; but ſince the weight acts againſt 
this deſcent with a force = =, the whole foret by which 


. oa — 
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—_ ——_— — 


= 2 - =. — E 
» — * < ——— 
— « 
— — a 8 
— — 


» - 
3 — 


- 
* 
7 


ran e e is 72 . The inertia which 


reſiſts the communication of motion to P, depends on the 
maſs contained in P, together with that contained in the 
two pullies and the weight . Let the weight of each 
pully be 2, the inertia of P is its own maſs P, and that of 


the pully ta => the inertia of the pully B, is the ſame 1 Page 225, 


as if > were uniformly accumulated into its eircumſe- 


rence; but ſince the velocity of this circumference is leſs 
than the velocity of P in the proportion of 2 : 1, its iner- 


tia will be equivalent to a ſmaſs = = deſcending with Sea. VI, 


op · Il, 
P; for the fame reaſon, ſince the weight moves with a 
yelocity only one half of that with which P deſcends, 


its inertia referred to P's motion will be =: the iner- 
fy of the whole maſs will therefore be Þ + + 4 
: * 


be. 


Sea. VI. 


before to be cylindric 
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2 — 8P + 2420, and becauſe the impelling force 


„ , the accelerating force will = => x 
8 2. 8P— 4 
2 © SP4 52+ am *f herefore / be 


= 193 inches, the ſpace deſcribed by P from reſt in ? ſe. 
P — 4 A 
conds will „r i l. 
Cor. If ſhould be + than e, will deſcend, 
and by the ſame method of reaſoning, the force which ac- 


celerates the deſcent of M will be found r 5 


r. 


In a ſyſtem of pullies in which the ſame 
ſtring goes round all the pullies contained 
in two blocks: having given the power 
and the weight w raiſed by it, toge- 
ther with the number of the pullies and 
the weight and figure of each, it is requir- 
ed to aſſign the force which accelerates 
the deſcent of v, the weight of the lower 
block being included in the weight w. 


Let the number of pullies be , nd ſuppoſe them as 
af, and that the wei ht of each = 

A then the abſolute moving force which 285 «>= 

own weight P: but becauſe acts at Pin a contrary ti. 


refion with a force = — —» the force which upon the whole 
Pn—W 


impels P 1 in its deſcent = 


Moreover, the inertia of P is its _ maſs P, that of 
the weight Ve the velocity of which = > part of P's ve- 
u . locity 
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jocity x will be = Z;, and becauſe the circumference of hiebei a 


the ſloweſt pully moves with the ſame velccity as 
the weight V, and its inertia is the ſame as if S were 
collefed into its circumference, the inertia by which it 
reſiſts the deſcent of P will be A, the circumference of 


of the next pully revolving twice as faſt as the former, its 
dent. will Be four + times as great, and will therefore be þ $42; V% 


= <= = , and ſo on; the ſam of the inertia of the pullies 


being = = xTF7F 9, de. continued to # terms, 


2n* + 3 +n 


which is = ; x 3 the whole inertia 
therefore which . the communication of motion to 
P will =? + - — — 


12 n* 
„ „1 3 
ere +25 =, and the force which acce- 


12 P+12W +2 x20 +30" bx" 


XXVI. 


Let ABCD repreſent a ſyſtem of pul- rig. Lxy1, 

lies in which the ſtring that goes round 

each pully is fixed to the weight, as re- 
preſented in fig. Lxv1: having given the 
weight w, and the power which raiſes it 
p, together with the number and weights 
of the cylindrical and equal pullies A, B, 
C, D, &c. it is required to aſſign the force 
which 
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which accelerates the deſcent of the power 
p, the weights of the pullics B, c, 5 being 
included in p. 


Let the weight of each pully be. 2: and fu their 
„„ urges P 


downwards is its own weight P. — TIE 
it with's fafce = f, dhe bote by which P ende. 


. 
21 


vours deſcend upon the whole will be 
The inertia of I vhick retards chi motion of Þ = * =__ 


f ben 


becauſe the velocity with which I aſcends is 


uu. of the cotemporary velocity of Pe and fince the ve- 


locity of the circumference of the pully is equal to 
that with which # aſcends,” the inertia of the pully 4 


inferred to P's motion will be ., and becauſe 
2X2"—7 
the angular velocities of the pullies 4, B, C, D are as 


1, 3s 7» 15, dec. the inertia of N will be = — * 
2 * 2 —1 


hatof = = and the inertia of all the pul- 
—1 
lies 4, B, C and D,&c. which ariſes from their rotation, = 


— x 1*+3*+7*+15*, Kc. continued to 

2 x 2 — 1 

» terme = — ee 
2 — 1 

Moreover, the inertia which ariſes from the motion of the 

centres of gravity of the pullies B, C, D, &c. as they de- 


bend. will be found by the fume reaſoning to be —=- 7 


2"—} 
1 which being added to the 
inertia 


* 


3 
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inertia before found, will give the inertia of the pullies 
—— x7" þ 2*%H _6x2H:Þ gz Þ 18: 
the whole inertia therefore which reſiſts the communication 
of motion to P during its deſcent = Þ + e + 
2 — 1 
5 —— * 22444 zn 2% ＋ gn +18 = 
SPE +425 5 = n 


and becauſe the moving force which acts on P during its 


r 


6 PNA en 
— — 8 
6PX2"—1 T HTI 
and the force which accelerates in its aſcent = 
6 P42 —1— 67 | 
6Px 2"—1*+6W +2 X2**7* + 2**Fi-0x2"+32+92+18 


In order to render the ſolutions of theſe laſt propoſitions 
leſs complicated, the weights of the moveable pullies have 
been included either in the weight or the power P. In 
the ſyſtem deſcribed in the * propoſition juſt demonſtrated, * 
there is this particular advantage, i. e. the weights of the XXVI, 
pullies conſtitute a part of the moving force and conſe. 
quently facilitate the elevation of any weight to be raiſed 
by it, whereas the weights of the pullies in the other con- 
ſtructions act againſt the moving force. The weights of the 
pullies in the ſyſtem deſcribed in the propoſition have been 
tuppoſed to be included in the power P, but as they are 
not equal in their effect on the raiſed weight, it may 
be neceſſary to mention in what manner their forces when 
referred to the power P are eſtimated. It is manifeſt, 
that the pully 4 being fixed contributes nothing to the 
moving power :- alſo if the weight of each pully be ©, the 

ully 5 acts on V with a force = Q, the pully C with a 
heck = 32, and D with a force = 72; if therefore the 
number of pullies be 3, the moving force exerted by 
them on the weight to be raiſed =Q x 1 + 3+ 7 + 15, 


&c, continued to x — 1 terms N 2 —1— , and 
K k this 


— — 
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OX2" | 1—x 
this weight would be balanced by ———— ing 
at P, wherefore if a power G be - at P, excluſive of 
the weights of the pullies, the moving force which 


afts on P will be G + EZ = =. 


If this value for the moving force be ſubſtituted for 
P in the preceding ſolution, that is, as far as that body is 
— — in contributing to the moving force, we ſhall 
have a general expreſſion for the acceleration of the de- 
ſcending weight, every circumſtance being taken into ac- 
count, except thoſe of friction, the line's weight, and 
the air's 2 the two latter of which are too ſmall 
to have ſenſible effect, and the former may be fo diminiſh- 
ed, that the real motion of the deſcending weight ſhall 
ſcarcely deviate from that which is deduced from the 
theory. Let therefore G be any moving force applied to 
raiſe the weight by means of the ſyſtem of pullies de- 
ſcribed in the propoſition, every thing elſe remaining, we 
ſhall have the force which accelerates the deſcending weight 
G equal to that part of gravity expreſſed by the fraction 

6G X2"—1+62xX2"—1—n—-6Wx2"—] 

6G x2"—1+6W+2 x 294% +2*+!—0 x 2*+*+9:+18 

In the ſame manner the motion generated in any of the 
mechanic powers may be aſcertained from the neceſſa 
data, and in other caſes, provided the forces by which 
each particle of the ſyſtem is moved be conſtant, Al- 
— . the following —— be not immediately con- 
nected with the ſubject of rotatory motion, yet as the ſo- 
lation of it is included in a more general theory hereafter 


demonſtrated, of which the principles of rotation are like- 
wiſe particular caſes, it may be not uſeleſs to inſert it, 


XXVII. 


Fig.LXVIL, Let ABC be an iſoſceles wedge, the baſe 
of which is AB; let two equal ſpheres be 
applied ſo as to touch the ſides in the 


points 
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points o and x equally diſtant from c: 
then the baſe being biſected in G let a 
weight y be applied ſo as to urge the 
wedge forward in the direction 6 cx, and 
to communicate motion at the ſame time 
to the ſpheres D and ꝝ in free ſpace, the 
wedge and ſpheres being conſidered with- 
out gravity, and their ſurfaces being per- 
fectly ſmooth: having given the neceſſary 
conditions, it is required to aſſign the 
force which accelerates the weight y and 
the ſpheres Þ and E, and the direction in 


which the ſpheres move. 


Let the maſs contained in the wedge = V, that in either 
ſphere = 2, then will the force which tends to commu- 
nicate motion to the weight P be = P; to find the maſs 
moved, fince each particle of the wedge moves equally faſt 
with P, its inertia will be = V: now to find the in- 
ertia of the ſphere D, ſuppoſe the wedge to have moyed 
through a ſpace = CH, draw HI parallel to AC, and HK 
to CB, then if D be drawn perpendicular to HZ, and 
EK to HX, when the point C arrives at H, the ſpheres 
D and E will be coincident with 7 and & reſpeQively; 
and if IA, KB be drawn parallel to CG, the point 4 
will become coincident with the ſphere D at J, and the 
point B with the ſphere E at K: it follows, that the 
force which impels the ſphere D will be equal to that 


partof the force P which is expreſſed by the fraction 72, 
and the velocity of D will be that part of P's cotempora- 
ry velocity which is expreſſed by the fraction 70 or <= . 


The inertia therefore of the ſphere D whereby it reſiſts the 


communication of motion * to P is = A and the barg. in. „ 
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, | 2 
inertia of both the ſpheres = 22 7 where fore 
fince the force of P to move itſelf = P, and the inertia 
exerted againſt the communication of motion to it = P + 


22x — 0 V, the force which accelerates P will be = 


Xa 
PCA a 
PxCA*+ Pc A*F22 x eit, and that which accele - 


| . PxXAGxXCA 
rates che ſpheresD,Ewill = 5 IP e 
Let a body be moved from reſt at A in the direction 4B 
any conſtant force; then if the force ceaſes to act at B, 
the body will proceed with the ſame uniform velocity which 
it had acquired at BY Suppoſe when it arrives at C ſome 
obſtacle or reſiſtance is oppoſed to its progreſs: if the op 
ſition ariſes from an inert and nonelaſtic obſtacle on which 
it impinges, it will after a [| certain time, ſtill proceed uni- 
formly through with a diminiſhed velocity. If inſtead of 
an inert obſtacle oppoſed to the body's progreſs at C, it be 
acted upon by an uniformly reſiſting force, the body will 
be continually retarded until its motion is deſtroyed, Moſt 
mechanical operations conſiſt either in communicating 
motion to quieſcent and inert bodies or in overcoming 
reſiſtances, in which operations the action of the moving 
force and its mechanical effect are not always cotempo- 
rary ; but motion is frequently firſt generated, and at ſub- 
ſequent times employed in producing the defired reſult. 
Thus, in the preceding example, motion is generated 
while the body is deſcribing 4B, and it is ſubſequently 
employed in overcoming the reſiſtance oppoſed while the 
body eſcribes ſome ſpace CD. The mechanical effect of 
the motion generated will be greater or leſs according to 
various circumſtances: for a greater maſs of matter will 
overcome a greater reſiſtance than a ſmaller moving with 
the ſame velocity, every thing elſe being equal: it is evi- 
dent that the effect will depend on the velocities alſo, but 
the exact quantity of motion communicated to a body by 
a 0 orce or deſtroyed by any reſiſtance, cannot be 
eſtimated by the quantity of matter contained in the body 
and its velocity, neither by aſſuming the quantity of mo- 
tion as the maſs into the ſquare of the velocity, nor as the 
uantity of matter into the velocity, and for theſe rea- 
fone ; there are five quantities concerned in the genera- 
tion of mcticn, i. e. the quantity of matter oe. the 
| orce 
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force which moves it, the ſpace deſcribed, time of deſcrjp- 
tion, and velocity generated, and any two of theſe bein 
given will not determine the reſt or any one of them. If 


2 
therefore we were to affirm, either that = = 25 2 


or that ＋ 2 * 2. either affirmation would be as in- 


7 
concluſive, as if eſtimating the ſpaces deſcribed by bodies 
moving with uniform velocities, we were to ſay, that the 
ſpaces deſcribed are in the ſame ratio as the velocities of 
motion; but any three of the ve quantities juſt mentioned 


being given determine the reſt; wherefore if = be the ra- 
tio of the ſpaces deſcribed, and that of the times of mo- 


; EL ME CE ee 2  * Sea. III. 
tion be —,® ſince — N if T . 9 * prop. VII. 
V 


—=; that is, the ratio of the moving forces is equal 
to the ſum of the ratios of the velocities generated, and 
of the quantities of matter moved when the times are the 


M * ge” - + SeR. III. 
ſame : moreover, ſince 17 22 x'S x, f— and Prop. V1. 


= be given, when § = 5, = is determined, and conſe- 
quently when the ſpaces deſcribed are equal, the ratio of 
the moving forces = — ** >, Now it is certain, that 


we are at liberty to eſtimate mechanical effects and the 
forces by the operation of which they are produced, by 
the velocities 121 or generated in bodies, during their 
motion through a given ſpace or in a given time; and 
according to which of theſe hypotheſes is aſſumed, the 
moving forces or reſiſtances will be as the ſquares of the 
velocities into the quantities of matter moved, or as the 
velocities into the quantities of matter. Thus Leibnitz, 
Bernoulli, and many of the foreign philoſophers, eſtimated ts 
the motion of bodies according to the former ſuppoſi- 
tion; Newton, Keil, and moſt of the Britiſh, according 
to the latter: the ſame concluſions will of courſe be pro- 
duced by each method from given data; in regard to the 
truth of theſe concluſions therefore, it is a matter of indiffer- 
ence which method be uſed in the inveſtigation of _ 
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although particular problems may come out in a more eaſy 
and ſimple manner from one hypotheſis than the other, 

Theſe conſiderations being premiſed, when any me- 
chanical effect is to be produced, in order to proportion 
duly the means to the end required, it muſt be conſider- 
ed, that if only one mechanic quantity be given in the 
problem, there are four others remaining, two of which 
may be varied fine limite, and combined with all the dif- 
ferent conſtructions which mechanic inſtruments are capa- 
ble of. Thus, ſuppoſe it were required only to put in 
motion a given body A: of the force, the ſpace deſcrib- 
ed, the velocity communicated, and the time of motion, 
any two may be infinitely varied, but the reſt are deter. 
mined when any two with the original quantity are given, 
2. Suppoſe it were required to communicate to a given 
body A a certain velocity V, then of the force, the ſpace 
deſcribed by 4 before it has acquired the given velocity 
as well as the time of acceleration, any one of theſe may be 
aſſumed of any magnitude at pleaſure. In the ſame man- 
ner, if it were required to top or deſtroy the motion of a 
body 4, the velocity of which is V; here a great force 
may ftop the body in a ſmall time, or a ſmall force in a 
great time, the ſpace being determined by either of theſe 

uantities; but the ſame effect, i. e. the deſtroying 
the motion of 4, is obtained in any caſe, however the 
means may vary : if it be required to grown a velocity 
Vin a given body 4 during the time 7, the force to be 
applied as well as the ſpace deſcribed, before A has ac- 
quired that velocity ceaſe to be a matter of choice; there 
being but one force that can be applied to ſatisfy the 
conditions of the problem which limits the ſpace deſcrib- 
ed alfo ; and the ſame method of reaſoning 1s applicable 
to the deftroying the motion of 4 by the action of an uni- 
formly reſiſting force. 

From obſerving theſe circumſtances, an uſeful problem 
in mechanics may be ſolved, ſuch as having given the 
reſiſtance overcome by a given body moving through a 
| 4 to aſſign the quantity of matter contained in 

other body moving with a given velocity which ſhall 
overcome the ſame reſiſtance, or produce a mechanical ef- 
fect equal to the former, under certain conditions and re- 
ſtrictions required by the nature of the caſe, 


XXVIN. 


_- 
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XXVIII. 


HFlaving given the quantity of matter 

contained in a body = q, and its velocity 

== v; then ſuppoſe it to be reſiſted by a 

force which is to that which gravity 

would oppoſe to the ſame body, when 

thrown perpendicularly upwards, as m : 

Q and let the ſpace deſcribed by q before 

its motion is wholly deſtroyed by the re- 

ſiſting force m be s, the whole time of its 

motion being == T ; let it be required to 

aſſign what muſt be the quantity of mat- 

ter q moving with any other given velo- 

city u, ſo that the reſiſtance m ſhall de- | 
ſtroy its whole motion: 1. while it de- , 
ſcribes the ſame ſpace as before s; 2. in 

the given time T. 
2 


—- —— — * + w# —_ — — - 4s - © 0 LY — * 
i Ns... A — « LY * _ 
= — * + - — OY = 8 — * 
— * * - 
4 8 2 * 
2 W * —— „* == 8 


* > * 5 when S Prove VI. 


mdM==, ao in the rſt part of the problem, S5 = +, 


Since univerſally* 


* * 
A. ” k . 
-& - As 45 = 
2 — ** © 4 — 


— © oo 
* . 
+ * 


mw. - 
— - 


wherefore the weight required g = x'—, when the ſame 1 
ſpace is deſcribed as in the former caſe. 2d. f Since in fe vl. 1 
. a = i 
_ . eee Lg 9 
in the ſecond part of the problem, it follows that — = . bi. f 
whereſore the weight fought f = © x 2, | 
' 
Let | 
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Let an example be taken from Mr. Robins t: he found 
that a leaden ball of 4 of an inch diameter, impinging per- 
pendicularly with a velocity of 1700 feet in a ſecond, on 


an elm block penetrated into its ſubſtance 5 inches: let it 


Fig. LXIX, p 


be required to aſſign what quantity of matter muſt impinge 

on the ſame ſubſtance with a velocity of one foot in a ſe- 

cond, ſo that its whole motion ſhall be deſtroyed while it 

deſcribes the ſame ſpace, that is, 5 inches: here referring 

to the ſolution we have = 1700, 2 =1,v= 1, and the 
2 


maſs required pg = = Xx 2=1700*2, and g = 2890000 


times the ball's weight. This is the ſolution when the 
ball's motion is deſtroyed during the time it deſcribes 5 
inches in the elm, being the whole depth to which it pe- 
netrates. If it be required to aflign the maſs, when the 
ball's motion is deſtroyed in the ſame time as before, the 


quantity will be —2 = 1700 times the ball's weight. 


It remains to ſhew in what manner this theory may be 
ractically illuſtrated. Let 7 repreſent the bullet, ſuch as 
1s referred to in the 1 exam ple, and which would 
if it jmpinged on a block of elm with a velocity of 1700 
feet in a ſecond, penetrate into its ſubſtance to the depth 
of 5 inches. In the preceding problem, when the maſs 
contained in the ball 1s increaſed, in order to compenſate 
for the diminiſhed velocity, ſo that its effects ſhall be the 
ſame, the reſiſtance of the block m is ſuppoſed to be nei- 
ther ter or leſs than before: it follows from theſe 
confiderations, that in augmenting the quantity of matter 
contained in the ball, the magnitude of it muſt not be al- 
tered ; for if it were, the t rehſtance of the elm would not 
continue the ſame. The following means may be made 
uſe of, whereby the magnitude of the ball will not be al- 
tered, and yet the impulſe exerted by it when impinging 
againſt an elm block with the given velocity of one foot 
in a ſecond ſhall be the ſame as if it were in fact 2890000 
times heavier than before. Suppoſe the ball 7 aflixed to 
an tron rod, which is faſtened into a heavy block of wood 
or other ſubſtance, the weight of which is 28 o times 

tet than that of the ball 7: and ſi;ppoſe this block ſo 

alp nded as to revolve about an horizontal axis of motion 

LM at a convenient height, and which is parallel to the 

plane of the elm block. Let the rod 7D paſs through the 

centre of percuſſion, the pendulum vibrating in a plane per- 

pendicular to the axis : then let the block be _— P 
I uc 


- —— 


* — 
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ſuch a poſition, that it ſhall touch the bullet when the pen- 
dulum is quieſcent, ID being horizontal: alſo let the pen- 
dulum be drawn out of its vertical poſition by any force 


through an arc the verſed fine of which is equal to © part 


of a foot: if it be ſuffered to deſcend from reſt along this 3 
are to its loweſt point, it will there have acquired a velo- f 8A. VI. 
city of one foot in a ſecond, and if the block be immove- 
ably fixed, the whole motion of the impinging body will 
be deſtroyed. Moreoyer, by the problem, the depth to 
which the bullet 7 will penetrate into the ſubſtance of 
the block will be 5 inches. The ſame mechanical effect 
is therefore produced by an inconſiderable, as by a very 
great velocity, compenſation being made for the diminiſh- 
ed velocity by increaſing the maſs of matter moved. And 
it is plain that the ſame means may be uſed to produce b 
vaſt and maſſy bodies moving with ſmall velocities, the ef- 
fects of cannon balls impinging againſt obſtacles confiſting 
of ſtone walls, earth, or wood, Theſe two methods have 
been made uſe of in different ages for the purpoſe of de- 
moliſhing fortifications: the battering rams of the anci- 
ents conſiſted of very large beams of wood, terminated by 
ſolid bodies of iron or braſs ; ſuch a maſs being ſuſpended 
as a pendulum, and driven part] by its 2 and partly 
by the impulſe of men againſt the walls of a fortification, 
exerted a force which in ſome reſpects exceeded the ut- 
moſt effects of our battering cannon, though in others it 
was probably inferior to the modern ordnance, To com- 
pare the effects of a battering ram, the metal extremity of 
which ſappoſe equal in magnitude to a 24 pounder, with 
that of a cannon ball of 24 pounds weight: in order that 
the two bodies may have the ſame effect in cutting a wall, 
or making a breach in it, the weight of the aries muſt ex- 
ceed that of the ball in the proportion of about 1700*® to e Sed. VI. 
the ſquare of the velocity with which the battering ram N 
could be made to impinge againſt a wall expreſſed in feet; * 
if this may be eſtimated at about 10 feet in a ſecond, the 
proportion of the weights will be that of about 2890000 
to 100, or 28900 to 1: the weight of the battering ram 
malt therefore = 346 ton, In this caſe the battering ram 
and the cannon ball moving with the velocities of 10 feet 
and 1700 feet reſpectively in a ſecond, would have the ſame 
effecl in penetrating the ſubſtance of an oppoſed obſtacle; 
but it is probable, that the weight of the aries never 
amounted to ſo much as is above deſcribed, and conſe- 
82 the effects of the cannon ball to cut down walls 
y making a breach in 17 muſt exceed thoſe of the 
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ancient battering rams : but the momentum of theſe, or 
the impetus whereby they communicated a ſhock to the 
whole building was far greater than the utmoſt force of 
cannon balls; for if the weight of the battering ram were 
no more than 170 times greater than that of a cannon ball, 
each moving with its reſpetive velocity, the moments of 
both would be equal : but as it is certain, that the weight 
of theſe ancient machines was far more than 170 times 
our heavieſt cannon balls, it follows, that their moment or 
impetus to ſhake or overturn walls, &c. was far ſuperior 
to that which is exerted by the modern artillery. And 
ſince the ſtrength of fortifications will in general be pro- 
roms to the means which can be uſed for their demo. 
ition, the military walls of the moderns have been con- 
ſtructed with leſs attention to their ſolidity and maſly 
weight, than the ancients thought a nece defence 
againſt the aries: that ſort of coheſive firmneſs of texture 
which reſiſts the penetration of bodies being now more 
neceſlary than in ancient times; but it is manifeſt, that 
even now, ſolidity or weight in fortifications alſo is of ma- 
terial conſequence to the effectual conſtruction of a wall or 
battery, This remark has been urged only to ſhew ſuch 
variations in the degrees of ſolidity and firmneſs of tex- 
ture in the fabric of military walls, as have been occaſion- 
ed by the change which took place in the practice of ar- 
tillery, when lighter bodies impelled with greater veloci- 
ties were ſubſtituted inſtead of the ponderous machines of 
the ancients, to which but inconſiderable velocities could 
be communicated, 

Fig. LXX, There is alſo another method of producing great me- 
chanical effects by means of ſmall velocities generated in 
ponderous bodies by inconfiderable moving torces. Sup- 
poſe ABC were an heavy cylinder of iron or lead, moveable 
about its axis and in a vertical plane: a ſmall force bein 
applied to turn the cylinder, if long continued, will 
generate ſuch a force in it as will produce effects in 
raiſing weights and overcoming reſiſtances, by no means 
obtainable ,- the moving force immediately applied. 
— for inſtance, it were required to aſſign What 
muſt be the weight of the wheel, ſo that when the bullet 
referred to in the laſt example is affixed to any point D, 
and revolves with the cylinder at a given rate, for ex- 

+ Page 265, ample, with a + velocity of 1 foot in a ſecond, if it 
ſhould impinge perpendicularly againſt an immoveable 
block of elm, it ſhall penetrate into that ſubſtance to 
the ſame depth as when it impinged freely upon the 


immoveable block with a velocity of 1700 feet in a we 
cond, 
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cond. Here the velocity of the ball = 1 foot in a ſecond, 
let p = its weight, and x the weight of the cylinder 
ſought ; moreover, let R be the centre of gyration of the 
cylinder, then will the effect of O ſtriking againſt an ob- 
ſtacle be the ſame as if the whole weight of the wheel were 


removed, and the equivalent *maſs r collected into Prop. VIII. 
the point D. And fince p or D's velocity is that of one 

foot in a ſecond, the maſs at D muſt be = p x 1700*, or 

2890000 || times the weight of , putting therefore p x || Supra. 


2 
2890000 ER „ we have the weight of the cylin- 


der, which will anſwer the conditions of the problem, = 


2890000 þ * 7 and if the radius of the cylinder 
10X8D, then will ox S 50 x $D*t, and the cylinder's f. t. 


2890000 þ 


weight = = 57800 p, that is, if p = 1.3048 oz, 


the weight would become = 4713 pounds. 

It remains therefore only to aſſign for what time or 
through what ſpace a moving force, which may be aſſum. 
ed bf convenient magnitude, muſt act on the wheel, ſo 
that a velocity of 1 foot in a ſecond may be generated in 


the point D, the diſtance of which from the axis is — 


t of thee wheel's radius. The ſolution of this ma 
erve as an example to the principles already demonſtrated, 
as well as for the purpoſe of illuſtrating the ſubject in 
queſtion : the moving force may be aſſumed equal to that 
which the human body can apply without any remark. 
able exertion. 


XXIX. 


Let a cylinder of any given radius, for rig. Lxx. 
example 10 feet, the weight of which — 
4713 pounds, revolve round an horizontal 
axis of motion; it is required to aſſign 
how long a moving force of 20 pounds 
Ll 2 weight 
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weight muſt act on the circumference n, 
m order to generate a velocity of one foot 
in a ſecond in the point p, so being = 1 
foot. | | 


®, 


When $D = 1 foot let S be the diſtance of the cen- 
tre of gyration from the axis, and when the velocity in D 
is that of one foot in a ſecond, the velocity of the circum- 
ference will be 10 feet in a ſecond ; and ſince the cylin- 
der's weight will reſiſt the communication of motion to 
the circumference in the ſame manner, as if the whole 

4713X R 
>” a” 
Seck. VI. vere collected into the circumference, that is,“ if — — 


P- 224+ 
2356.5 pounds were ſo collected, we ſhall have the force 


20 


which accelerates the circumference = TEST: = 


, and the time in which this force will generate a 


| | maſs were removed and the equivalent maſs 


* 
118.8 
| | velocity of 10 feet in a ſecond = — = 37 ſe⸗ 
325 
conds, A weight therefore of 20 pounds acting for 37 
ſeconds at the circumference of ſuch a cylinder as is de- 
ſcribed in the problem, will generate a moment which 
being accumulated in a muſket ball fixed at the diſtance of 


= the cylinder's radius from the axis will produce an ef- 


fe in penetrating an oppoſed block of elm immoveably 
fixed, equal to that which is exerted by the ſame muſket 
ball fired with its full charge of gunpowder againſt the 

ſame block. 
It muſt be here obſerved, that the ſtrength of the human 
| body cannot exert conſtantly fo great a quantity of force as 
that of 20 pounds, if it be applied fo far from the axis as 
10 feet: the velocity of 10 feet in a ſecond is much greater 
than that which the velocity of the arm could keep up to, 
| for when the velocity generated is no more than 4 or 5 
| feet in a ſecond, a perſon by pulling can ſcarcely keep the 
rope ſtretched with a force equal to 20 pounds ; but then 
0 . 


— _—_— 


| 
| 
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it may be urged, that the force which a man can exert by 
pulling downward, when the velocity of the maſs moved 
is inconſiderable, is nearly equal to his weight, and there- 
fore may in ſome meaſure compenſate for the deficiency 
juſt deſcribed ; but at all events the ſolution may be ac- 
commodated to any particular caſe. For inſtance, let the 
wheel be turned by a handle, the diſtance of which from 
the axis = 1 foot, then will the force which accelerates 
the circumference be * diminiſhed in the ratio of 10: 1, p. —_ 
and the time of generating the given angular velocity * 
above deſcribed will be + increaſed in the ratio of 10: 1, + Prop. 
and fo will become 370 ſeconds, or 6 minutes 10 ſeconds, 3 
proyided à force equal to 20 pounds be conſtantly exerted, 

This accumulation of mechanic force appears extraor. 
dinary at firſt ſight, and might ſuggeſt wrong notions con- 
cerning the ſubject unleſs fully conſidered. It might ſeem 
from this great power gained, that by increaſing the time in 
which the moving force acts, the moment communicated 
to a ponderous wheel might be applied to elevate a weight 
to an altitude greater than that from which an equa! weight 
deſcended from reſt, in order to generate the motion in the 
ſyſtem ; and were this really the caſe, nothing more would 
be wanting to conſtitute a machine containing the prin- 
ciple of perpetual motion within itſelf: but it will ap- 

from the enſuing propoſittons, that the altitude to 

which a weight is elevated by a power which communi- 
cates motion to a revolving ſyſtem, and 1s any how applied 
to raiſe it, can never be ſo great as that from which an 
equal weight muſt deſcend, 1n order to generate the mo- 
tion ſo applied: the times wherein the weights deſcend 
and forms not being of any conſequence, the propoſition 
depending on the altitudes only. 
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Let Age repreſent a ponderous cylin- xig, 1xx1, 
der moveable in a vertical plane about its 
axis: let motion be communicated to the 
whole by a weight p deſcending through 
a ſpace s; when the action of p ceaſes 
after it has deſcended through the ſpace po 
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| der, VII. moved, and the equivalent maſs 
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the ſyſtem will continue to revolve uni- 
formly ; let the moment thus generated 
be employed to elevate another weight q : 
the propoſition affirms, that the ſpace 
through which the wheel's motion ele- 


vates q, can never be ſo great as s x 1 


but will be ultimately equal to s xc when 


the maſs of the revolving body is increaſ- 
ed ſine limite, the effects of friction not 
being here conſidered, 


There are two cafes contained in this propoſition; firſt, 
the weight g when quieſcent is ated on by the revolving 
ſyſtem: 2dly, the weight g always poſſeſſes motion equal to 
that of the circumference to which it is applied. To con- 
ſider both theſe; let the radius SD = d, SE = a, the centre 
of gyration = R, SR = rx, the weight of the revolving bo- 
dy = ww, the ſpace through which p deſcends from reſt = ;, 
1ſt. Let ↄ by deſcribing the ſpace / generate motion in 
the ſyſtem before q is applied at the circumference EH: 
then ſince the force which accelerates the deſcent of p = 


2 
afar „the velocity acquired by p during its de- 
* Set. VI. 4% 
1 
7 XV. ſcent through the ſpace ® 5 = 7er! 
193 inches, and the velocity generated in E at the ſame 
Sect. VI. 2 + / 5p a P 
top. 111, * || inſtant = Vo + wr?” 
moved, at that inſtant let E be connected with g while 
quieſcent, then will the wheel have the ſame effect in 
communicating motion to as if the whole maſs were re- 


d K 
27 were collected 


into 


being = 


Now, ſuppoſe p to be re- 
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into Z. In order therefore to determine the motion of 
q, the laws of colliſion give us this proportion = 1＋ 7 


„ „ 4:90" 
BE ed ee to the common velocity 
with which E and g begin to move, which will therefore = 
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force which always retards the aſcent of q = 27e 
the height $ to which g will + aſcend will = i Sea, It, 
rop. vx. 


2 —— OE X anne = Cor, 3. 
41xpd* +wri wr + qa**? 742 

4 
22 , which is always leſs than 


7 A pur X wr + gat 
2 but approaches 7 as a limit when aur is increaſed 
or 4 + g a* diminiſhed fine limite. 


In the preceding caſe, motion has been ſuppoſed to be 
erated in the ſyſtem ABC by a weight p deſcending 
rough a given ſpace ; and this motion being commu- 
nicated to a quieſcent weight 2, applied at any diſtance 
whatever from the axis, has been ſhewn inſufficient to ele- 
vate 9 to an altitude which is to s, the ſpace deſcended 
through by the weight fo in ſo great a proportion as that 
of þ:g. There is ſtill another caſe to be conſidered : 
appel the weight 4 to begin its motion with the revoly- 4 
ing ſyſlem, being elevated by the deſcent of ? + p, ; be- l 1 
ing here alſo the moving force: then let g + p deſcend 


through a given ſpace s; it is to be proved that if 
be — 1 the — the ſpace s has been deſer bed. 


the velocity generated in the ſyſtem will not be ſufficient 
to elevate g to an altitude ſo great as , x EL 


weight 9 acquire gradually from 'quieſcence a velo- 

city equal to that of the point Z: the force which 
24 

914 17177 * wwr* * 

and the velocity generated in p during its deſcent through 

a 


accelerates þ in its deſcent = 
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wre+ga* +4 + x4* 
Now let g + p be removed; then will the weight g begin 


1 41 

co aſcend with the velocity \/—— 7. 775 * 
. 4 

and being retarded by the conſtant force yer 7 r · the 
2 

ſpace & through which 9g will riſe = } - +4 TI 

f 4 ] | wri+ga*+g+p xd* 
ee, 225 wr? + ga* 
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which is always leſs than s x 7 while the quantities av, 7, 


&c. are finite: but approaches 3 x £ as a limit while «vr 


is increaſed, or 2 + q * A is diminiſhed fine limite, 

It appears from both caſes, that when any motion is 
generated by the deſcent of a heavy body, and this mo- 
tion is afterwards employed to elevate another weight, the 
altitude of the elevated weight into its quantity of mat- 
ter, will be always lefs than the alritude from which the 
former body deſcended multiplied into the body itſelf. 
If therefore this operation were repeated, and the motion 
laſt 2 were W . to elevate another weight v 
by the deſcent of 5, the motion generated by the prior 
deſcent would be diminiſhed; this diminution being the 
conſequence of every ſucceſſive elevation, until the mo- 
tion is entirely deſtroyed. | 

This ſeems to ſtrengthen thoſe arguments which have 
been urged to ſhgy the _—— of a machine poſſeſſing 
the & principl&perpetual motion within itſelf: and it is 
worthy of remark, that the continual loſs of motion above 
demonſtrated, is wholly independent of the effects of 
friction, and ariſes from the inertia of the ſyſtem only; 
and this appears to be in faQ the greateſt obſtacle which 
82 the conſtruction of a ſelf mover: for, notwith- 

anding what has been urged concerning the effects of 
friction and the air's reſiſtance, in order to account for the 


failure of the very many attempts to execute this famous 
pro- 


OO OP Ä 
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ect, it does not ſeem that they are ſuch very mate- 
Bal impediments to the ſucceſs of it: for if it were poſ- 
ſible from the principles of mechanics, independent of all 
obſtacles, to generate motion in a body by the deſcent of 
a weight through any ſpace, ſo that this motion when ap- 
lied to raiſe a weight equal to the former, could elevate 
it to an altitude in the ſmalleſt degree greater than that 
from which the former weight deſcended ; the reaſon does 
not appear why the ſame means by which this ſmall me- 
chanical advantage was gained, ſhould not be employed 
in accumulating a ſtill greater acceſſion of mechanic force, 
ſuch as would be more than ſufficient to overcome the 
effects of friction and other reſiſtances. 

The motion generated in ponderous wheels is applied 
to many practical purpoſes. Thus, machines to lift 
weights, to grind corn, &c. as well as many others, hav- 
ing a large wheel of maſſy ſubſtance affixed to ſome part 
of them, ſo that it ſhall revolve round its axis, have been 
found to produce far greater mechanical effects than when 
they are without ſuch additional maſs of matter. 


Let ABC repreſent a wheel and axle moveable round pig. LxxiiI. 


an horizontal axis, paſſing through & by means of an arm 
or handle E, which is impelled by muſcular force: let 
w be a weight raiſed by the machine; and let SD = 4. 
$F= a: part of the moving force applied at E or F to turn 
the wheel will be employed to balance ww. Suppoſe, for ex- 
ample, the whole force applied at Z were p, then will that 


part of it which is expreſſed by E: be employed in ba- 


lancing ww, and the other par = will communi- 


cate motion to the weight ww: this is upon a ſuppoſition, 
that the force impreſſed on the handle E is conſtant. 
Bat this is not always the caſe : for in the firſt place, fince 
the force which acts at E is the preſſure exerted by muſ- 
cular force, it is manifeſt, that when the velocity generat- 
ed in E is equal to that with which the muſcular power 
could move if no ways impeded, all preſſure muſt ceaſe : 
moreover, in the intermediate velocities a given exertion 
of muſcular force will always preſs with leſs effect accords 
ing as the velocity of the handle is greater; for which rea- 
ſon there is ſome velocity of the handle which will be con- 
tinued uniform : becauſe if it be greater the moving force 
diminiſhes, and the force of the weight wv — . — 
againſt it; if it be leſs than that mean velocity, the 
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moving force will accelerate it until it comes at the degree 
of motion above deſcribed. This being the caſe, the uſe 
of a ponderous wheel 4 BC, affixed fo as to revolve on 
its axis with the ſyſtem is manifeſt : for, ſuppoſe a certain 
uniform velocity generated in it, this will continue for 
ſome time to elevate the weight ww, although the mcving 
force of the arm be diſcontinued, which muſt in ſome 
degree happen when the arm is aſcending; but if there 
were no motion in the wheel AB C to continue the aſcent 
of ww, the weight ww would begin to preponderate as ſoon 
as the moving force was at all diminiſbed, from which it 
is manifeſt how much motion muſt be continually loſt, 
And theſe arguments are further ſtrengthened by remark- 
ing, that a given muſcular force will produce by gradual 
acceleration as great an uniſorm velocity when the heavy 
wheel is a lied to the machine, as when the machine is 
without it, the effects of friction not being conſidered; the 
only difference is in the time wherein this velocity is pro- 
duced, the time being increaſed by the wheel's weight. 

In the preceding propoſitions the force by which bodies 
or ſyſtems of bodies are cauſed to revolve, has been ſup- 
poſed conſtant ; and the properties relating to gyration 
which have been demonſtrated are true, when the forces 
are variable, provided the time of their action be taken 
evaneſcent: from which concluſion, and having given the 
law according to which the force varies, the ed pro- 
duced by a variable 17 on a revolving ſyſtem may be 
inveſtigated, In the Taſt example, where rotatory mo- 
tion is ſuppoſed to be generated in a ponderous wheel by 
the action of muſtdlar ſtrength, (of the human arm for in- 
ſtance,) it was obſerved, that the moving force was not 
conſtant, being greateſt at the firſt inſtant of motion, and 
abſolutely evaneſcent when the velocity of that part of the 
wheel, to which the hand was applied, became equal to 
the greateſt velocity with which the hand could move 
when not impeded. 

If the laws according to which muſcalar force varies 
in reſpect of the velocity of the body to which it is ap- 
plied were known, the effects produced might be com- 
puted; but as this kind of power is irregular in its action, 

ing in general greater as the point to which it is applied 
is deſcending, geometrical reaſoning cannot be uſed to 
eſtimate the motion generated by it, although there would 
be perhaps little ditkeulty in forming rules which ſhould 
be ſufficiently near the truth. In the next problem, ro- 
tation 1s generated by the ation of a moving force, upon 

. 
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a principle not entirely diſſimilar to that juſt deſcribed ; 
but the laws according to which the force varies in this 
caſe being known, La aſide the effects of friction) 
a ſolution may be obtained and will be a proper illaſtra- 
tion of this part of the ſubject. 


XXXI. 


Let a Bc repreſent a water wheel which un. 
revolves round an horizontal fixed axis, 
paſſing through its centre s. Suppoſe 
DEF to be the axle of this wheel, and 
that a weight w is affixed to a line dw 
ſo wound round the axle, that while 
the wheel is driven round in its own plane 
by the force of the water impinging at 1, 
the weight w may be raiſed in a vertical 
line : having given the area of the boards 
1,1, 1, againſt which the ſtream impinges 
perpendicularly, and the altitude from 
which the water deſcends, it is required to 
aſſign the greateſt velocity with which the 
wheel can revolve. 


When a ftream of any fluid A perpendicularly 
againſt a plane and quieſcent ſurface, the exact quantity 

the moving force is equal to the weight of a column of 
the fluid, the baſe of which is the area upon which the 
fluid impinges, and the altitude that from which a body 
muſt deſcend freely from reſt by gravity to ® acquire that * SeQ. v. 
velocity: this will be the moving force which impels Prop. II. 
the body when quieſcent, or juſt beginning to move, but | 
after ſome motion has been communicated to the body 
upon which the fluid impinges, the impulſive force of the 
fluid will be diminiſhed ; being the ſame as if the body 
were quieſcent, and the water * upon it with the 
difference of the former velocities. Where fore the altitude || III. Law . 
of the column of the fluid, which is equal to its impelling orf Movony 
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farce, will be always as the difference between the velocity 
of the impact and that of the body itſelf; and ſince the al- 
titudes from + which bodies fall from reſt are in a dupli- 
cate ratio of the velocities acquired, it follows, that the 
force of the impact will be in a duplicate ratio of the dif- 
ference between the velocity of the wheel and that of the 
impact. | 

et the weight of a column of water equal to the force 
of the impact, when the wheel is quieſcept, be 4, and in 
order to facilitate the ſolution, it muſt be Tuppoſed that 
the force of the ſtream acts perpendicularly to the planes 
on the points J. I, I. at a given diſtance from the axis, 
the radius SI = a, SD = 6, the velocity with which the 
water impinges on the boards J, I. I. y the velocity of the 
circumference 7, I. I; then we have this proportion for 
determining F the force of the water to turn the wheel 


when its velocity is y, Y —o': Y=3*::4:f= 
* Let R be the centre of gyration of the wheel 


and the weight taken together, and let G be the wheel's 
weight, and S&R Sr; then ſhall the inertia of the ſyſtem 
which reſiſts the communication f of motion to J, I, I, be 
ICN. | 


, 
4 


and the force which accelerates the eircum · 


* 


R a 133 b 
ference when its velocity i f * —_— * 


2 but from this muſt be ſubducted the force of the weight 
I to retard the circumference, which is || = 8 
a  W+6 xr 
The force therefore which accelerates the circumference 
* . Sa Fi ”"* 2 Foy” a® 
—_— 


„ d when the wheel's velocity becomes uni- 
W+GxXr: * n 
form, this force of acceleration muſt be evaneſcent, which 


will 2 2 x42 - go, and y Hot 
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XXXII. 
Every thing elſe remaining as in the laſt Mi 


propoſition, let the weight w vary, and derte 
let it be required to aſſign the weight w, *7* 
ſo that when the wheel has acquired its 
uniform velocity, the moment of w may 


be the greateſt poſſible. 


Let the weight ſought = x, and ſince the uniform ve- 


— # Prov." 
locity of the“ wheel's circumference = F — Y x 2 xx 


Aa 
ths vaiftem velocity of the albent of v will be = x 


a 
x 67 532 


Ii and the moment of æ will be — = — 7 x 


3 
* Aar the fluxion of which being madg = o, we 


wes INS 0. when the moanens of > is hs 


2 vV 4a 
greateſt poſſible, and x = - the weight required. 


Cor. 1. Let ſuch a weight 2 be ſuſpended from the 
axle, as will exactly balance the force of the water 4 act- 


ing at the circumference, then will L= —— ; where- 
fore when the moment of the aſcending weight x is the 
greateſt poſſible, that weight will be Sor parts of the 


weight which would, if ſuſpended from the axle, balance 
—— of the ſtream. a a 


| Cor. 2. Since the uniform velocity of the wheel's cir- 
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|| Supra 
p. 277. 
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cumference is *Y — / x 775 · and [= e when 
the moment generated in the aſcending weight is the 
greateſt, by ſubſtituting 257 for V, we have the velocity 


„V= that is, the velocity of the 


wheel's circumference will be ry the velocity of the fiream 


impinging againſt it, when the moment generated in the 
kobe alen ing uniformly is the oreatelf poſſible. 

Cor. 3. The laſt Cor. ſuggeſts another problem which 
may be of uſe : having given a weight to be raiſed 
the action of the ſtream of water, the force of which is = 4, 
againſt a quieſcent ſurface; let it it be required to aſſign 
ys. — muſt be the 8 between the radius of the 
wheel and that of the axle, ſo that the uniform velocity 
of the aſcending weight may be the greateſt poſſible. The 
value of remaining, if the radius of the wheel be put 


| 3 
weight . — Y V., of which if the fluxion 
be made = o, it will give x = 9's 


+4 © : 

Cor. 4. Every thing elſe remaining, if the veloci 
with which the water 1mpinges againſt the boards J, J, I, 
be doubled, the greateſt moment communicated to a 
weight W aſcending uniformly will be increaſed in the 
ratio of 8: 1: for ſince. the uniform velocity of the aſ- 


cending weight is = and the weight|| moved F — 5, 
the moment 2 in the aſcending weight will be ex- 
preſſed by 277 and 8 being given, the moment will be 


1 Page 276, proportional to A x £ but t 4 is as Y *, wherefore the 


moment communicated to the aſcending weight will be 
as V, or in a triplicate ratio of the velocity wherewith the 
water impinges on the wheel. 

The force which communicates motion to water wheels, 
and the reſiſtances which are occaſioned by friction, tena- 
city, and various other cauſes, render the application of the 

cory 
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of mechanics to practice in theſe caſes extremely 
difficult. It is probably from this reaſon, that the art of 
conſtructing machines, which are moved by the force of 
water, * been almoſt wholly practical; the beſt im- 
provements having been deduced from continued obſerva- 
tion of the reſults produced in given circumſtances, where- 
the gradual correction of error, and varied experience 
of what is moſt effectual, have ſupplied the place of a 
more perfect inveſtigation from the laws of motion. 

This ſeems to be the beſt method, as far as regards the 
practical conſtruction of theſe machines, the nature of the 
caſe will admit of ; for although there may be two roads 
leading ultimately to the ſame truths, i. e. a direct inveſ- 
tigation from the laws of motion, and long continued ob- 
ſervation, independent of theory; the latter is frequently 
the moſt eaſy and moſi eligible, although leſs direct and 
leſs ſcientific ; the former being inacceſſible to thoſe who 
poſſeſs the elementary mw of mechanics only, It is in 
vain to attempt the application of the theory of mechanics 
to the motion of bodies, except every cauſe which can 
ſenſibly influence the moving power and the refiſtance to 
motion be taken into account: if any of theſe be omitred, 
error and inconſiſtency in the concluſions deduced muſt be 
the conſequence, It was at one time ſuppoſed from this 
inadequate application of the theory, that the ſame laws of 
motion would not extend to all branches of mechanics, 
but that different principles were to be accommodated to 
different kinds of motion. If this were truly the caſe, the 
ſcience of mechanics would fall ſhort of that ſuperior ex- 
cellence and extent, which it is generally allowed to poſ- 
ſeſo. For it is probable, that there is no kind of motion, 
whether of the moſt ſimple or complicated nature, but 


what may be referred to three eaſy and obvious propo- * Laws of 


fitions, the truth of which it is impoſſible to doubt: and 
if we are not enabled to inveſtigate the effects from the 
data in all caſes, the deficiency muſt not be imputed to 
the ſcience of mechanics, but to the want of methods of 
applying mathematics to it. 

is may be illuſtrated by an example in order to ſhew 
that the motion communicated to water wheels, however 
complicated the data may be, is equally referable to the 
laws of motion, with the effects of the moſt uncompound- 
ed force, If a ſtream of water falls perpendicularly on a 
plane ſurface, the moving force ariſing from the impact 
only is equal to the weight of a column of water, the baſe 


of which is the ſurface f upon which the water W 8 Ig 
0 an 


Fig. 
LXXIII. 
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and altitude that through which a body muſt fall from reft 
to acquire the velocity of impact. If the inclination of 


the ſtream to the ſurface ſhould be changed, the force ex- 
erted in a direction perpendicular to the plane will be di- 
miniſhed in a duplicate ratio of the radius to the fine of 
inclination, the ſurface on which the water impinges re- 
maining. Now when water falls on the boards of a water 
wheel, the direction of the ſtream makes different angles 
with the planes of thoſe boards; for fince the particles of 
water deſcend in curve lines, they will ſtrike any plane ſur- 
face in the direction of a tangent to the curve on the point 
of impact. Moreover, the water will ſtrike the higher 
boards 7, J, with a leſs velocity and in a direction more in- 
clined to their planes, than when it impinges on the boards 
J. I: it is alſo to be conſidi red, that the ſtream will impinge 
on the boards at different diſtances from the axis of motion: 
all which circumſtances muſt be taken into account to find 
the force which tends to communicate motion to the wheel 
when quieſcent; and when motion has been communicated, 
the force of the ſtream to turn the wheel will be deter- 
mined as'in p. 276. But this is not the only confideration 
which affects the moving force; the force hitherto confi. 
dered has been ſuppoſed to proceed from the impact of the 
particles only; in which caſe each particle, after it has 
ftruck the board, is imagined to be of no other effect in com- 
municating motion; but this is not wholly the caſe: for after 
the particle has impinged on the board, it will continue 
ſome time to operate by its weight, and this time will be 
longer or ſhorter according to . different conſtructions 
of the wheel. In the overſhot wheel, the continuance of 
che preſſure ariſing from the weight of the water, will be 
longer than in the underſhot, the force which ariſes from 
the impact of the water being nearly the ſame in each 
Caſe. The whole moving force therefore will conſiſt of 
the impact determinable as above, and of the weight of the 
water deſcending along with the circumference and com- 
municating additional motion to it: this entire moving 
force being determined either by theory or experiment 
may be denoted by 4. After the moving force which 
impels the circumference has been determined, the reſiſt- 
ance to this force muſt be found ; for on the proportion be- 
tween the moving force and the reſiſtance, the acceleration 
of the machine will depend. This reſiſtance is of various 
kinds: 1. That of inertia: let the centre of gyration of the 
wheel = R, SR r, ST Sa, the wheel's weight = G, 
then will the inertia of the wheel which reſiſts the com- 

munication 
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2 
munication of motion to the circumference, —= Ll : in 


the ſame manner, the inertia of any parts of the ſyſtem may 
be obtained from having given the weights, figures, and 
diſtances from the axis by prop. x11. 2. If the machine is 
of that kind which raiſes weights, ſuch for inſtance as 
water, the weight raiſed, allowing for its mechanical effect 
on the point the acceleration of which is ſought, muſt be 
ſubdued from the moving force before found ; and this 
will be a conſtant quantity. There are other reſiſtances alſo 
homogeneal to weight, i. e. thoſe of friction and tenacity, 
&e. which are variable in ſome ratio of the machine's 
velocity: and in order to proceed with the inveſtigation, 
the exact quantity of weight which the friction is equal to, 
when the wheel moves with a given velocity, muſt be 
known, and the variation of the reſiſtances in reſpect 
of the | velocities, which circumſtances muſt be deter- 
mined by experiment. If the force equivalent to the fric- 
tion, Mc. be ſubducted from the moving force, the remain- 
der will give the moving power by which the circum- 
ference is impelled upon the whole; this being divided 
by the inertia of the maſs moved, ill give the force which 
accelerates the circumference. The notation of the laſt 
ropoſition there fore remaining, if, when the wheel's ve- 
oel is V, the friction is equal to the weight 2 ap- 
plied at the circumference, and varies in the ath power of 
the velocity, we ſhall have the force which accelerates the 
8353 4 1255 a? Las 
circumference r A RS. — . 
* 2 a 1 
. wherefore if x be the ſpace whi 
VNC oo 2 
been deſcribed by the circumference when the velocity is 
„, and / 1s the ſpace through which bodies are impelled 
by the force of gravity in one ſecond, the principles of 


A 2. 2 * 


acceleration t give us 2 — 


 Wab 2 y® —_ ; 133 

F WxW+Gxr* © nw. be 
determined in terms of x and conſtant quantities, the ve- 
locity communicated to the wheel will be known. It is 
only by taking in all theſe circumſtances into the account, 
which can produce coincidence between theory and mat- 


ter of fact. 
Nn In 


/i Fs Fe. V. 
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pi In Mr. Parent's t propofition above demonſtrated, the 
18 1, effects of friction are not conſidered, nor is the time in 
Cor. 2. which the uniform motion is produced taken into account: 
it is not therefore to be wondered, that if this propoſi- 
tion be referred to experiments made on machines, where. 
in friction bears a conſiderable proportion to the mor- 
iug force, the reſults ſhall be different from thoſe demon. 
5 ſtrated from different data. The motion of machines im. 
pelled by the force of water or wind very ſoon becomes 
uniform ; the reaſon of which is, that the friction of the 
arts vary in ſome direct ratio of the velocity: for were 
riction entirely removed, the motion of machine 
would be continually accelerated, and would not acquire 
its uniform velocity in any finite time. If the exact laws 
according to which the friction of the machine varied in 
reſpect of the velocity were known, together with the 
abſolute quantity of friftion correſponding to a given ve- 
locity, the uniform or greateſt velocity acquirable by the 
machine, and the finite time of ——_—_ might be aſ- 
certained ; but it will appear from the following propo- 
fition, that when friction is not taken into account, the 
time of ac uiring the uniform velocity, ſuch as is referred 

to in Mr. Parent'spropoſition, is infinite. 


XXXIII. 


a Every thing remaining as in the xxxiſt 
prop. let it be required to aſſign the time 
during which the wheel AB c is accele- 
rated before it acquires a given velocity, 
effects of friction, coheſion, &c. not be- 
ing conſidered. 


The notation remaining, let x be the ſpace which has 
been deſcribed by any point of the wheel's circumference 
when the velocity generated has become : the force 


t Page 276. which t accelerates the wheel's circumference = 7 0 * 
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. ls endes the force 


en, 
which accelerates the circumference — =p BY 2 
let z be the ſpace through which a body falls freely from 


reſt to acquire the velocity y, then * will 2 ==, and the j, Se, NI, 


principles of acceleration give us this equation 2 = 


Px FFM, 8 py *; 
P 3 „and x = —_——_— 
21 = xXF—}*K 


o 4 © 7 * 0 
and the fluxion of the time . == = —— — 5 
3 *xV = xv K 


5 WES V 
taking the fluents, the time itſelf = 
I 
. 
, x Þ=V* 7K 


So; wherefore the entire fluent or the time required : 
Mugs ENR A 


: but this ſhould vaniſh when 


22 * log. X _ 
FR V xXF—/*K VIV 
F VF=ER _ 

1 = -r, 

and e = the number, the hyperbolic log. of which =1, and 
aPFK* „ ., . nV/K+tnz/F 

let Vt = þ; this will give r a, 
22 1 2 

and ſquaring the whole — — 


, and FZ - X. xXn*Y*K +an*/z 

A FRe="1+ n*2* Fx” *!: this being reſolved gives 

n*Y f FRe—*! "FR 

Fog Fo” OF ö 

„b ne 
PTY FI 


from J, leaves y = the velocity of the circumference ge- 
nerated in the time / from reſt, 
Nanz Cor, 


t=Voy= 


— — — — - 
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Cor. As the time 7 increaſes, the wheel's velocity in. 
creaſes, and if it has any limit by making infinite, the 
ultimate value of y will give that limit: here fince p = 
* * yr it is manifeſt, that if 7 be infinite, p will 
be alſo infinite, and 2 evaneſcent ; wherefore all the 


terms in the preceding expreſſion which are multiplied 
into 7 will become = 0: this will give the ultimate 


value of z = - = V, and y the limit of the 


2 
velocity ſought will be = 7 — 7 2 but K 


l * , wherefore © — 
G+W N. G+HH xr* F 


4. ; 7 
A. 75, and, the greateſt dc f VV V. this 


was otherwiſe ſhewn to be the uniform or greateſt velocity 
of mo ion which could be acquired by the circumference, 
which it appears from this ſolution 1t never can arrive at 
in any finite time. 

The chief propoſition upon which the eſtimation of the 
velocities generated in a ſyſtem of bodies revolving round 
a fixed axis depends, is that by which the inertia of the 
various parts of the yep is determined: for after it has 
been ſhewn what maſs, when acted on immediately by the 
— force, is equivalent in its inertia to that which is 
exerted by the parts of the ſyſlem revolving at their re- 
ſpective diſtances, the acceleration of the point at which 
the moving force 1s applied becomes known : it has been 
ſhewn, that the inertia exerted by the particles, which re- 


Sea. vl. Volve at different diſtances + from the axis of motion, are in 


Pepe. ll. a ratio compounded of the direct duplicate ratio of their 


velocities or diſtances from the axis, and the direct ratio of 
the quantities of matter contained in them; from which 
principle the figures and weights of the various parts which 
compoſe the ſyltem being known, its revolving motion ge- 
nerated by a given moving force can be eitimated: — 
theſe propoſitions cannot be generally applied to the de- 
termination of the inertia exerted by bodies againſt the 
aftion of moving forces, becauſe the conditions on which 
they are demonitrated are particular in belonging to ro- 
tatory motion, or others of the ſame kind; the cotempo · 


rary 
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velocities of any given points in the ſyſtem are in a 
— — ratio from Sgrd kane of motion ; moreover, 
the moving forces, as well as the inertia of the various 

are conſtant, becauſe in revolving bodies the diſtance 
Fom the axis of each particle, as well as the diſtance from 
the axis at which the moving force is applied, is invaria- 
ble : and it follows, that in other caſes, where theſe con- 
ditions exiſt not, the laws which have been demonſtrated 
for the eſtimation of the acceleration of revolving bodies 
cannot be applied; other rules therefore will be neceſſary 
for this purpoſe. 


XXXIV. 
Let arc, Bc be two curves, the uw. 
planes of which are vertical, and let a line 
ACB be ſtretched over a fixed pully c by 
two given weights A and B, of which B 
preponderates againſt a, and deſcends 
along the curve c6B: it is required to 
aſſign the velocity of 3 when it has de- 


ſcended through a given perpendicular 
altitude, and A has aſcended through a 
giyen altitude in the ſame time. 


Let BL be the perpendicular altitude through which B 
has deſcended, and let A H be the perpendicular altitude 
thro? which 4 has aſcended in the ſame time, and let BL=y, 
AH g= g. Suppoſe the weight B to deſcribe in its deſcent 
the evaneſcent arc 5 B, and during the ſame time let the 
other weight 4 riſe through the arc a 4. Through 5 and 4 
draw bo and 4/ lel to the horizon: alſo, through 6 
draw bn perpendicular to CB, and An perpendicular to 
Ca, and let CB = x, Bn g= A = Am, Bo =, Bb =7;, 
Aa = r, and I=; and lets be the | through 
which a body muſt fall freely by the acceleration of gravity 
from reſt ſo as to acquire the velocity of B, while it is de- 


ſeribing the ſpace 58, 
g the elemertary ſpace The 
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„n which impels Þ in the droftion:bÞ is = 
2. und finee 4 alis in oppoſition to this force, its effefts 
when referred to the direction 65 muſt be ſubdufted from 
22 in order to obtain the force which pon the whole 
impels B in the direction 4B: the force of 4 in the di. 
recen BC = . which being reſolved into the diree- 
tion 3 B becomes = Ce 3 Wherefore the whole force 
by which B is * in the direction 3 B will 
2241. 


4 4 
Alſo, the force with which B impels A in the direction 
AC = H. and that of in the fame direion = ©, 
wherefore the entire force which urges 4 in the direction 


AC . and this force being reſolved into the 


S 4 brows i. ab there 


* 
fore B impels 4 in the direction a 4. It is next to be 
enquired; what is the maſs moved by B, or the inertia 
which is oppoſed to the communication of motion to B: 
the mertia of B oppoſed by its own maſs is B, but as the 
bodies A and B move with different velocities, the inertia 
oppoſed by A will not be equivalent to the maſs 4, for 
reaſons before aſſigned. In order to determine an equi- 
valent maſs, which, being accumulated in B when 4 is 
removed, will refiſt the communication of motion in the 
ſame manner, as the maſs 4 aſcending by the force of 
B, let B be firſt ſuppoſed without inertia, and to poſſeſs 
weight only: then fince the force which impels in 


the direftion a4 is <<, and the maſs moved 4, 
B being ſuppoſed without inertia, the force which acce- 
lerates 4 will be denoted by gl, becauſe A is now 
the only maſs of matter moved. But 4 deſcribes the ſpace 
Cr ö or 


35 
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and fiace when the fluxion of the time is given, the 
force which accelerates bodies deſcribing different ſpaces 
will be the ſecond fluxions of thoſe ſpaces, we have the 
* 3324 7 

ſorce which accelerates the body B = = * = 
from hence we ſhall obtain the maſs, which if placed at 
B would exert a reſiſtance or inertia equivalent to 4: for 
fince in this caſe, the moving force and inertia are each 
applied at the ſame point, and referred to the ſame direc- 


tion, the quantity of matter“ moved will be equal to the bop. IX 
moving force divided by the accelerating force: and ſince 4 


the force which impels B is LT, and the force 
r Fr 


moved at 2 or the inertia equivalent to that of 4 = — 
From hence à ſolution to the problem above deſcribed 
immediately follows ; for let = be the ſpace thron 
which a body muſt fall freely to acquire the velocity in B, 
then the force which impels Z in the direction 5 5 is 


2 Ai, and the inertia of B is B, that of & equira- 


. 


which accelerates B = 


hat to a maſs <= when accumulated in B, & itſelf being 
taken away, the whole maſs moved therefore by will be 


equiralene to B + © = 2+, and the force 


N | _ixBz—A4q 
which accelerates B = HET Fl 
fluxion of the ſpace deſcribed by B, the principles of ac- 

. #$ixBj—4; 3 
celexation give us = = is + rr , and z = the 
. A 
fluent of 7 

Cor. 1. Let AFC become a ſtraight line perpendicular 

to the horizon, then will / # e it follows therefore, 
. 1X Bj—Azx 
WASTES 071: * 


and fince ? is the 


Cor. 
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F Cor. 2. Let CFA be a ſtraight line perpendicular to 
2 the horizon, and let the curve CG a loragithmic 
XXV fpiral, the ordinates of which interſe& the curve at an an- 
gle the coſine of which is to radius in the proportion of 
e to r; then the notation remaining, r* = c by the pro- 

3 1s 
perty of the curve, and rx = c 7, wherefore DIN 
7 * _r'xBy—A4x #4; 
ESE and 2 2 + TE and if] 2 193 


| ' ; oo 
inches, the velocity acquired by B V4 2 2 - 5 7 ; 
Cor. 3. The laws obſerved by bodies which revolve 
round a fixed axis of motion are particular caſes of this 
neral propoſition, and may be inferred from it; thus, 
t LMM repreſent a wheel and axle moveable round an 
horizontal axis of motion; and ſuppoſe that a weight 4 
is applied to the circumference of the axle to be raiſed 
by the weight B * to the wheel's circumference : 


and let the radius SL r, and $M = c, the force where- 
by B endeavours to deſcend = BE = — let 


any ſpace deſcribed by B during its deſcent from reſt = y, 
and the ſpace deſcribed by A in its aſcent during the ſame 
time = x; then will rx = cy, wherefore 7+ = c5 and 
r ej; and ſince the inertia oppoſed by I to its own 
motion by B, and the inertia oppoſed by A to the motion 


of B is by the preceding ſolution = 55 = 2. the 


whole inertia oppoſed to the motion of B = B + £5 = 
2 

— 4 3 and ſince the force which impels B = 

— 2. the force which ® accelerates the deſcent of B 


: Br — Aer 

will be = Jr T Let æ be the ſpace through 

which a body muſt fall from reſt freely, by the accelera- p 

tion of gravity, to ry. way the velocity of I at the in- 

| $e@. IT. Kant it has deſcribed e ſpace ; this + will give z = | 4 


» a "1482 
. =_ and = e or dne = 


rx 


r*+ Ac* ? 
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wo Mr x 12 * 6.6 7 4.6 
2.22 . „which is preciſely the ſame valud 
as is otherwiſe obtained t from prop. xix. the wheel's in- 
ertia not being conſidered, In the ſame manner, the inertia 
of the whole ſyſtem, including that of the wheel, might 
be inferred from the preceding general ſolution. 
In the examples which have been given to illuſtrate this 
ropoſition, the ratio of the fluxions : & : x is con- 
fant ; in that which follows they are variable. Let two 
ual weights 4, A be faſtened to the extremities of a line 
which over the fixed points E and C, which are ho- 
rizontal : when the line AE CA is ſtretched by the equal 
weights 4, J. let 4 body B be fixed to the middle point 
D, it will deſcend from reſt at D in the direction DB, 
rpendicular to the horizon, at the ſame time elevating 
the weights 4, 4.. Suppoſe it were required to aſlign the 
velocity of the deſcending weight B when it has de- 
ſcribed any ſpace DB. Let ED = a, EB = y, and BD 
Sr: to determine the velocity of B, while it deſcribes the 
evaneſcent ſpace 6B = x. B is impelled downward by 


its own weight diminiſhed by 24 x = = 24 x c 
its ow g by * = 
ating in the contrary direction BD: the whole force 


therefore by which I tends downwards = B e 


the maſs moved by I is its own quantity of matter, toge- 
ther with the inertia of the weights 4, A referred to the 
direction B; the inertia of 2 A eſtimated in the direQtion 


Bb = 24x27 by the propoſition above demonſtrated, 


and becauſe 2 = —— and Z = ts 4 

* V a* + x* „ Var 

the inertia of 2 4 will be 2 1 x = A x — 4 
* x 42 + x* 

i. ts, ” |} 9" obs 

and that of B + 2 will eee, 


let z be the ſpace due to the velocity of B while de- 
ſcribing B, and ſince the force which impels Z — 


SX Va IA —24x 
4 + x* 


Ba* 


t Set, vt; 


Karre. 


1 Sect. , 
2. „„ 
Cor. 4. 
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B54 e v 
Bot Bui + Aa + afes nd taking the fluents = = 


Aan Mo rA —24 A 5 
AI 1724 

2472 524 5 + 2.4 X af + x* 
. log. _—————————— X 
B21 VB+ Axa" +B+24 x x* 


» B *, . . * 
— —— : hich M* ſignifies the 
* „ = in w. gn arc of a 
IJ 
B +4 


circle, the tangent of which is * - to radius 
© Cor. 1. By inſpeBiing the value-of 5 tha 
or. 1. By in ng the value of z, it a t 
ahen.of is =07 ca wind is iofain;c mc 
Cor. 2. If B =. 24, B will deſcend continually, but 
the velocity acquired will be limited; by making  inh- 
nite, 4=1, and =2,p = 3.14159, &c. the limit of 


* 

will become £5. — e = , x +2161, ſo that 
3 

the velocity of the deſcending weight B, is always leſs than 

that which a heavy body acquires by falliy reely from 

reſt through .2161 part of half the ſtring's E 

Cor. 3. If B be in the leaſt greater than 24, the value 
of z, and conſequently the velocity, when x is infinite, 
will increaſe ſine limits. 

Cor. 4. When Z i: leſs than 24, the velocity of B 
during its deſcent will fiſt increaſe and afterwards de- 
creaſe, until the weights become ſtationary: B will then 
begia to aſcend. 
Tor. 5. By making the fluxion of z = o, or'z = 
Bus + BA —2Az% x V of + a _ 
. 4 + ids © 2 ndfolving the 

uation, we ſhall have the value of x when the velocity 
of B is the greateſt poſſible in general terms, in which caſe it 


appears that x = 82 


9 44 - 
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SECT. VII. 


CONTAINING A DESCRIPTION OF EXPERI- 
MENTS ON THE RECTILINEAR MOTION 


OF BODIES, WHICH ARE ACTED ON BY 


CONSTANT FORCES. 


ECHANICAL experiments are of 

two ſorts; the one relating to the 
quieſcence of bodies, and the other to their 
motion. Among the former are included 
thoſe which demonſtrate, or rather make 
evident to the ſenſes, the equilibrium of the 
mechanic powers, and the correſponding 
proportions of the weights ſuſtained to the 
forces which ſuſtain them, the properties 
of the centre of gravity, the compoſition 
and reſolution of forces, &c.: by the 
latter kind of experiments are ſhewn the 
laws of colliſion, of acceleration, and the 
various effects of forces, which com- 
municate motion to bodies. 

Concerning mechanical experiments, it 
is obſervable, that thoſe wherein an equi - 
librium is formed, will frequently appear 
coincident with the theory, although con- 
ſiderable errors are committed inoonſtrut- 
002 ing 
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ing them. To exemplify this, let a B re- 
preſent a rod moveable roundan horizontal 
axis of motion, which paſſes through its 
centre of gravity s. Suppoſe s a to sc in the 

oportion of 2: 1; and let any weight w 
be ſuſpended from a; in order to balance 
w by a weight acting at c, this weight 
muſt be accurately = 2 by the theory: 
but if, by an error in conſtructing the ex- 
periment, inſtead of 2 , another weight 
greater or leſs than 2w be applied at c, 
an equilibrium will be ſtill produced, 
provided the friftion of the axis be ſuf- 
ficient to counteract the moving force 
ariſing from the erroneous weight. In the 
ſame manner, it appears in other caſes, 
that from the effects of friction, tenaci- 
ty, &c. experiments relating to the equi- 
librium of forces will derive an appear- 
ance of greater exactneſs, than would be 
obſerved in them were friction, &c. wholly 
removed, The caſe 1s different in experi- 
ments concerning the motion of bodies, 
in which, whatever care be taken to render 
the proportion of the forces and of the 
weights moved, ſuch as is required by the 
theory, the interference of friction and 
other reſiſtances, which contribute to 
render the experiments on the equilibrium 
of 


| L 293 J 
of forces apparently more perfect than they 
really are, cauſes the motion of bodies, 
which are the objects of experiments, to 
differ from the theory, with which it would 
preciſely coincide were thoſe obſtacles re- 
moved. 

According to the greater or leſs de- 
gree of exactneſs, experiments on the 
motion of bodies are required to cor- 
reſpond with the theory, more or leſs at- 
tention is neceſſary in removing the im- 
pediments above deſcribed, as well as 
others which will be hereafter conſidered: 
if the experiments are deſigned only to 
aſſiſt the imagination by ſubſtituting ſen- 
ſible objects, inſtead of abſtract and ideal 
quantities, an apparent agreement be- 
tween the theory and experiment may 
be ſufficient to anſwer this purpoſe, al- 
though it may be produced from an erro- 
neous conſtruction; but it muſt be allow- 
ed, that experiments of this kind are ex- 
tremely defective, and entirely inſufficient 
to impreſs the mind with that ſatisfactory 
conviction, which always attends the ob- 
ſervation of experiments accurately made. 
It may perhaps be required to aſſign 
what degree of preciſion is neceſſary in 
experiments on the motion of bodies ſince 

| ma- 
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mathematical exactneſs is unattainable: the 
reply is obvious: thoſe experiments, in the 
conſtruction of which all the conditions 
required by the theory being obſerved, as 
nearly as can be eſtimated by the ſenſes, 
the reſults differ from the truth, by errors 
ſo ſmall as to be unperceived, may be re- 
garded as perfect: and if it be not in all 
caſes poſſible to arrive at this degree of 
preciſion, yet it ought to be the object 
aimed at in every kind of experiments. 
Although it might be difficult to re- 
duce the effects of variable forces on the 
motion of bodies to experimental teſt, yet 
the laws obſerved during the motion of 
bodies acted on by conſtant forces, admit 
of eaſy illuſtrations from matter of fact. 
But in order to render experiments of this 
kind ſatis factory, they ſhould comprehend 
the properties of the moving forces, the 
quantities of matter moved, and the velo- 
cities acquired, as well as the ſpaces de- 
ſcribed and times of deſcription : which 
general properties of uniformly accele- 
rated motion are not ſo much conſidered 
in books of mechanical experiments as 
the ſubject ſeems to demand. 
If it were required only to ſhew expe- 
rimentally, that the ſpaces deſcribed 
| | from 
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from reſt by bodies acted on by a con- 
ſtant force, are in a duplicate ratio of the 
times of motion, the moſt obvious me- 
thod would be to obſerve the actual de- 
ſcent of a heavy body, as it falls toward 
the earth by its natural gravity: but in 
this caſe it is manifeſt, that on account of 
the great velocity generated in a few ſe- 
conds of time, the height from which the 
obſerved body falls muſt be conſiderable. 
Dr. Deſaguliers in order to reduce this 
propoſition to experimental examina=- z 


tion, obſerved the deſcent of a leaden ball Ve xy 


of 2 inches in diameter from the inner 
cupola of St. Paul's church, the altitude 
of which from the ground is = 272 feet. 
The ball deſcended from reſt through 


this ſpace in 42 ſeconds; but it ſhould 


have deſcended through 4.5* x 16.7, or 
325.6 feet in the ſame time according to 
the e theory, which makes a differ- 


ence of 53.6 feet or about 7 of the actual 


deſcent, between the experiment and the 
theory. Dr. Deſaguliers obſerves from 
this diſagreement, that the air's reſiſtance 
will greatly obſtruct the accuracy of ex- 


periments ü 
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ottfinents' on edis, which | defrend 
through conſiderable altitudes, and if the 
altitudes be diminiſhed, the times of mo- 
tion will be fo ſmall as to render the ob- 
fervation of them very pry can and 
unſatisfactory. 

If to remedy this inconvenience bodies 
be cauſed to deſcend along inchned planes, 


according to the experiments of the cele- 


brated author * of this theory, by varying 


the proportion of the planes heights to 


their lengths, the force of acceleration 


may be diminiſhed in any ratio, fo that 


the deſcending bodies ſhall: move faffici- 
ently flowto allow of the times of motion 
from reſt being accurately obſerved; and 
the effects of the air's reſiſtance to- bodies 
moving with theſe ſmall velocities will be 
abſolutely inſenſible: the principal diffi- 


culty however which here occurs, ariſes 


from the rotation of the. deſcending. bo- 
dies, Which cannot be prevented without 
increaſing their friction far beyond what 
the experiment wilb allow of. | 

To conſider this a little further : Bo- 
dies thus deſcending along inclined planes 
by rotation, with an uniformly accelerated 
motion, may be either ſpherical or cylindri- 


IA vn. cal, Let 4 BC repreſent an inclined plane, 


the 


— —— — — * W 


= > © | 
the height of which is to its length as : 


g.2z then if a body deſcends from reſt by 
' fliding along this plane, and the ſurfaces 


of the plane, and of the deſcending body be 
perfectly free from IE fince the force 


of atceleration is I part of acceleration 
of gravity, the ſpace deſcribed in one ſe- 
cond from * reſt = 52 = 21 inches: but 5 


if a ſphere deſcends by rolling along the 
ſame inclined plane, the ſpace deſcrib- 
ed in one ſecond + from reſt will be only 


_ 15 inches; and if a cylinder 
ſhould toll down. the. plane inſtead of a, 


ſphere, the ſpace deſcribed in one ſecond x 2 


would be no more than 14 inches, inſtead C 
of 21 inches, the ſpace which would be 
deſcribed from reſt in one ſecond, by a cy- 
linder or any other body ſliding along the 
plane: it may however be obſerved, that 
in each of theſe deſcents, the body will be 
uniformly accelerated, and conſequently 
the ſpaces deſcribed in a duplicate ratio of 
the times of motion eſtimated from the 

body's quieſcence, _. 
But in theſe methods of making expe- 
riments on the accelerated motion of bo- 
PP dies, 


| 
| 
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dies, there are no means ſeparating the 
maſs moved from the moving force; we 
cannot therefore apply different forces to 
move the ſame quantity of matter on a 
given plane, or the ſame force to different 
quantities of matter. Moreover, the ac- 
celerating force being conſtant and inſe- 
parable from the body moved, its velocity 
will be continually accelerated, fo as to 
render the obſervation of the velocity ac- 
quired at any given inſtant impoſſible. It 
may be therefore not altogether uſeleſs to 


deſcribe ſuch an inſtrument as will ſubject 


to experimental examination, the proper- 
ties of the five mechanical quantities, i. e. 
the quantity of matter moved, the conſtant 
force which moves it, the ſpace deſcribed 
from reſt, the time of deſcription, and the 
velocity acquired. 

1. In order to obſerve the effects of the 
moving force, which is the object of any 
experiment, the interferenee of all other 
forces ſhould be prevented: the quantity 
of matter moved therefore, conſidering it 


before any impelling force has been ap- 


plied, ſhould be without weight. Al- 
though 1t be impoſſible to abſtract the na- 
tural gravity or weight from any ſubſtance 


whatever, yet the weight may be ſo coun- 
teracted 
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teracted as to be of no ſenſible effect in 
experiments. Thus in the inſtrument [$xy11, 
conſtructed to illuſtrate this ſubject expe- 
rimentally, a, repreſent two equal weights 
affixed to the extremities of a very fine 
and flexible filk line: this line is ſtretch- 
ed over a wheel or fixed pully abcd, 
moveable round an horizontal axis : the 
two weights A, B being preciſely equal 
and acting againſt each other, remain 
in equilibrio; and when the leaſt weight 
is ſuperadded to either (ſetting aſide the 
effects of friction) it will preponderate. 
When Aa, B are ſet in motion, by the 
action of any weight m, the ſum a + B 
m would conſtitute the whole maſs 
moved, but for the inertia of the mate- 
nals which muſt neceſſarily be uſed in 
the communication of motion : theſe 
materials conſiſt of 1. the wheel abcd 
over which the line ſuſtaining A and » 
paſſes, 2. The four friction wheels on 
which the axle of the wheel a be d reſts : 
the uſe of theſe wheels is to prevent the 
loſs of motion, which would be occaſion- 
ed by the friction of the axle if it revolv- 
ed on an immoveable ſurface. 3. The 
line by which the bodies A and B; are 
connected ſo as when ſet in motion ta 
rp 2 move 


tw] 
move with equal velocities. The weight 
and inertia of the line are too ſmall to have 
ſenſible effect on the experiments, as will 
appear in a ſubſequent note: but the in- 
ertia of the other materials juſt mention- 


ed conſtitute a conſiderable proportion of 


the maſs moved, and muſt be taken into 
account, Since when A and 3 are put 


in motion, they muſt neceſſarily move with 


Sect. VI. 


of thoſe diſtances. If the figures of the 


Frop. II. 


a velocity equal to that of the circumfe- 
rence of the wheel a be d, to which the 
line is applied; it follows, that if the whole 
maſs of the wheels were acrumulated in 
this circumference, 1ts inertia would be 
truly eſtimated by the quantity of matter 
moved: but ſince the parts of the wheels 
move with different velocities, their effects 
in reſiſting the communication of motion 
to A and ; by their inertia will be differ- 
ent; thoſe parts which are furtheſt from 
the axis reſiſting more than thoſe which 
revolve nearer, in a duplicate proportion * 


wheels were regular, from knowing their 


— . weights and figures, the diſtances of their 


1455 ; 


centres of gyration from their axes of 
motion would become known, and conſe- 
quently an equivalent weight, which be- 
m 8 accumulated uniformly in the þ cir- 

cum- 
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cumference a be d, would exert an inertia 
equal to that of the wheels in their con- 
ſtructed form, But as the figures are 
wholly irregular, recourſe muſt be had to 
experiment in order to aſſign what equi- 
valent quantity of matter, which being 
accumulated uniformly in the circumfe- 
rence of the wheel a b c d, would reſiſt the 
communication of motion to A in the 
ſame manner as the wheels themſelves. 


In order to aſcertain the inertia * of the * 8.8. vr. 


wheel a b cd, with that of the friction af 
dew wheels, the weights A, 3 being remov- 
ed, the following experiment was made. 
A weight of 30 grains was affixed to a 
filk line (the weight of which was not fo 


much as of a grain, and conſequently too 
inconſiderable to have ſenſible effect in the 
experiment) this line being wound round 
the wheel a be d, the weight 30 grains by 
deſcending from reſt communicated motion 
to the wheel, and by many trials was ob- 
ſerved to deſcribe a ſpace of about 38 - inch- 


es in 3 ſeconds. From theſe data the equi- 
valent maſs or inertia of the wheels will be 


known from the rule contained in prop. t Page 426. 


x11, ſect.vi. Applying this rule to the 2 
t 
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ſent caſe, we have p = zo grains, t = z 


ſeconds; 1 = 193 inches, s = 48.5 inches, 


and the inertia fought = E p= 


X > 
3 30 = 1323 grains, or 22 


-- 296 
ounces. This is the inertia equivalent to 
that of the wheel abcd, and the friction 


| wheels together ; for the rule to which 


LXxv1L, 


the preceding experiment was referred, 
tends to the eſtimation of the inertia of 
= maſs contained in all the wheels. „ 
The reſiſtance to motion therefore ariſ- 
ing from the wheel's inertia will be the 
ſame as if they were abſolutely removed, 


and a maſs of 22 ounces were uniformly 


accumulated in the circumference of the 
wheel a bed. This being premiſed, let 
the boxes A and ; be replaced, being 
ſuſpended by the filk line over the wheel 
or pully a be d, and balancing each other: 
ſuppoſe that any weight m be added to a 
ſo that it ſhall deſcend; the exact quantity 
of matter moved, during the deſcent of 
the weight A, will be aſcertained, for the 


whole maſs will be ABT m—+ 2 OZ, 
| To 
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To proceed in deſcribing the conſtruc- 
tion of the enſuing experiments. In order 
to avoid troubleſome computations in ad- 
juſting the quantities of matter moved and 
the moving forces, ſome determinate weight 
of convenient magnitude may be aſſumed 


as a ſtandard, to which all the others are 
referred. This ſtandard weight in the ſub- 


ſequent experiments 1s 5 of an ounce, and 
is repreſented by the letter m. The in- 
ertia of the wheels being therefore = 25 


ounces will be denoted by 11m. A and B 
are two boxes conſtructed fo as to contain 
different quantities of matter, according as 
the experiment may require them to be 
varied: the weight of each box, including 


the hook to which it is ſuſpended = 1 £ 


oz. or according to the preceding eſtima- 
tion, the weight of each box will be de- 
noted by 6m; theſe boxes contain ſuch 
weights as are repreſented by c, each of is, 
which weighs an ounce, ſo as to be equi- 


yalent to 4 m: other weights of - an 0z. 


=2m, - = m, and aliquot parts of m, 
ſuch 


Ft 
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ſuch as —m, zm, may be alſo included in 


the boxes, according to the conditions of 
the different experiments hereafter de- 
ſcribed. 


If 45 oz. or 19 m, be ncloded'? in either | 


box, this with the weight of the box itſelf 
will be 25 m; ſo that when the weights A 
and B, each being 25 m, are balanced in 
the manner above repreſented, their whole 
maſs will be 5o m, which being added to 
the inertia of the wheels 11 m, the ſum 
will be. 61 m. Moreover, three circular 
weights, ſuch as that which is repreſent- 
ed at fig. Lxxx. are conſtrued; each of 


which = - OZ, or m: if one of theſe be 
added to A and one to B, the whole maſs 


will now become 63 m, perfectly in equi- 


librio, and moveable by the leaſt weight 
added to either (ſetting aſide the effects of 
friction) in the ſame manner preciſely as 
ifthe ſame weight or force were applied to 
communicate motion to the maſs 63 m, 
exiſting in free ſpace and without gravity. 
2. Since the natural weight or gravity 
of any given ſubſtance is conſtant, and the 
exact quantity of it eaſily eſtimated, it 
will 
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3 
will be convenient in the ſubſequent ex- 
periments to apply a weight to the maſs 4 
as a moving force: thus, when the ſyſtem 
conſiſts of a maſs = 63 m, according to 
the preceding deſcription, the whole be- 


ing perfectly balanced, let a weight 102. 


or m, ſuch as is repreſented in fig. Lxxx. 
be applied on the maſs a, this will com- 
municate motion to the whole ſyſtem: by 
adding a quantity of matter m to the 
former maſs 63 m, the whole quantity 
of matter moved will now become 64 m, 
and the moving force being = m, this 
will give the force which accelerates the 


m I 
— _  — — — ' . Sea, 1. 
* deſcent of a — ba or ba part of the 5K. 


accelerating force by which the bodies de- 
ſcend freely towards the earth's ſurface. 
By the preceding conſtruction the mov- 
ing force may be altered without alter- 
ing the maſs moved; for ſuppoſe the 
three weights m, two of which are placed 
on A, and one on B to be removed, then 
will a balance 3. If the weights z m be 
all placed on A, the moving force will 
now become 3 m, and the maſs moved 
64 m as before, and the force which acce- 
a9 lerates 
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lerates the deſcent of 4 MT det 
64 m 64 


part of the force by which gravity acce- 
lerates bodies in their free deſcent to the 
earth's ſurface. a 
Suppoſe it were required to make the 
moving force 2 m, the maſs moved con- 
tinuing the ſame. In order to effect this, 
let the three weights, each of which = m, 
be removed; A and B will balance each 
other; and the whole maſs will be 61 m: 


let m be added to 4, and -m to B, the 


equilibrium will ſtill be preſerved, and the 
maſs moved will be 62m; now let 2m 
be added to a, the moving farce will be 
2 m, and the maſs moved 64 m as before; 


wherefore the force of acceleration — - 


part of the acceleration of gravity. Theſe 
alterations in the moving force may be 
made with great eaſe and convenience in 
the more obvious and elementary experi- 
ments, there being no neceſſity for alter- 


ing the contents of the boxes A and B: 


but the proportion and abſolute quanti- 
ties of the moving force and maſs moved 
may be of any aſſigned magnitude, ac- 

cording 
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cording to the conditions of the propoſi - 
tion to be illuſtrated: thus, let any number 
of the weights m, for example pr m, be 
ineluded in A, and 8 m in B, then will the 
moving force be 3 m, and the mais moved 
14m+ 17 m 11m, (becauſe 11m is 
the inertia, of the wheels, and each of the 
boxes 6m) making: altogether 42 m; 
wherefore the accelerating force in this caſe 
is that part of the acceleration of gravity 
which is expreſſed by the fraction A. — 
L 42 m 
— 
7M 
3. The moving force and the maſs mov- 9fthe pace 
ed, and conſequently the force which acce- 
lerates the bodies, having been conſtructed, | 
the method of eſtimating. practically. the. 
ſpace deſcribed from quieſcence is next to 
be conſidered. The body a deſcends in a rig. 
vertical line; and a ſcale about 64 inches 1. 
in length graduated into inches and tenths 
of an inch is adjuſted. vertical, and ſo 
placed. that the deſcending weight A may 
fall in the middle of a ſquare ſtage, fixed 
to receive it at the end of the deſcent: the 


beginning of the deſcent is eſtimated from 
o on the ſcale, when the bottom of the box 
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A-is on a level with o. The deſcent of a is 
terminated when 'the bottom of the box 
ſtrikes the ſtage, which may be fixed at dif- 
ferent diſtances from the point o, ſo that 
by altering the poſition of the ſtage, the 
ſpace deſcribed from quieſcence may be of 

any given magnitude leſs than 64 inches. 
Concerning 4. The time of motion is obſerved by the 
motien. beats of a pendulum which vibrates ſe- 
conds : and the experiments, intended to il- 
luſtrate the elementary propoſitions, may 
be eaſily ſo conſtructed that the time of 
motion ſhall be a whole number of ſeconds; 
the eſtimation of the time therefore ad- 
mits of conſiderable exactneſs, provided 
the obſerver take care to let the bottom of 
the box à begin its deſcent preciſely at any 
beat of the pendulum ;' then the coinci- 
dence of the ſtroke of the box againſt the 
ſtage, and the beat of the pendulum at the 
end of the time of motion, will ſhew how 
nearly the experiment and the theory agree 
together. There might be various me- 
chanical devices thought of for letting the 
weight a begin its deſcent at the inſtant 
of a beat of the pendulum ; but the fol- 

lowing method may perhaps be ſufficient : 
let the bottom of the box a, when at o 
on the ſcale, reſt on a flat rol held in the 
hand 
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hand horizontally, its extremity being 
coincident with o; by attending to the 
beats of the pendulum, and with a little 
practice the rod which ſupports the box a 
may be removed at the inſtant the pendu- 
lam beats, ſo that the deſcent of a ſhall 
commence at the ſame inſtant. | 
5. It remains only to deſcribe in what o 
manner the velocity acquired by the de- e. 
ſcending weight a, at any given point of 
the ſpace through which it has deſcended, 
is made evident to the ſenſes. The velo- 
eity of 4's deſcent being continually acce- 
lerated will be the ſame in no two points 
of the ſpace deſcribed: this is occaſioned by 
the conſtant action of the moving force; 
and ſince the velocity of A at any inſtant, 
is meaſured by the ſpace which would be 
deſcribed by it, moving uniformly for a 
given time with the velocity it had acquir- 
ed at that inſtant, this meaſure cannot be 
experimentally obtained, except by re- 
moving the force by which the deſcending 
bodies acceleration was cauſed. 
In order t6 ſhew in what manner 
this is effected practically, let us ſuppoſe 
that, according to a former example, the 
boxes A and B.-= 25 m each, ſo as toge- 
ther to be = pom; this with the wheel's 
in- 


Lixx, 
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IF i 
inertia . 11 m will make 61 m: no 
let m be added to 4, and an equal weight 
m to 3, theſe bodies will balance each 
other, and the whole maſs, will be 63 m. 
If a weight m be added to A motion will 
be communicated, the moving force being 
m, and the maſs, moved 64 m. In a for- 
mer || example, the circular weight = m 
was made uſe of as a moving. force; but 
for the, preſent purpoſe of ſhewing the 
velocity acquired, it will be convenient to 
uſe. a flat rod, the weight of which is 
alſo = mg. Let the bottom of the box 
A be placed on a level with o on the. ſcale, 
the whole maſs being as deſcribed; above 
== 63 m, perfectly balanced in equilibrio, 
Now let the rod, the weight of which 
m, be placed. on the upper ſurface of 
& 3; this body will deſcend along the ſcale 
preciſely in the ſame manner as, when the 
moving force m was applied in the form 
of a. circular weight. Suppoſe the maſs 
à to have deſcended by. conſtant accele- 
ration of the force m, for any given time 
or through a, given ſpace: let a circular 
frame be ſo affixed to the ſcale, contiguous 
to which the weight deſcends, that a may 
paſs centrally through it, and that this 


circular frame may intercept the rod m by 


which 


0 


which the body A has been accelerated 
from quieſcence. After the moving force 
m has been intercepted at the end of the 
given ſpace or time, there will be no force 
operating on any part of the ſyſtem, which 
can either accelerate or retard its motion; 
this being the caſe, the weight A, the in- 
ſtant after m has been removed, muſt pro- 
ceed umformly + with the velocity which : 1, Law el 
it had acquired that inſtant: in the ſub. "** 
ſequent part of its deſcent, the velocity 

being uniform will be meaſured by the 

ſpace deſcribed in any convenient num- 

ber of feconds, according to the examples 

given in the enſuing experiments. 

It is needleſs to deſcribe particularly, oer vs 
but it may not be improper juſt to men- tirumen. 
tion the further uſes of this inſtrument ; 
fuch as the experimental eſtimation of the 
velocities communicated by the impact of 
bodies elaſtic and nonelaſtic; the quan- 
tity of reſiſtance oppoſed by fluids, as well 
as for various other purpoſes ; theſe uſes 
will be ſhewn on a future occaſion: but 
the properties of retarded motion being a 

part of the preſent ſubject, it may be ne- 
ceſſary to ſhew in what manner the mo- 
tion of bodies reſiſted by conſtant forces 
are reduced to experiment by means of the 
ä . in- 


= >» ws : 
inſtrument above deſcribed, with as great 
eaſe and preciſion as the properties of bo- 
dies uniformly accelerated. A ſingle in- 
ſtance will be ſufficient: thus, ſuppoſe the 
13xxm, maſs contained in the weights A and n 
and the wheels to be 61 m, when perfectly 
rege 305. in equilibrio, as in a || former example; 
Lixx, let a circular weight m be applied to s, 
Fix, and let two long weights or rods, each 
m, be applied to a, then will A deſcend 
[ by the action of the moving force m, the 
: maſs moved being 64 m: ſuppoſe that 
when it has deſcribed any given ſpace by 
conſtant acceleration, the two rods m are 
intercepted by the circular frame above 
deſcribed, while A is deſcending through 
1 it; the þ velocity acquired by that deſcent 
is known, and when the two rods are in- 
tercepted, the weight a will begin to move 
on with the velocity acquired, being now 
retarded by the conſtant force m; and ſince 
the maſs moved is 62 m, it follows, that 


» 52.1. the force of * retardation will be 55 part of 


Prop. IX. 

I that force whereby gravity retards bodies 
thrown perpendicularly upwards. The 
weight A will therefore proceed along the 
graduated ſcale in its deſcent with an uni- 


1 retarded motion, and the ſpaces 1 
de- 
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deſcribed, times of motion, and velocities 
deſtroyed by the reſiſting force, will be 
ſubject to the ſame meaſures as in the 
examples of accelerated motion above de- 
ſcribed. 

The uſes of the inſtrument, in verify- 
ing practically the properties of rotatory 
motion, will appear in the next ſection. 


In the foregoing deſcriptions, two ſup- 


poſitions have been aſſumed, neither of 
which are mathematically true: but it 
may be eaſily ſhewn that they are ſo in a 
phyſical ſenſe ; the errors occaſioned by 
them in practice being inſenſible: 

1. The force which communicates mo- 
tion to the ſyſtem has been aſſumed con- 
ſtant, which will be true only on a ſuppo- 


ſition that the line, at the extremities of IKxvm. 


which the weights A and B are affixed, is 
without weight. In order to make it 
evident, that the line's weight and inertia 
are of no ſenſible effect, let a caſe be re- 
ferred to, wherein the body A deſcends 
through 48 inches from reſt by the action 
of the moving force m, when the maſs 
moved is 64 m: the time * wherein A de- 

ſcribes 


eln theſe experiments the length of the line by which 
the weights are ſuſpended is about 72 inches, its weight 
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ſcribes 48 inches is increaſed by the effects 
of the line's weight by no more than 


od part of a ſecond; the time of deſcent 
10000 | 


being 3.9896 ſeconds, when the ſtring's 
weight is not conſidered, and the time 
when the ſtring's weight 1s taken into ac- 
count == 4.0208 ſeconds; the difference 
between which is wholly inſenſible by ob- 


ſervation, 
2. The bodies have alſo been ſuppoſed 


to move in vacuo, whereas the air's re- 
ſiſtance 


grains: the vertical diſtance between the weights at the 

ginning of motion = 60 inches: ſuppoſe the ſpace de- 
ſcribed by the deſcending weight 4 = 48 inches, the 
maſs moved = 64 m + 3 grains = 7683 grains; where- 
fore in order to aſcertain the time in w ich the deſcend- 
ing weight 4 deſcribes 48 inches from reſt, taking into 
account the weight and inertia of the line, we have by re- 
ferring to prop. x1v. ſect. iv. 2 = 7683, x = 48 inches, 
L = 72, 6 = 60, p = 3 grains, ww (or ) = 120, whereſore 


px tf = 144+ A840 + 144 —180 
v Law —bp as + 8640 — 180 


104-75774 __ : 
= —— = 1.73891, the hyperbolic logarithm of 


which = .13010; wherefore the time wherein the deſcend- 
ing weight deſcribes 48 inches = V 755 * 13010 


72 x 7683 =» 
A i * 13010 = 4.0208 ſeconds, If the 
firings weight and inertia be not conſidered, the time 
n 4 48 x 7680 _ N 
will be „ * 3.9896, and the difference 
between the times = 0.0312 parts of a ſecond. 


1 © 


ſiſtance will have ſome effect in retarding 
their motion: but as the greateſt velocity 
communicated in theſe experiments, can- 
not much exceed that of about 26 inches in 
a ſecond, (ſuppoſe the limit 26.2845) and 


the cylindrical boxes being about 1 g inches 


in diameter, the air's reſiſtance can never 
increaſe the time of deſcent in ſo great a 
proportion “ as that of 240: 241; its ef- 
fects therefore will be inſenſible in expe- 
riment. 
The 
If the diameter of a cylinder moving in the direction 
of its axis be 4, þ = 3-14159,*z the altitude through which Sed v. 
a body muſt fall freely by the acceleration of gravity to Ep. I. 


acquire the cylinder's velocity, the reſiſtance which tzje 
air oppoſes to the motion of the cylinder = the weight of 


f cubic inches of air; that is, fince according to the 


26.2345 bt 
preſent caſe, 4 = 1.75, tz = <9 © +$949 parts — 


an inch, and - of a grain, being equivalent in weight to 

each cubic inch of air, the reſiſtance to the two cylinder's 
1-75 X2X 

motion —= 8949 X3-14159X1 75 * 2X2 = 629 


4X7 

cf a grain, This is on a ſuppoſition, that the reſiſtance 
is always equal to that which oppoſes the * when 
moving at the rate of 26.2845 inches in a ſecond ; and ſince 
ocities are in every point of the deſcents leſs than 

that above mentioned, it 1s wholly needleſs to eſtimate the 
exact increaſe of time arifing from the air's reſiſtance, 
which might if neceſſary be obtained from prop. x1, 
ſect. v. Voppeäng therefore the air's reſiſtance to be al- 
| Rra ways 
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The effects of friction are almoſt wholly 
removed by the friction wheels: for when 
the ſurfaces are well poliſhed and free 
from duſt, &c. if the weights a and B be 
balanced in perfect equilibrio, and the 
whole maſs conſiſts of 63 m, according to 
the example already ||deſcribed, a weight of 


1- grains, or at moſt 2 grains, being add- 


ed either to A or B, will communicate mo- 
tion to the whole, which ſhews that the 
effects of friction will not be ſo great as 


e 1 . 
a weight of 12 or 2 grains. In ſome caſes, 


however, eſpecially in experiments relat- 
ing to retarded motion, the effects of fric- 
tion become ſenſible; but may be very 


readily and exactly removed by adding a 


ſmall weight 1.5 or 2 grains to the de- 
ſcending body, taking care that the weight 
added 1s ſuch as is in the leaſt degree 
ſmaller than that which 1s juſt ſufficient 
to ſet the whole in motion, when A and 
B are equal and balance each other, before 
the moving force is applied, 

In 


ways ſo great as 1.23 grains, and the moving force = 120 

rains n, the moving force will be diminiſhed by the 
air's reſiſtance in the ratio of 120 to 120 — 1.23, or of 
120 to 118.77, and the time will be increaſed in a ſub- 


duplicate proportion of 118.77 to 120, which differs not 


greatly from that of 240 to 241, 


| C IF 4 

In the following deſcription of experi- 
ments, at leaſt of the more elementary 
ones, the ſpaces deſcribed, times of de 
ſcription, &c. are ſo proportioned as to 
produce reſults in whole numbers, and 
are of ſuch a magnitude as admit of the 
moſt eaſy and convenient obſervation. 
The reſults are ſet down according to the 
theory from which the experiments will 
differ inſenſibly, if due care be taken in 
conſtructing and adjuſting the inſtrument. 


N. B. The ſpace which bodies deſcribe by falling 
freely from reſt in 1 ſecond is = 193 inches; but in the 
enſuing experiments, this ſpace is aſſumed = 192 inches, 
(which will be productive of no ſenſible error) in order to 
avoid fractions, which would render the uſe of the in- 
ſtrument leſs eaſy and intelligible : in thoſe experiments 
at the end of the ſection, which are intended to illuſtrate 
propoſitions of a more complex nature, this aſſumptjon is 
uſeleſs; in theſe caſes therefore the ſpace through which 
bodies deſcend from reſt by their natural gravity in one 
ſecond is taken = 193 inches, its true value. 


I. 


If a quantity of matter = 64 m be act- 
ed on by a force = m, the ſpace deſcrib- 
ed from reſt in one ſecond will be three 
inches. 

If the quantity of matter denoted by 64 n be ated on 


by its natural gravity or weight 64 N, it will deſcribe from 
reſt 192 inches in one ſecond of time: and if the ſame 


uantity of matter 64 be acted on by a force m, being g 8. &. nr, 
times ſmaller than before, it will || deſcribe only a Fa = 


« 
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fourth part of the former ſpace, that is, it will deſcribe 
only three inches in a ſecond from reſt, which may be ex- 
perimentally illuſtrated by the inſtrument above mention- 
ed. Suppoſing the boxes 4 and B to be each = 6m in 
weight, let 19, or 4+ oz. be included in each; then will 
A and B wane = 50m: alſo, apply two circular * 


2m upon A, and one of theſe weights or upon B, then 
will the maſs moved be 50 ＋ 3m + 11m = 64m, (the 


t Page 303- mals 11 being the inertia of the wheels); and fince 


A = 27 m, and B = 26m, the moving force will be . 
Having affixed the ſquare ſtage to 3 on the graduated ſcale, 


| Page 308. jet the || under ſurface of the weight 4 begin to deſcend 


* See II, 
Cor, 1. 


from © on the graduated ſcale at the inſtant of any beat of 
the pendulum : it will be heard to ſtrike the ſtage at the 
next ſucceſſive beat of the pendulum, having deſcribed 
three inches in one ſecond from reſt. 

Another example may be ſubjoined ; every thing elſe 
remaining as in the laſt example, remove the circular 
weight n from B and place it on A, which will give 4 = 
28m, B = 25m, then will the moving force = 3 u, and the 
maſs moved 25 m + 28m + 11m = 64m, and the ſpace 
deſcribed from reſt by A in one ſecond = 25S =9 
inches, which is experimentally verified in the ſame man- 
ner as was juſt deſcribed, 


IT. 


Let the quantity of matter 64 m be put 
in motion by the action of the conſtant 
force m. If the times of motion be 1 ſe- 
cond, 2 ſeconds, and 3 ſeconds, the ſpaces 
deſcribed from reſt by the deſcending 
weight A in thoſe times will be 3 inches, 
3 x 4= 12 inches, and 3 x 9 = 27 inches 
reſpectively; the ſpaces deſcribed from reſt 
being in a duplicate ratio of the times of 
motion. | 

: Here 
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Here let 4 = 27 m, and B = 26m: this iment is 
made exactly in the ſame manner as the laſt by ſetting the 
ſtage to 3, 9, and 27 on the ſcale, in the different experi- 
ments. Theſe practical examples ſhew, that if the acce- 
lerating forces be equal, the ſpaces deſcribed from reſt 
are in a duplicate ratio of the times of motion. 

The fol Ke alſo will illuſtrate this 
truth: let 36 be included in 4, and 364m in B, then 
the experiments being made in the ſame manner as before, 
the ſpaces deſcribed in the times of deſcent 1 ſecond, 2 ſe- 
— &c. will be as in the ſubjoined table. 


Spaces 
: Accele- | Times of | deſcribed 
—_— — rating | motion in | from reſt 
* force. ſeconds. | eſtimated 
in inches. + 
I 4 
2 4 | 
2 | — 
; 96 192 3 9 | 
| + | 16 
| 
| 5 5 | 
| - 
( | 6 on” 5 
| 7 Hi 
| | | | 8 64 
II. 


If the quantity of matter 64 m be act- , rei 
ed on by different moving forces, viz, m, Cors. 


2 m, and 3 m, for any given time, for 
example 2 ſeconds, the ſpaces deſcribed 
will 


Fig. 
LXXVIII. 
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will be 12 inches, 24 inches, and 36 inch- 
es reſpectively, being in the ſame propor- 
tion with the moving forces. i 


1. Let 4 = 27m, B = 26m, then will the moving 
force = #, and the maſs moved = 64m: let the ſtage 
be placed at 12 on the graduated ſcale, and the under 
ſarface of 4 being coincident with o, let it begin to de- 
ſcend at any beat of the pendulum; the weight will be 
heard to ſtrike the ſtage at the next beat but one, having 
deſcribed 12 inches in 2 ſeconds, 

2. Let A=27;m, and B = 254 u, then will the mov- 
ing force = 2 m, and the maſs moved = 64 m; let the 
ſtage be ſet to 24 on the graduated ſcale, and by the ſame 

roceſs as was deſcribed in the laſt article, the weight 4 
ll be obſerved to deſcribe 24 inches from reſt in 2 ſe- 
conds. 

3. Let 4= 28m, and B 25m, then will the mov- 
ing force = 3 u, and the maſs moved = 64 m, and the 
ſpace deſcribed from reſt by 4 in 2 ſeconds will be ob- 
erved to = 36 inches. 

It appears from theſe experiments, that when the times 
are the ſame, the ſpaces deſcribed from reſt are as the ac- 
celerating forces, or the quantities of matter being ® given 


* as the moving forces. 


It being frequently neceſſary to vary the accelerating 
forces in the ſubſequent —_— the following pro- 
blem may be here inſerted, whereby the weights to be 
included in the boxes 4 and B may be in all caſes known, 
from having given the moving force and accelerating 
force required: ſuppoſe the given moving force were », 
and the accelerating force were intended to be that part 
of the accelerating force of gravity which is — by 


the fradior =. Let x be the weight to be included in , 


then will x + wv be the weight included in 4: but the 
weight of the box 4 = 6m = the weight of the box B, 
and the inertia of the friction wheels = 11 :, wherefore 
the whole maſs moved will = 2x + 23 + ww: and be- 


wo — — 
cauſe the given moving force is av, we have 7 
27 and x — 2 e 


Thus, 
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Thus, ſuppoſe it were required to aſſign what weight 
muſt be included in the boxes 4 and J, fo that the force 


which accelerates the deſcent of ſhall be 4 part of the 


accelerating force of gravity, the given moving force be- 

ing m; here referring to the rule » = 96, a u, and x = 

96 —1— 23 
2 


jn 4 and conſequently 37 m, the weight to be included 
in 4. | 


= 36m, or 9 0z. the weight included 


IV. 
If the quantity of matter 64 m be act- 
ed on by a moving force zm, it will 
deſcribe * from reſt 54 inches in 6 ſe- 


conds; if the moving force be increaſed ds 


in the ratio of 1: 4, ſo as to be = 2 m, 
the quantity of matter or 64 m not being 
altered, the time of deſcribing from reſt 54. 
inches, will be diminiſhed in the ratio of 
2:1, ſo as to become only 3 ſeconds. 


Let 20} „ be included in 4, and z, m in B, then 
will the maſs moved = 64 u, and the moving force , 


fo that the force of acceleration = — , and the ſpace de · 
e fine coef in 6 brands = ele 


128 

The latter of the experiment ſhews, that if the ſ 
deſcribed 4 the 3 the time of — .— 
is diminiſhed, che force of acceleration muſt be increaſed 
in z duplicate proportion of the times diminution. 

It has been ſufficiently deſcribed in what manner to 
diſpoſe the weights included in the boxes A and B, fo that 
the accelerating force * be of any aſſigned portion 1 
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the accelerating force of gravity, and the methods of 
making theſe experiments having been illuſtrated by ſeve- 
ral examples, it may be ſufficient in the ſubſequent expe- 
riments juſt to mention the numbers ſuited to ſuch caſes, 
as may be moſt conveniently repeated ; but theſe experi- 
ments may be varied at pleaſure, 


V. 


Let the quantity of matter 64 m, be 
acted on by a moving force* m for any 
given time, for example 2 ſeconds, the 
deſcending weight a will deſcribe 12 inches, 
and at the end of that deſcent will have 
acquired ſuch a velocity as, if uniform- 
ly continued, will cauſe the body to de- 
ſcribe 24 inches in the ſame time, i. e. in 
2 ſeconds, 


Let A= 26m, and B = 26m, then will the weights 4 
and B preciſely balance each other; in ſome former expe- 
riments, a circular weight n was applied to 4 as a mov- 
ing force, and A was obſerved to deſcribe from reſt by con- 
ſtant acceleration 1 12 inches in 2 ſeconds : if inſtead of 
a circular weight , applied as a moving force, a flat rod, 
the weight of which is alſo n, be placed on the upper ſur- 
face of 4, the acceleration of 4's deſcent will be the ſame 
as before, i. e. ſuch as cauſes it to deſcribe 12 inches in 
2 feconds from reſt. This being premiſed, let the circu- 
lar frame, repreſented in fig. Lxxx111. be ſo affixed to the 
graduated ſcale, that the box 4 may in deſcending paſs 
centrally through it, and let its height be ſuch, that the 
inſtant the lower ſurface of the box A arrives at 12 on the 
graduated ſcale, the rod may be intercepted by falling 
on the horizontal ſurface of the frame, and thereby be 

revented from the further acceleration of the ſyſtem. 
— ſet the ſquare ſtage on the ſcale at 36; that is, 
24 inches from the circular frame. The experiment will 


be as follows : let the weight A4 begin to deſcend from o 
on 
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on the ſcale, at any beat of the pendulum, At the end of 
2 ſeconds the rod will be heard to ſtrike againſt the circu- 
lar frame, having deſcribed 12 inches with an uniformly 
accelerated motion, and at the fourth beat of the pendulum, 
the box 4 will ſtrike againſt the ſquare ſtage at 36, having 
deſcribed 24 inches in 2 ſeconds with an uniform motion. 

Although it be certain, that the weight 4 deſcribed the 
latter 24 inches with a ; motion — 


the velocity is uniform, and A deſcribes 24 inches in 2 ſe- 
conds, it will of courſe deſcribe 36 inches in 3 ſeconds, and 
48 inches in 4 ſeconds: if the ſtage be ixed at 60 inches, 
and the experiment be repeated, the rod will be removed 
at the ſecond beat of the pendulum as before, and the box 
A will ſtrike the ſtage at 60 at the ſixth beat of the pen- 
dnlum, having deſcribed 48 inches uniformly in 4 ſeconds. 
In like manner it may be ſhewn experimentally, that 
during the motion of any body acted on by any conſtant 
force, a velocity is acquired, which if continued uniform 
will cauſe the body to deſcribe in the ſame time, a ſpace 
twice as great as that through which the body was accele- 
rated, in order to acquire that velocity. Thus, let 4 = 
254m and B = 255 u, then let two rods, each = , be 
aced on the upper ſurface of 4, and place the circular 
me at 6, and the ſquare ſtage at 18; then the weight 
A beginning its deſcent at the inſtant of any beat of the 
pendulum, the two rods will ſtrike the frame, being re- 
moved from 4, at the next ſucceſſive beat, and at the ſe- 
cond beat will ſtrike the ſtage underneath, having deſcrib- 
ed 6 inches with an uniformly accelerated, and 12 inches 
with an uniform motion in equal times, i. e. 1 ſecond. 
The method of affixing the circular frame, through 
which the weight A in its deſcent paſſes, ſhould be here 
deſcribed. Suppoſe, as in the preceding example, it were 
required to ſet the frame at the diviſion 12 on the gradu- 
ated ſcale; it is meant to be fo affixed, that the inſtant 
the rod , deſcending along with the weight , ſtrikes the 
circular frame, the lower ſurface of the box (by which the 
ſpaces deſcribed are always eſtimated) ſhall arrive at the 
Geigen 12. In order to effect which, when 4 and B are 
in equilibrio, and is lower than the circular frame, as is 
repreſented in fig. Lxxx111. add any weight, for example 
mto , then will B preponderate, and A will aſcend: if 
the rod m or other flat ſubſtance be held ſumly over the 
eicular aperture, it will prevent the weight 4 from aſ- 
| 952 cending 


&ly uniform, this t 1. Law of 
may be further confirmed by ſetting the ſquare ſtage at 36, motion. 
48, and 60 ſucceſſively, every thing elſe remaining. Since 5.309. 
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cending further, its upper ſurface being now on a level 


with the horizontal ſurface of the circular frame: in this 
ſituation the weight 4 muſt be kept, until by altering the 

fition of the frame, the under ſurface of the box A ſhall 
be on a level with the diviſion 12, or any other diviſion 
which the experiment may require; but it would be ſtill 
more eligible to have an index on that part of the frame 
which is contiguous to the diviſions, and at a diſtance from 
the frame's horizontal ſurface, equal to the length of the 
box 4; by this means the circular frame may be truly ad- 
juſted without further trouble, than ſetting the index ta 
the proper diviſion on the ſcale. 


VI. 


If a quantity of matter = 64 m be at. 
$ea. 11, ed on by any conſtant force m, during 
"9p. the different times 1 ſecond, 2 ſeconds, 3 

ſeconds, &c. the velocities generated will 
be thoſe of 6 inches, 12 inches, and 18 
inches in a ſecond reſpectively, being in 
the ſame proportion with the times where- 
in the given force acts. 


Exp. v. 1. The conſtruction of the preceding || experiment re- 
maining, let the circular frame be ſet to 3, and the ſtage 

Fig. underneath at 9; the weight A beginning its deſcent at 

LXXXIU. any beat of the pendulum, the rod will ſtrike the hori- 
zontal circular frame at the next beat, and the rod m be- 
ing at that inſtant removed, the weight 4 will deſcribe 
the remaining 6 inches uniformly in 1 ſecond, ſtriking the 
ſtage at 9 at the ſecond beat, 

2. Set the circular frame at 12, and the ſtage at 36, 
and the ay A will deſcend by conſtant acceleration 
through the firit 12 inches in 2 ſeconds, and the remain- 
ing 24 inches in 2 ſeconds with an uniform velocity of 12 
inches in a ſecond. 

3. Set the circular frame at 27, and the ſtage at 45, 
and the weight 4 will deſcribe the 27 firſt inches _ 

re 
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reſt by conſtant acceleration in 3 ſeconds, and the remain - 


ing 18 inches in 1 ſecond, with an uniform velocity. 

heſe riments illuſtrate the propoſition ® wherein * Sect. III. 
it is demonſtrated, that if the force by which bodies are Prop. l. 
accelerated is the ſame, the velocities generated are in 
the ſame proportion as the times wherein the giyen force 
acts. 


VII. 


If a quantity of matter = 64 m be act- 
ed on for any given ꝓ time, for example 1 FSi 
ſecond, by the different forces m, 2 m, and 
z m, the velocities generated will be 6 
inches, 12 inches, and 18 inches in a ſe- 
cond, being in the ſame proportion with 
the forces which accelerate the maſs 
moved. 


1. Let A 26 und B = 26m, and let the rod n pig. 
be applied to A as a moving force; then the experiment LXXX1I, 
being made as before deſcribed, the force u acting for 1 Pi. 
ſecond, generates in the maſs 64 # a velocity of 6 inches LXXX111, 
in a ſecond, 

2. Let A= 254m and B = 255m, and let two rods, 
each = m, be applied to A as a moving force; then will 
the maſs moved be 64m : ſet the circular frame at 6, and 
the at 18; and the experiment being made as be- 
fore, the two rods will be intercepted when the under ſur- 
face of the weight 4 arrives at 6, and the remaining 12 
inches of the deſcent will be deſcribed uniformly in 1 ſe- 
cond, which ſhews that the force 2 * acting on the maſs 
64m for 1 ſecond, generates in it a velocity of 12 inches 
in a ſecond. 

3. Let 4= 25mand B = 25m, and let three rods, 
each equal to , be applied to A as a moving force; then 
will the maſs moved be 64 m as before: ſet the circular 
frame at 9, then will the three rods be intercepted when 
the weight A has deſcended 1 ſecond from reſt at o, and 
A will then go on uniformly deſcribing 18 inches in the 

next 
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next ſecond: this ſhews that a force 3 , acting on a mafz 
64 m for 1 ſecond, generates in it ſuch a velocity as caufes 
it to deſcribe uniformly 18 inches in a ſecond. 

It appears therefore, that if different forces accelerate 
the ſame body from quieſcence during a given time, the 
velocities generated will be in the ſame proportion with 
thoſe forces. Theſe experiments may be varied at plea. 
ſure, to ſhew that the velocities generated in_any different 
quantities of matter, the time in which the forces a& be- 
ing the ſame, will be as the accelerating forces, 


VIII. 


If bodies be acted on by I accelerating 
forces, which are in the proportion of 3: 


4, and for times, which are as 1: 2, the 


+ Seck. VII. 
Exp. VI. 
Art. 1. 


LAxxni. 


velocities acquired will be in the ratio of 
13 to 2 * 4, or as 3 to 8. 


1. A +force m acting on a maſs 64 m for 1 ſecond, ge- 
nerates a velocity of 6 inches in a ſecond ; kere the accele- 

. CY 
rating force = K- 

2. Now let 4 = 19m and B = 18m, then will the 
moving force = m, and the maſs moved 19m + 18m + 


11 = 48m, wherefore the accelerating force is 8 
Set the circular frame at 16, and the ſtage at 48: tie 
weight A in deſcending by the force of the rod will de- 
ſcribe 16 inches in 2 ſeconds with an uniformly accele- 
rated motion, and the remaining 32 inches until it ſtrikes 
the ſtage with an uniform motion of 16 inches in a ſe- 
cond. The velocities generated therefore in theſe two 
examples, are as 6: 16, or as 3: 8. In theſe experiments 
the accelerating forces are 7 and 7 or as 3: 4. The 
times during which the bodies are accelerated from reſt 
1:2: add theſe ratios the ſum will be the ratio of the 
velocities generated, or that of 3: 8. 

IX. 
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5 | IX. 
If a quantity of matter 64 m be acce- 


lerated through the ſame I ſpace, 1. e. 12 N 


inches by the forces m and 4 m, the ve- 
locities generated will be in a ſubduplicate 
ratio of theſe forces, or in the ratio of 
1 to 2. 


1. Let 4 26 and B = 26m, and let a rod m be ap- 
plied to A as a moving force, the maſs moved will be 
64m; then if the circular frame be ſet to 12, as in a for- 
mer experiment, and the ſtage at 36; the weight A will 
deſcend through 12 inches in 2 ſeconds, and the rod » 
being then removed will proceed with an uniform velo- 
2 12 inches in a ſecond, to the ſtage underneath 
at * 

3 Let 4 = 241 and B = 244m, and let 4 rods, each 
equal to m, be applied as a moving force; then the quan- 
tity of matter moved will be denoted by 64 m; wherefore 

, 2 
the accelerating force = . 
the ratio of 1 to 4: every thing elſe remaining as in the 
laſt article, the weight A will deſcend through the firſt 12 
inches from o with an uniformly accelerated motion in a 
ſecond, and will deſcribe the remaining 24 inches with an 
uniform velocity in 1 ſecond ; the velocities generated 
in theſe two examples, are 12 inches and 24 inches in a 
ſecond, being in the ratio of 1:2; whereas the ratio of 
the accelerating forces is that of 1 : 4, the ſpace through 
which the bodies are accelerated being the ſame in 


both caſes. 


being increaſed in 


X. 


If different quantities of || matter 64 m 


and 48 m be impelled through the ſame 
ſpace, 
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ſpace, i. e. 12 inches, and acquire the ſame 
velocity, the moving forces muſt be in the 
ſame ratio as the quantities of matter 
moved, that is, as 4: 3. 


Experiments to illuſtrate this truth may be comprized 


in the ſubjoined table. 
p e wa “Velocities 
Movi 2 Accele- Spaces acquired 
1 nee bo rating | deſcribed | in inches 
= orces. E forces. in inches. in a ſe- 
p | cond, 
- | 64 m | F 5 | 12 
| 64 | 
| | | 
052! then! 2 2 nit 
| | 
a2 12 | 
| r | 48 ”m | 55 12 | 12 


* 


It is collected from the two laſt ſets of experiments, that 
the moving forces, which impel bodies through the ſame 
ſpace, are in the joint ratios of the quantities of matter 
moved and ſquares of the velocities generated. 


| XI. 
* Sea, m, If a quantity of *matter 64 m be im- 
Cores, © pelled through different ſpaces from reſt, 
3 inches and 27 inches, by the action of 
the ſame force m, the velocities generated 
will be 1n a ſubduplicate ratio of the ſpaces 
deſcribed, or as 1 : 3. 


If 
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1. If the maſs moved is 64 m and the moving force m, 
the velocity generated in deſcending through 3 inches, 
has _ ſhewn in a former experiment to be 6 inches in 
a ſecond, 
2. Now let 4 deſcend by the ſame force through 27 
inches, and ſet the circular frame to 27, and the ſtage at 
45, the weight 4 will deſcribe the firſt 27 inches with an 
uniformly accelerated motion in 3 ſeconds, and the rod » 
being there removed will ſtrike the ſtage at 45 at the fourth 
beat of the pendulum, having deſcribed the laſt 18 inches 
uniformly in a ſecond, In theſe experiments the ſpaces # 
deſcribed during the body's acceleration are 3 and 27, or 
as 1 : 9, the velocities acquired as 6 : 18, or as 1: 3, be- 
ing in a ſubduplicate ratio of the ſpaces. 
40 appears therefore that when the forces of accelera- 
tion are the ſame, the velocities acquired are in a ſubdu- 
plicate ratio of the ſpaces; and from a former ſet of ex- Exp. IX. 
periments it is colleQed, that if the ſpaces deſcribed are 
the ſame, the velocities generated are in a ſubduplicate 
ratio of the forces of acceleration : it may be concluded 
therefore, that when both ſpaces deſcribed and accelerat- 
ing forces vary, the velocities tyenerated will be in a ſub- f Sed. 111, 
duplicate ratio of the accelerating forces and of ſpaces Prop. V. 
deferibed — 
The laws obſerved during the motion of uniformly ac- 
celerated bodies are made evident to the ſenſes, by the ex- N 
— — which have been already deſcribed : thoſe which 1 
ollow are deſigned to illuſtrate the properties of aniform- . 
ly retarded motion. When a body is thrown perpendi- 
cularly upward from the earth's ſurface, it is continually 
reſiſted by a force which is equal to the body's weight ; 
and the weights of all ſubſtances being proportional to the 
uantities of matter contained in them, it follows, that the 
ce which retards the perpendicular aſcent of any body t 
being + meaſured by its weight divided by the aſcending f Sed, 1. 
maſs is the ſame, being ſuch as deftroys a velocity of 325 *rop. Ix. f 
feet in a ſecond, in each ſecond of the body's motion. 
ry 


But in order to illuſtrate by experiment the general laws 
according to which bodies are retarded by the action of 
conſtant forces, ſuch methods ſhould be made uſe of as 
will enable us to apply different reſiſting forces to the ſame 


* 
ted * — 
—c 


maſs of matter the ſame refiſting force to different | 
uantities of matter; both of which conditions will be : 1 
tisfied by the inſtrument which has been already de- 'Þ 


ſcribed, and will be again referred to in the ſubſequent 
experiments. In order * render theſe more 1 
. * 


p. 39. 
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— 
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ing force is to be underſtogd to convey preciſely the ſame. 


idea as the term moving force, — as far as re 
the directions in which theſe forces act in reſpett of the 
bodies? motion, theſe directions being contraxy to each 
other. To exemplify this, let a muſket ball of } of an 
inch io diameter, and 1.3 0z. weight, deſcend toward the 
earth's ſurface by its own gravity : the moving force is in 
this caſe equal a weight of 1.3 02. Let vg ball be 
thrown perpendicularly upward; the refilting force is 
likewiſe a weight of 1.3 o. but let the ſame ball impinge 
perpendicularly againſt an immoveable hlock of elm, ſo a 
to penetrate its ſubſlance, the ball's motion will be reſiſt 
by a farce equal to 107000 Xx 1.3 0z. if therefore the 
earth's gravity were 107000 times greater than it really 
is, and the leaden ball before referred to were projected 
dicularly upward with any given velacity, the re- 
ſtance oppoſed to the ball's motion would be exactly the 
ſame, as when the ball is projected againſt an immoveable 
block of elm with the ſame velocity, and conſequently the 
ball ſo projected would riſe to a perpendicular altitude 
ual to the depth to which it would penetrate into the 
ſubſtance of the elm, if it impinged againſt the elm with 
the ſame velocity of projection. 

Theſe principles admit of very exact illuſtration from 
experiments, which alſo confirm thoſe mechanical pro 
fitions, which + Leitnitz and Bernouilli, &c. deduced from 
obſerving the depths to which ſpherical bodies penetrated 
the ſubſtance of clays and other ſoft bodies. Thele en- 
ſuing experiments will alſo be the more ſatisfactory from 
their admitting of an exact eſtimation of the moving force 
and the maſs moved, in which the experiments before 
mentioned are defective; neither is the force of reſiſtance 
conſtant in the experiments on the depths to which 

heres penetrate into the ſubſtance of clays, on account 
of their ſpherical figure, and the law according to which 
the forces vary, it would be difficult to aflign. 

In the ſubſequent experiments, the force of reſiſtance is 
a weight, and therefore of invariable quantity, during 
the whole time it is oppoſed to a body's motion, and the 
the exact quantity of it is morcover eaſily afligned. | 


xll, 
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XI. 


let a given mafs 61 m be projected e. . 


With a velocity of 18 inches in a ſecond : 

then if it be reſiſted by a conſtant force 
m, the ſpace deſcribed by the reſiſted mats, 
before its motion is deſtroyed, will be 
25.6; if it be reſiſted by a force = 2m, 


the ſpace deſcribed will be 12.8 = 352 
and if the reſiſtance be 3 m, the ſpace 
ll 8.53 =D inches; theſe ſpaces be- 
ing in the inverſe ratio of the reſiſting 

ELIE Shana nant B= ag; a, and apply to the op- 


* le bor 2 7 each of . = = then _ 

weight — — een action of a 
moving force , the whole maſs moved being 63 m. 
-8er'the-circotar frame to 26:44; chen the weight F by de- 
ſeribing from reſt the ſpace 26.44 inches will acquire a 


rlry = V £2 EE = 18 ® inches in a fe. # cr. 
on_ . a. 


3%, being intercepted, the —— t 4 will continue to de- 
ſcend with an uniforml ed motion; which will be 
wee er the ſame as if a — of 61 m, without gravity, 

jected with a velocity of 18 inches in a fecond in 

| ty 20-4 and a force of reſſtance n were oppoſed to 

its motion ;wherefore A (with the other parts of the ſyſtem) 
will loſe its motion gradually, and will deſcribe a ſpace = 


18* 61 | a 
. inches before its motion is entirely de- 


Rroyed: 4 7 obſerved in the experiment 
t2 to 
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and p. 32. 
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to deſcend as low as 52 inches, before it begins to aſcend 
by the ſuperior weight of B. 

2. Let 1 = 24m and B = 26m, and let three rods, 
each equal to , be applied at the upper ſurface of 4, and 
ſet the circular frame at 26.86; then will 4 deſcend by a 
moving force m, the whole maſs moved being 64 u, and 
conſequently while 4 deſcends through 26.86 inches, it 
will acquire a velocity of 18 inches in a ſecond: and the 
three rods being intercepted by the circular frame, A will 

on with an uniformly retarded motion, being reſiſted 
y a force = 2m, and the maſs moved = 61 m, where- 


fore the force of retardation being = —, the ſpace de- 
| | 61 

, 33 18* x61 

ſcribed by A before its motion. is t deſtroyed 5419372 


= 12.8 inches; and will therefore be obſerved from the 
experiment to deſcend as low as the diviſion on the ſcale 
which correſponds to 39.66 inches. | 


3. Let4=23im and B = 26; m, and let four rods, 


each of which = , be applied on the upper ſurface of 4, 


and ſer the circular frame to 27.29; then will 4 deſcend 


by the force m, the whole maſs moved being 65 m, and 


the four rods will be intercepted by the circular frame at 
27.28, and 4 having acquired at that inſtant the velocity 
of 18 inches in a ſecond, will begin to be reſiſted by a 
force of 3 u, the maſs moved being 61m, and Z will de- 
— mug , k 
ſcribe a ſpace = Dir = 8.533 inches, before its 


motion is deſtroyed: A will therefore be obſerved in the 
experiment to deſcend to the diviſion on the ſcale whick 
anſwers to 35.81. 


In the ſame manner, other principles relating to retard- 
ed motions may be verified experimentally. It is well 
known, that if ſpheres of the ſame magnitude, but of 


different ſpecific gravities fall on an horizontal ſurface of 
clay or any ſimilar ſubſtance,” having deſcended from al- 


. titudes which are in an inverſe proportion of their ſpe- 


F p. 40. 


cific gravities, that the depth to which they penetrate 
will be equal. To analyze this is not difficult; for aſ- 
ſuming the force which reſiſts the progreſs of the balls as 
conſtant, it will be of the ſame quantity when oppoſed to 
the different balls, becauſe their magnitudes + are equal; 
and fince the quantities of matter contained in the balls 
are directly as their ſpecific gravities, the force n 
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tards the balls will be inverſely as their ſpecific gravities: 
let therefore © repreſent the direct ratio of the forces 
which retard any two of the ſpheres, or the inverſe ratio 
of their ſpecific gravities: © the ratio of the altitudes from 


which they fall, S the ratio of the velocities with which 


they impinge on the ſurface of the ſubſtance which they 
- penetrate to the depths of S, / reſpectively; then from the 


periment ; wherefore © = 1, or the ratio of the depths to 


which they penetrate the ſubſtance on which they impinge 
will be that of equality. Whenever therefore the retarding 
' forces are in a direct duplicate ratio of the velocities where- 
with bodies begin to moye, the ſpaces deſcribed by them with 
an uniformly retarded motion will be equal. Thus, let 
a maſs = 64 m be projected with a velocity of 12 inches 
in a ſecond, and let it be reſiſted by a force ; moreover, 
let a maſs 48 = be projefted with a velocity of 24 inches 
in a ſecond, and ſuppoſe it to be reſiſted by a force = 3 n, 
then will the force which retards the motion of the bodie 


s 
be as ff to 4 or as 1:4: and becauſe the velocities of 


* are as 1: 2, the ſpaces deſcribed by the uni- 
ormly 8 bodies will equal, being in each caſe 

11.94 inches. 
heſe experiments are eaſily made, as in the preceding 


"caſes, and the adjuſtment of the weights nece may 
3 —— wn (peins AramrY t 
iliar. i= 


In theſe inſtances the motion of the retarded body is 
continued, until it is gradually deſtroyed by the — 
force : it may be proper to ſubjoin one practical examp 
concerning retarded motion, wherein the body 4, * 
with a known velocity, is retgrded by a given force, an 
the time of deſcribing any given ſpace eſtimated from the 
beginning of its retarded motion is obſerved experi- 
mentally. 


principles of uniformly retarded motion, we have · 7 1 57 $68, It 
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A 
Let a ma 633 m move with a ve- 


a er 11 liches in a ſecond; if it be 
retarded by u reſiſting forte zm, it will 


dieſeribe 21.95 inches in 3 ſeconds, the be- 


ginning of motion being eſtimated from 
the firſt inſtant of its retardation. 


Let 42 160 tht B = 26! u., aul let u fat tod, finii- 
lar to thoſe which have deen before referred to Ct the 
— * muſt in this inftance be 14 ½) de appli 

upper ſurface of A, and Tet the eircalar frame to 11. 877.0 
the ſcale; chen will 4 deſcend, the moving force ag 
#* und the mufs moved = 65m, and when it has deſeri 
11.857 inches, ere 877 
err! and the rod 14 u being at that Inſtant 
intercepted, the maſs to deſcend wich an 
uniformly retarded — tka E force being 1 u, 


5nd the maſs mored 634m, nd conſequenly the fore o 


, e 7755 and fince if the retarding force 


=F, and the iatiat velocity be equal ts chat which a body 


uires in falling from reſt fi by its natural gravity 
EL 


280. III, T ſeconds = 2 TN V bl aw FT *:; this rule being ap- 


Prop, Xl. 


ord ag caſe, gives 7 = 3, 6 =-182 of an 
10 — the ſpace thron gh which a body deſcends: freely 
reſt, by che acceleration of gravity, to acquire the ve- 


locity of 11.877 inches in a ſecond, Pai, and the ſpace 


127 
required =6 Ve = 199 = LEO = 21:95 


inches, 


If 


N a 
fee nge 1 


—— TN 

, 471 |. go 75 47 an lb a — 
= and will firike the ſtage at 33-83 6 the 
l deſcribed the > 2105 44 in 3 2 

The following articles may tend to facilitate the 
ſruion and adjuſtment of the inſtrument repreſented in 
. 83 Nee to throu hows py 


e ie feet of the frame on which the rome en 
FE ſhould not be fixed immoveably to the frame under- 
neath, becauſe in order to ad TNT 
abe 4 horizontal, it will be hero fr by to alter le th high 
of the two anterior or 9 = 
pawn of many or braſs under them, gr Es crew 

ang immediately the .--A 

— the wheel's „ will when 


btn, let two equal weighs 4 
the extremities of a ff 
n 22 

la the weights, When 1 — * — perfegly 

N a ſmall impulſe beio 5257. ied to either, in 3 

vertical direction, will ſet the in motion; which 

will be continued uniform till one of the haxes arrives at 
the extremity of the ſcale. When the box 4 is at 
bottom of the ſcale and aviekent, it muſt be obſery 
whether the middle line on the ſcale is every where ex- 
ally oppoſite to the line ſuſtajning 4; In other 
words, Whether the line is the middle of the cale is ig 

7 ſame vertical plane with the line which ſuſtains 
A. If it is not, the lower extremity of the oye muſt be 

— along the arm of the baſe until the adjuſtment is 

correct. It is alſo to be obſerved whether the 


bene where 1 equal peprdicla dire from 


yy hen the axis of the whe! es 


Mixx, 


11 
the middle line on the ſcale: if it is not, the upper extre. 
— of the ſcale, muſt be moved further from or nearer 
to the filk line until the diſtances are every where equal. 
The middle line on the ſcale will now be vertical, and the 
2 — . — in Nabe 310, op be ſo conſtruct- 

„ that the box 4 may paſs centrally through it when 

theſe adjuſtments are correct. wy 65 
. The wheel a 6e previous to its adjuſtment, ſhould 
weigh ſomething more than fix ounces, provided the 
figure of the wheels be not very different from thoſe re. 
preſented in the Fig. 78, 83. In the circumference of 
the wheel a 5 c 4, a ſmall groove ſhould be cut and well 
liſhed, to admit the line which goes over the wheel and 

uſtains the weights A and B. 

5. The weight of the wheel a 6 c 4 muſt be ſo adjuſted 
that the reſiſtance to motion of its inertia, with that of 
the friction wheels ſhall be equivalent to 2 4 ounces, This 
may be effected according to the method deſcribed in pa 
301, that is, by winding a very ſlender line — £ 
wheel, and applying to the extremity a weight of zo 

rains: let the ſquare ſtage be fixed to the ſcale at 38; 
inches, and let the weight 30 grains, begin to deſcend at 
any beat of the pendulum from © on the ſcale. If it de- 
ſcribes the 384 inches in leſs than three ſeconds, the 
wheel is too light to admit of the experiments being made 
according to the numbers uſed in this ſeQtion. Suppoſe 
then the weight to be more than 3 ſeconds in deſcribing 
the 38 + inches from reſt; the wheel's weight muſt be 
gradually diminiſhed until the time of deſcent is exactly 

ſeconds, It is however to be noted that in firſt 
making this experiment for the adjuſtment of the wheel's 
weight, the line was wound round the cylindrical ſurface 
of ho wheel's circumference, no groove having been at firit 
found neceſſary, When a groove is cut the Fine muſt no 
longer be wound round the wheel for reaſons too obvious 
to need mentioning: in this caſe therefore the adjuſtment 
of the wheel's weight is to be obtained by another method. 
Inſtead of the weights A and B, let the weights 48 grains 
and 24 grains be ſuſpended from the extremities of the 
line which goes over the wheel ab c d, and ſet the ſquare 
ſtage at 30; then letting the weight 48 grains, begin to 
deſcend from © on the ſcale at any beat of the pendulum, 
obſerve the time of its deſcribing the 30 inches as mea- 
ſured on the ſcale: if the time of deſcent ſhould be leſs 
than three ſeconds the wheel is too light; ſappoſe therefore 


the time to be greater than three ſeconds ; the whee!'s 


weight 
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weight muſt be gradually diminiſhed until the time of 
deſcent is preciſely three ſeconds, When this adjuſtment 
is correct, the reſiſtance from the wheel's inertia includin 
that of the fraction wheels, will be exactly the ſame as if 
thoſe Wheels were removed and the maſs 2} Oz, was 
uniformly accumulated in the circumference” of the wheel 
to which the line is applied. 

6. Great attention ſhould be paid to the adjuſtment of 
the weights uſed in theſe experiments as a very ſmall error 
ſach as is ſcarcely perceivable in each, will tend greatly to 
affect the exactneſs of the experiments in which many 
weights are uſed. 

7. In letting the box 4 begin to deſcend at any beat 
of the pendulum according to the method deſcribed in 

ge 308, the obſerver muſt not wait antil he hears the 
the beat, at which he intends 4's deſcent ſhall begin; 
for in this caſe 4's deſcent will always commence too 
late: the proper method is to attend to the beats of the 
pendulam until an exact idea of their ſucceſſion is ob- 
tained ; then the extremity of the rod being withdrawn 
from the bottom of the box A directly downward at the 
inſtant of any beat, the deſcent will commence at the 


ſame inſtant. 
This inſtrument was executed with great mechanical* 
fill, partly by Mr. L. Martin, and partly Mr. G. Adams, | 1 


mathematical inſtrument maker: in London. 
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SECT. VIII. 


CONTAINING A DESCRIPTION OF EXPERI- 
MENTS ON THE MOTION OF BODIES 
WHICH REVOLVE ROUND FIXED AXES, 
AND ROUND SUCH AS MOVE WITH THE 
SAME VELOCITIES AS THE CENTRES OF 
GRAVITY OF THE REVOLVING BODIES, 


LTHOUGH experiments may be 
made on bodies or ſyſtems of bodies, 
which revolve round fixed axes inclined 
to the horizon at any different angles, it 
is however moſt convenient that the axes 
ſhould be either horizontal or vertical. 
Which of theſe poſitions ſhould be 
preferred to the other, will depend on the 
circumſtances of the different experi- 
ments ; chiefly on the weights and figures 
of the parts which compoſe the revolving 
ſyſtem. When the axle is horizontal it 
is abſolutely neceſſary that it ſhould be 
ſupported on friction wheels, which great- 
ly diminiſh, or altogether prevent the loſs 
of motion which would be cauſed by the 
friction of the axle, if it revolved on an 
immoveable ſurface: If therefore the 
the weight of the ſyſtem be ſuch as can 
be ſupported eaſily on friction wheels, 
and 
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and the parts of it be of proper ſhape and 
dimenſions, the poſition of the axle 
may be horizontal. In Fig. 75. 
p L d repreſents a wheel and axle 
which in the experiments reſt on the + 
friction wheels. Suppoſe that two weights LXxvm, 
B and A act on the wheel and axle 
reſpectively, and that B preponderates 
againſt. a, deſcending in a vertical line; 
the graduated ſcale muſt be adjuſted fo 
that the ſpace deſcribed by s in its deſcent 
may be meaſured on it, or if A prepon- 
derates againſt B, the ſcale muſt be placed 
ſo as to become a meaſure of A's deſcent : 
by this means the ſpaces deſcribed, times 
of deſcription, real velocities of the de- 
ſcending weight as well as the angular 
velocities generated in the ſyſtem, will be 
experimentally obtained. In other caſes the 
ſyſtem will revolve on a vertical Mis as 
in Fig. 84. where A B repreſents a cylin- 
drical axle; c Þ a cylindrical rod, the axis 
of which cuts the vertical axis at right 
angles; c o, D are two equal ſpheres, 
through the centres of which the axis of 
the cylinder paſſes; theſe ſpheres are faſt- 
ened to the cylinder by ſcrews, at equal 
diſtances from the vertical axis: motion is 
communicated to the ſyſtem by the line 
Uu 2 E F, 


— 
. 


Fie. 
LXXVIII, 


LAxvm. 
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x r, ſtretched by a weight 2; the line x x 
having been wound round the vertical axle 
paſſes horizontally and goes over a wheelor 
pully r 6,* which revolves on the friction 
wheels ſo often referred to in the laſt 
ſection. It is eaſy to ſee that the frame 
uv x2 muſt be faſtened to the continu- 
ation of the ſtage on which the friction 
wheels are placed, i. e. to that part of the 
ſtage which projects beyond the pillar. 

The graduated ſcale is to be ſo adjuſted 
as to meaſure the ſpace deſcribed by p, as 
it deſcends by communicating motion to 
the revolving ſyſtem. The repreſentation 
of the frame u x y z, and the ſyſtem 
CDAB is omitted in Fig. 78, and 81, for 
want of room, 

In the enſuing experiments, the moving 
force 1s applied at the circumference of a 
wheeLor axle, the axis of which coincides 
with the axis of the ſyſtem; it is therefore 
neceſſary that the diſtance of this circum- 
ference from the axis, or the radius of the 
axle, ſhould be very preciſely known ; 
becauſe the quantity of the moving force, 
exerted by a given weight depends entirely 
on it. In direct menſuration, errors mult 
be unavoidably committed which bear a 
conſiderable proportion to the whole, 


eſpe- 


L 341 ] 
eſpecially when the radius to be mea- 
ſured is ſmall; in order to obviate this 
difficulty, the following indirect method 
was uſed, by which the radii of the cy- 
linders uſed in the experiments were ob- 
tained to very great exactneſs. 

Having fixed to the extremity of a very 
fine and flexible line a weight ſufficient to 
keep the line ſtretched, faſten the other ex- 
tremity to the axle of which the radius is 
required; the line being ſtretched by the 
weight mentioned above, meaſure by a 
ſcale of even parts, any convenient length, 
6 inches for example, and mark the extre- 
mities of the length ſo meaſured; then 
holding the axle horizontal, let the mea- 
ſured part of the line be wound round it 
in the form of an helix, thecircumferences 
being every where contiguous. Count 
the number of revolutions, and ſuppoſe 
them == n, alſo meaſure the length of the 
cylinder occupied by the helix; let this = 
a, and the length of the helix or line firſt 
mentioned =/, p= 3.14159, &c. then, the 


radius of the cylinder = — 
2 pn 
The exactneſs of this method may be known 
by obſerving, that if the cylinder be truly 
made, 


Fig. 
LXXV, 
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made,and theproceſs carefullyrepeatedwith 
different values of / n and a, the radius de- 
duced will however always come out the 
ſame to the 4th or even the 5th decimal 


place. | 
I. 


In the wheel and axle p L d, the radius 
of the wheel s 1 is to the radius of the 
axle s o, as 10 to 1 : the diſtance of the 
centre of gyration from the axis s R = 
6.7345 parts, the radius of the axle being 
eſtimated as one of them; the wheels' 
weight = 6.c635 0z. then if two weights 
A and B act againſt each other on the 
axle and wheel reſpectively, whereof a = 
10 O:. and B==1 oz. theſe weights will 
exactly balance each other. Let 48 grains 


or — Oz. be added to B, ſo that B ſhall 


become = 1.1 0z. it will deſcend, and will 
deſcribe from reſt 19.54 inches in two 


- ſeconds. 


Fig. 
LXX VIII. 


The wheel and axle P L Tis exactly equal in weight 
and dimenſions to the wheel and ®axle abc ad, except 
only in having no groove cut in the circumference, 
which in this caſe is a plane cylindrical ſurface, termi- 
nated on each fide by an edge, to prevent the line from 
falling off: this. wheel and axle is to be placed on the 
friction wheels, and the weights being applied as deſcrib- 
ed above, adjuſt the graduated ſcale ſo that it ſhall be 
oppoſite to the CY weight B, and ſet the ſquare 
ſage at 19.54: then let B begin to deſcend from o = 

e 
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the ſcale at any beat of the pendulum, it will ſtrike the 
ſtage bw the ſecond beat, having deſcribed 19.54 in two 
ſeconds. 

In the deſcription of this experiment it is ſaid, that the 
diſtance of the centre of gyration from the axis is 6.7345 
parts, the radius of the axle being one of them. This is 
obtained from having the equivalent weight, which being 
uniformly accumulated, in the circumference reſiſts the 
communication of motion by its inertia, equally with the | 
maſs contained in the wheels: This equivalent weight F 304. 
was found to be 2.75 oz. Suppoſe then the maſs of the 
wheels to be removed, and the 2.75 oz. to be accumulated 
uniformly in the circumference, at the diſtance from the 
axis & L, and et 2.75 =P, and the wheels“ weight ; 
then according to the rule demonſtrated in Prop. VIIL 


Set. VI. S R = VE NN = 


* A 6.0635 
67445: 3 
o compare this experiment with the theory we muſt 
refer to Sect. VI. Prop. XIX. Cor. 1. which being ap- 
plied to the preſent caſe, gives g 10, p= 1.1, 9 = 10, 
w=6.0635,r = 6.7345, and the force which accelerates 
the deſcent of B = —L =. — L212 
writpn* +09 275 +110 +10 
I 


=——. Wherefore the ſpace deſcribed from reſt by 


39-5 1 
the deſcending weight B in two f ſeconds = 2 = — 1 b, 
19.54. $4.1. "I 1 


This experiment may be varied by making B deſcend 
for 1 ſecond, 2 ſeconds, and 3 ſeconds: the ſpaces deſcrib- 
ed from reſt, will be 4.88, 4.88 x 4 and 4.38x 9, whereby 
it is practically ſhewn, that the ſpaces deſcribed are in a 
duplicate ratio of the times of motion; and conſequently 
that the rotation of the ſyſtem is equably accelerated. 


II. 
On the ſame wheel and axle v s L, Fig: 
let a weight a = 10 0z. be ſuſpended from | | 
the axle by means of a line wound round þ 


it, and B=1 oz. from a line going round 
the 
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the circumference of the wheel ſo as to act 
againſt the former, theſe will balance each 
other. Now let 2 oz. be added to a, ſo 
that it ſhall become 10 02. then will 
a deſcend and will deſcribe 3.37 inches in 
3 ſeconds, from reſt. 


If the weight which deſcends from the axle be g, the 
weight acting againſt it on the circumference of the 
wheel = , the radius of the wheel Za, that of the 
axle = 1, the diſtance of the centre of gyration from the 
axis zz r, and the wheels weight = ww; the force which 


accelerates the deſcent of 4 = — — which is 
wr* + pn* + 
demonſtrated exactly in the ſame manner as hoop. XIX. 
Sect. VI. Applying this to the preſent caſe, we have 4 = 
g=10.75, B=p=1, SL =n= 10, w 26.0635, r= 


| . ＋ꝙꝓ—Bᷣ — 
6.7345, and the force of acceleration = d 


E; wherefore the ſpace deſcribed by the deſcend- 


385.75 
ing weight 4 in one ſecond = 213 
abs 8 385.75 


of an inch, and in 3 ſeconds the ſpace will be = 
3755 X 9 = 3-37 inches. 

n all the * experiments, the weights have 
been eſtimated according to the troy meaſure, the 
ounce conſiſting of 480 grains; in the enſuing experiments 
the avordupoiſe ounce happening to have been uſed when 
they were originally conſtructed, it was afterwards thought 
needleſs to alter the numbers ; this is here mentioned, not 
becauſe ĩt is ofany conſequęnce to what ſtandard the weights 
in any experiments are referred as far as regards the weights 
themſelves, but becauſe according to the known ſpecific 
gravities of the ſubſtances uſed, the dimenſions and 
weights of the , of which the —_— con- 
fiſt would not be conſiſtent with the numbers ſet down 
in the experiments, according to the troy meaſure; the 
ſtandard weight therefore referred to in the remaining 
experiments be the averdupoiſe oz. conſiſting of 437-5 


grains, 
III. 


= . 3752 parts 


PN "OY 1 


6345) 


III. 


40 Qs the ſyſtem deſcribed in page ri. 


239, of which the dimenſions, &c. are as 
follows: Radius of the ſteel axle a 3 
20133 parts of an inch, its weight = 


LXXXIV, 


2.4713 og. the radius of the ſteel rod oc 


2.0671, length of the rod 0Q= 12.553 
its weight =. 8034 oz: radius of either 


braſs ſphere co, Dq == .74, the weight 


of each ſphere = 7.935 oz. a line is wound 
round the axle A B, and paſſing horizon- 
tally over the wheel r o, is ſtretched by a 


weight p == 10 oz. which deſcribes from 


reſt during its deſcent 15.5 inches in ten 
ſeconds, or 5.59 inches in fix ſeconds. 


The wheel FG as in the laſt experiment revolves on 
the friction wheels, and the ſpaces deſcribed by 5 in its 
deſcent are eſtimated by means of the graduate e as 
before, To compare this experiment with the 74 
we may have recourſe to Prop. I. Cor. 2. Sect. VI. 
where it is ſhewn that in any mowing yin, the force 
which accelerates the point to which t moving force is 
applied, is that part of the acceleration of gravity which 
is expreſſed by a fraction, of which the numerator is the 
ſquare of the diſtance at which the force is applied from 
the axis, multiplied into the moving force, and the deno- 
minator the ſom of all the products formed by multiply. 
ing each particle of the ſyſtem into the quare of in G. 
ance from the axis of motion. 

In the preſent caſe therefore it is neceſſary to obtain the 
ſum of Ache products which can be formed by multiply- 
ing each particle of the * 430 Qinto the ſquare of 

x its 


LExvmn, 
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its diſtance from the axis of motion, according to the di. 
menſions given. 

In order to eſtimate the ſum of theſe products in the 
two ſpheres, ſome few conſiderations are neceſſary before 
the uſual rules can be applied. It is to be obſerved that 
in each ſphere there is a cylindrical cavity terminated at 
each end by portions of the ſphere ; but theſe portions are 
far too ſmall to have ſenſible effect in the computation, 


even if it were carried beyond the uſual number of deci- 


mals. The cavities therefore being cylinders of which the 
length is equal to the ſphere's diameter or = 1.48,and their 
radius = 0.0671, and the ſpecific gravity of braſs being 


8 when that of water is 1; it appears that if theſe cylin- 


ders were of braſs, the weight of each would be = 


o. ogg part of an oz. which being added to 7.985 the 


—— — of each ſphere when the cavity is not filled up, 
will give the weight of the entire ſphere of braſs = 
8.0819 ol. 

When any ſphere revolves round an axis of motion, 
from which the diftance of the ſphere's centre is 4, the 


radius of the ſphere — and its weight au, the ſum of 


1 Page 224. 


T Page 223. 


axis of motion = 


the products which can be formed by multiplying each 
particle into the ſquare of its diſtance from the axis of 


ay 


-. Applying this to the pre- 


+ motion = 44. — 2 
5 


ſent caſe, we have 4 = & Eg 5.535, r 74, w = 
8.0819, and the ſum of the products required = 
3 * 5.535* Xx 8.0819 + 2 * $74 X 8.0819 __ f 

18 5 Þ 77 $. es WP 249.37; 
but from this ſum of products juſt found muſt be ſubtracted 
the ſum of thoſe which are formed by multiplying each 
particle of the braſs cylinder, imagined to be inſerted in 
the ſphere, into the ſquare of its diſtance from the axis. 
Now when any cylinder revolves round f an axis of mo- 
tion, the axis of the cylinder being perpendicular to that 
axis, the ſum of the products mentioned above may be ob- 
tained by the following rule. Let the radius of the cylin- 
der r, its weight v, the diſtance of its centre of gravity 
from the axis of motion = 4; the diſtance of the nearelt 
extremity from the axis of motion = «, that of the fartheſt 
= 6: then will the ſum of all the products under each 
particle into the ſquare of its reſpective diſtance from the 


DNN by ppb. 
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mg 


( 347 ) 
ing this to the braſs cylinder imagined to be inſerted on 
the ſphere we have w = 0.0969, 4 = 5.535, 6 = 6.275, 
— , 4 = 0.0671, and the ſum of the rodutts = 


8X 5-535 X 6-275 +4 X 4-795" +3 X 0.0671 x .0969 


12 ; 
= 2:98, which being ſubtracted from the ſum of the 
products 249. 37, there will remain 246.39, for the ſam of 
the products of each particle in the ſphere with the cylin- 
drical cavity multiplied into the ſquare of its diſtance from 
the axis of motion; and the ſum of theſe products in both 
ſpheres = 492.78. 

To find ſum of the acts in the rod $2 we 
have by referring to the rule above, a = o, d= 3.1375, 
b = 6.275, r = 0.0671, w = .4017 0z. and the ſum of 


— 
— 


the products required = — 2 6.275 + 


— ; 
— * . 4017 = 5-272, and the ſum for the whole 


rd = 10.544. 

The ſum of the products fimilarly taken in the axis is 
obtained from the rule contained in page 224, where it is 
ſhewn to be half the cylinder's weight multiplied into the 
ſquare of its radius: this will give the ſum of the pro- 


duQs in queſtion 22. = .050: the ſum 
2 
of the products therefore in the whole ſyſtem — 
492-78 + 10.544 + -05 = 503-37, and becauſe the 
weight of the ſyſtem is 18.244 ounces, the diſtance — VI. 
of the centre of gyration t ſrom the axis will be = Vil, 


VS = 5.2527. Let this r, and w= 18.244, 
S 10 ounces = the deſcending weight: q = a weight 
aivalent to the inertia of the wheel FG and the friction 
wheels when accumulated into the circumference of the 

wheel FG, this has been || found = 2.75 troy ounces, | Page 302. 
which are equal to 3.017 avoirdupoize ounces uſed in this 
experiment. . Moreover, let 4 be the radius of the axle 
AB = .20133, and ? = 10 ſeconds: then the ſpace de- 

ſcribed g by the deſcending weight in ten ſeconds = — A 

2 . . 

— = 15-52 inches, Cor. 2, 
t+ gx + wr | | 


Xx2 In 
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In fix ſeconds the ſpace deſcribed from reſt by the de- 


1 vi. feending + weight is obſerved = 5-59» which is to 
op. l 10 


Bor. 4+ 


15.52, as the ſquare of 6 to the ſquare z thus it 
ars by experiment, that the deſcent of p is uniformly 
lerated, and that the ſpaces deſcribed reſt are in 
a duplicate ratio of the times of motion. 


IV. 


In the ſyſtem A ; o q,; let the length of 
that part of the line which is wound 


round the axle 2 15.5 inches, and let the 


extremity of it be ſo applied to the axle 
by a loop and pin, that when p = 10 0z, 
has during its deſcent deſcribed 1 5.5 inch- 
es, the ſtring may fall off: At this in- 
ſtant the force which accelerated the mo- 
tion of the ſyſtem being removed, the 
ſyſtem will continue to revolve uniformly, 
and will perform 24.5 revolutions in 10 


ſeconds, 


In Prop. XV. Sef. VI. Cor. 1. it is ſhewn that if þ 
be the moving force generating angular velocity in any 
ſyſtem, 4 the radius of the axle to which the moving 

rce is applied, r the diſtance of the centre of gyration 
from che axis of motion, o the weight of the ſyſtem, / = 
193 inches, and c = 3.14150, &c. the weight p in de- 
ſcendiog through any ſpace s, will generate ſuch an angu+ 
lar velocity in the ſyſtem, as will cauſe it to deſcribe uni- 


| U 
ſormly — revolutions in a ſecond; 


provided after p has deſcribed the ſpace ;, the ſyſtem ſuffers 
neither acceleration nor retardation. Applying this rule 


| to the prefent caſe, we have s = 15.5. % o, 420133 


ww = 18.244, 2 $+2527, and he number of revoſu- 
ons 


( 349 ) 
tions in 088 Dead according w the ruls | 
" 193 x I5.5 x 16 
14159 X.20133 X 10+3-14159 X18.244X5.25 
= 20 3, and conſequently in 10 ſeconds 
revolutions will be 24.53. 


V. 

DCE is a braſs cylindrical plate of rig. wv 
which the weight = 188.5 ounces; this > 
cylinder turns horizontally round a fixed 
vertical axle Aa B: the axle is ſuſtained in 
the frame u Xx Yz. Motion is commu- 
nicated to the cylindrical plate by means 
of a line 1 6 wound round its circumfe- 
rence and from thence going over the 
wheel yo which reſts on the friction wheels; 
or by the line L which is wound round 
the axle and goes over the fame wheel 
FG: the radius of the wheel is to the ra- 
dius of the axle as 12.6. 1. If the line 
10 be ſtretched by a weight p = 7 oz. 

p will deſcribe during its deſcent 51.84. 

inches in two ſeconds, 

ee 
ance from the axis of motion is equal to half the 

cylinder's weight multiplied into the ſquare of its radius, 

that is in the preſent caſe, the ſam of the products juſt 


mentioned = — = 14963; and the ſum of 
the products fimilarly taken for the axle being. 52, the 
— will be 14963-52, to this muſh be added the 

pro- 
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 produft'of the equivalent weight of the wheel F G, and 
the deſcending weight, wolltet into the ſquare of 
the wheel's radius, that is, 3 + 7 x12.6* = 1587 ; which 
will make the ſum of the products for the entire ſyſtem = 
165 50.52; Wherefore the force which accelerates the deſcent 


2 HOAPy 
2.568 f 6550-5 r 


two ſeconds the ſpace will be 12.96 X 4 = 51.84, ay ap- 
v7 pear by experiment, | 


| VI. 

Every thing elſe remaining as in the 
laſt experiment: let the line be wound 
round the axle, and let a moving force = 
10 oz. be applied to ſtretch the line which 
goes over the wheel L G6; the ſpace de- 
ſcribed by the deſcending weight in 10 
ſeconds will be 12.8 inches. 


The ſom of the products formed by multiplying each 

ticle into the ſquare of its diſtance from the axis in the 

whole ſyſtem being 14963. 5 2; to this add the products form- 

F Exp. v. ed by multiplyingtt e equivalent weight of the wheel FG, 
and the deſcending weight into the ſquare of the diſtance 

at which they act on the ſyſtem from the axis, and ſince 

that diſtance is 1, the product required will be 13; this 

being added to the ſum before found, the whole will be 

PR 14976.52, and ſince the moving force þ is 10 oz. the force 


10 


which accelerates the deſcent of p = = 
n 
The ſpace therefore deſeribed by 5 during 


1 
1497. 
Frop- i, one ſecond from reſt = * 1288 f inches and 


a in ten ſeconds the ſpace deſcribed = 1288 inches. 
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Cor; The diſtagce of the centre of gyration from the 
axis = Y = = 8.913, the radius of the axle 
being = 1» | 


N. B. The aperture in the cylinder which admits the 
axle is ſo ſmall that whether it is taken into account or 
not, no alteration is occaſioned in the number ſet down. 


VII. 


Let A B c repreſent an inclined plane of $8. vr. 
which the height is to the length as 1: =_ 
16, and let a ſphere deſcend by rolling 
down this plane: the centre of the ball 
will deſcribe 34 inches in 2 ſeconds. 


If the “ ſphere's ſurface and the inclined plane were . 
ſectly ſmodth, ſo that the ſphere might ſlide + — Page 233, 
plane, the force which accelerated the deſcent would be 
to the force of gravity as the plane's height to the 


length, that is, it would be g- part of the acceleration of 


gravity ; but as the ſphere rolls down the plane, the force 
of acceleration is diminiſhed in the proportion of 7 : 5, ſo as 


to become Zof ig =--—; wherefore the ſphere's centre 


will deſcribe by the action of this t force — or 8.616 3 Sea r. 


rop. Iv. 
inches in one ſecond, and 4 & 8.616 = 34.4 in two ©" 
nds. 

Cor. As all ſpheres, whatever de their magnitudes de- 
ſcend by rolling down a given plane with equal abſolute 
velocities, the angular velocities acquired in a given time 
will be inverſely as their diameters : ſo that by decreaſing 
the diameters, this angular velocity might be encreaſed fine 
limite, unleſs the effects of friction encreaſed the ſame 
time, which obſtruct the motion of ſmall ſpheres don 
inclined planes far more than larger ones. * 

2. KK 
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2. If a cylinder be accelerated along the ſame inclined 

plane by rolling; in this caſe the force of acceleration 
1 2 


| Page 231, being =—= x- == the ſpace deſcribed from reſt in 


16 3 

one ſecond = 2 = 8,041, and in two ſeconds the ſpace 

= 32-164. : ; eee" 
"Hence it is manifeſt how much experiment will diſ- 
with the theory of the deſcent of bodies along 
planes, unleſs their rotation be taken into account; for 
if the cylinder were to ſlide without rotation along the 
2 uring two ſeconds as in the laſt experiment, the 


ace deſcribed would be 48.25 inches, inſtead of 32. 165, 
the difference of which is no leſs than 16,08 inches. 


F VIII. 


Let the ſyſtem repreſented in fig. 84. 
be removed from the frame; and let two 
lines be wound round the axle in the 
manner repreſented in fig. 86. let theſe 
lines be faſtened to the points L and 1 at 
a conſiderable height, L and 1 being in 
an horizontal line, and make LT = 
1H, that the axle may be horizontal. 
When the ſyſtem is unſuſtained, it will 
gradually deſcend by unwinding itſelf 
from the line, and the centre of the 
axle will deſcribe 28.3 inches in ten ſe- 


conds. | 


Se. VI. Through the t centre of gravity G draw GRO perpen- 
top. XIV. gdjeular 5 the horizon when he od O is vertical; and 
Cyr. 3. Aſet & be the centre of gyration of the ſyſlem when it re- 


wolves round the axis 4B: aſſume TH in the ſurface of 
axle parallel to the axis 4B: ſuppoſe the ſyſtem to 
vibrate as a pendulum on this line, and let O be — 


Li. 3085 | 


tre of oſcillation ; then if the ſyſtem deſcends by unrol- K 
ling itſelf from the lines J L, 7H, the centre G will be 
accelerated by a force which is that part of the accelera- 
tion of gravity, which is expreſſed by the fraction 75 In 


order to find the value of this fraction by theory, we have 
SG = 20133, GR = 5.2527, and becauſe SG: GR:: 


. 2527* 
R: Ot, it follows, that GO = 22770 = 137, fg 


wherefore GO + GS = $O = 137 + .20133 = 137.201; W 3. 


880. 40933 1 a rop. VIII. 
7 mo = 5877? being the force which ac- Cor. 3. 


celerates the deſcent of G: which therefore in ten ſeconds 

; 1. 193 X 100 _ . 
will deſcribe "Una - 28.32 inches. 

Tf the axle 4B were to be placed between two inclin- 
ed planes of the ſame heights, lengths and poſitions, and 
were to deſcend by rolling along them, and the coheſion 
ſubſiſting between the ſuriaces of the plane and the axle 
were ſufficient to ſupply the place of the line, by the tenſion 
of which the rotatory motion was before generated; in 
this caſe the accelerating force would be equal the force 
in the laſt example multiplied into the plane's height and 
divided by its length. 


IX. 


Every thing elſe remaining as in the 
laſt experiment, let TL, x1 (no longer 
fixed to L and 1) go round two fixed pul- 
lies F and , and tc the extremities let two 
weights p, p, each of which is equal to 
9.108 oz. be ſuſpended: theſe weights will 
exactly counterbalance the ſyſtem as it is 
deſcending, and will remain quieſcent. 

That moving force which cauſes the rotation of the 


ſyſtem, or that which ſtretches the firings L I, #7 is 
Yy that 


+ Wi 


| | Ln NIV. that part f of the ſyſtem's weight which is expreſſed by the 


| | oer. 3. fraktion 75 but in the preſent cafe GO = 137, and 80 
| = 137-20133,"and the weight = 18.244; wherefore the 


force which ſtretches the ſtring in exp. viii. = EY 


=18.217, the half of which is 9.108, if therefore each of 
the weights p be each 9.108, they will together be equi · 
valent to the ſtring's tenſion as the ſyſtem is deſcending, 
and conſequently will remain quieſcent. 

Let a ſmall piece of ſteel be fitted to the rod GC, ſo as 
to admit of being fixed to it at any given diſtance from 
the centre G, "alling mtg. the axis of the rod CD: 
let two edges proceed from the oppoſite fides of this piece 
of ſteel in directum in regard to each other, and parallel 
to the horizontal axis AB: ſo that when the ſyſtem reſts 
oh theſe ſteel edges, the axis of the cylinder DC ſhall be 
vertical, as repreſented in fig. 86. when motion is com- 
municated to the ſyſtem, it will vibrate as a pendulum 
on theſe ſteel edges as an axis of motion, 


X. 


Let the ſteel edges (vid. preceding note) 
be fixed at .717 parts of an inch from the 
centre G: on ſetting the pendulum in 
motion it will be obſerved to vibrate once 
in each ſecond, provided the arc of vi- 
bration be ſmall. 


In this caſe SG = .717, and by what has preceded GR 
= 5.2527, if therefore O be the centre of oſciliation. we 
: 2 


— VI. have 160 = 1 38.48, which being added to SCG 
= «717, gives 80 8 or nearly 39. 2 for the 
a 


E ulum's length ; pendulum of this length is 
own to perform its vibrations in ſeconds. 


XI, 


= = 


XI. 


Let the ſteel edges be fixed at different 
diſtances from the centre G: it will be 
obſerved that the time of the pendulum's 
vibration will be the leaſt of all when the 
axis or edges paſs through x the centre of 
gyration. 

This has been demonſtrated in prop. x. ſect. vi. but 
may be more caſily ſnewn thus. Let $ be the point 
through which the axis of ſuſpenſion paſſes, O the centre 
of oſcillation, R the centre of gyration, then in general 
8Gt: GR::GR: GO: now when four quantities are in f Se. VI, 
geometrical + proportion, the ſum of the two extremes is Prop. VI. 

s greater than the ſum of the ewo middle terms, _ 3 

except when the four terms are all equal: therefore $G Prop. VIIL 
+ GO is always greater than 2GR, except when $G — Cor. 3. 
GR=GO; 8G + GO therefore will be the leaſt poſſible EL y 
when $G = GR, that is, when the point & through Prop. ult. 
which the axis of ſuſpenſion before coincides with R the 
centre of gyration. 

Cor. When a given body vibrates in the leaſt time poſ- 
fible, the plane of vibration being the ſame, the diſtance 
between the axis of ſuſpenſion and centre of gravity is equal 


to the diſtance between the centre of gravity and the cen- 
tre of oſcillation, for by what has preceded SG = GR, 


GR 


It muſt be obſerved concerning the experiments made 
on bodies which revolve round axes, that the friction is 
diminiſhed, or indeed almoſt wholly removed as to any 
ſenfible effects three ways: 1. by making the axle revolve 
horizontally on friction wheels: 2dly, by placing the axle 
yertical, the lower point of the axis being ſuftained in 
a very ſmall and well poliſhed cavity, as in fig. 84. here 
the ſmallneſs of the ſurfaces in contact has an effeRt in re · 
moving tenacity, and we may ſay friction too, notwith- 
ſtanding ſome experiments to the contrary equal to that 

aced by the friction wheels: zdly, when the ſyſtem 


vibrates 3 by ſuſpending it on ſharp edges as in the latter 
— | 
Yy3 SECT, 
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SECT. IX. 
ON THE MOMENTUM + or BODIES IN 
als | MOTION, 


»* Pager, L ORCE has been “defined that 

which cauſes a change in the ſtate 

of motion or quieſcence of ſubſtances : 

The action of animal muſcles, the im- 

pact of bodies either ſolid or fluid, at- 

tractions and repulſions of various forts 

have bcen enumerated as inſtances of this 

motive power. The Idea of force is ori- 

ginally acquired from the ſenſe of feel- 

ing, and through the medium of that 

ſenſe by the eye alſo; but this idea ex- 

tends only to the degree of force, not to 

the quantity or any meaſure of it. Thus 

when muſcular force is exerted in order 

to overcome reſiſtances of any kind, there 

is no difficulty in determining when the 

force is greater or leſſer, but as it is not 

in itſelf a mathematical quantity, the 

proportion between the greater and leſ- 

ler, and the exact increaſe or diminution 

of its intenſity cannot be known except 

ei by applying either 4 [pace or number as 
meaſures of it, 

Application This application is effected by the 

Gaye, axioms or laws of motion, which may be 

F n 


+ The expreſſions, quantity of motion, momentum, and 
moment, are uſed ſynonymouſly throughout this ſection. 


C ian 1 


termed-propoſitions intermediate between 
Geometry and Philoſophy; through theſe, 
mechanics becomes a mathematical 
branch of phyſics, and its concluſions poſ- 
ſeſſed of ſuch coherence and conſiſtency 


among themſelves and with matter of 


fact, as are rarely to be found in other 

branches, which admit not of fo intimate 

an union with the ſcience of quantity. 
Since the Newtonian laws apply ma- 


thematical relations to the motion of bo- eg. 
dies, it may be expected that the truth of | 


them ſhould reſt on mathematical proof: 
but it 1s to be remembered, that theſe 
laws are aſſumed in mechanics as axioms 
are in geometry; and an axiom is under- 
ſtood to be a propoſition which either from 
being intuitive requires not, or from the 
nature of the objects to which it is ap- 
plied is incapable of, demonſtrative evi- 
dence. £7: 

This 1s the caſe with the laws of mo- 
tion: They cannot be deduced from any 
reaſoning a priori, for we know no- 
thing concerning matter but from expe- 
rience; and though experiment confirms 
the truth of them 1n a variety of inſtances, 
and to a certain degree of exactneſs, yet 

be- 

* Chemiſtry and Electricity are of this fort: the prin- 
ciples of theſe are arranged ſy ſtematically, and are refer- 
able t6 a few general laws; but they are not univerſally 
and without exception conſiſtent among themſelves and 


with experience, as the principles of mechanics are. 
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between that degree and the mathemati- 

cal relation expreſſed in the laws, there 
may be infinite varieties of different re- 
lations which experiment cannot diſcover, 
Lawot  ÞIf then it bs enquired, from what evi. 
tected from denee our aſſent to theſe axioms is de- 
Neu. Fived, it may be replied, the evidences 
are of various kinds. 1. From the con- 
ſtant obſervation of our ſenſes, which 
tend to ſuggeſt the truth of them in the 
ordinary motion of bodies, as far as the 
experience of mankind extends. 2. From 
"experiments, properly ſo called: In theſe 
it always appears, that when the moſt 
effectual means are uſed in order to 
ſubje& theſe axioms or laws of motion 
to the ſevereſt and moſt minute exami- 
nations, by removing all impediments 
which may tend to . any devia- 
tion from the truth, the reſult is a more 
near agreement between the experiments 
and the axioms juſt mentioned, the more 
perfectly the intentions of the experi- 
ments are accompliſhed. This will lead to 
a 


b The laws of motion not admitting of demonſtration, 
the truth of them muſt be collected from the beſt evidence 
the nature of the ſubjeQ will admit. 


© This argument depends not on the accuracy of theſe 
common rvations, but from their extent; nothing 
contrary to the axioms being obſerved in the great va- 
tice of mations which are the daily objects of the ſenſes. 


In experiments every power is removed as far y be, 
except thoſe which are the object of — 
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a belief, that if it were poſſible to remove 
every imperfeCtion from the conſtruction 
of experiments, and to increaſe the aente- 
neſs of the ſenſes, of which they are the 
objects, in an infinite degree, a mathe- 
matical coincidence between ſuch experi- 
ments and the laws of motion would be 

obſerved. | 
3. From arguments a poſteriori: — Let 
a propofition be afſumed as true even 
without evidence of any kind; if by ftri 
and logical reaſoning, various concluſions 
are deduced, which upon examination are 
found conſiſtent among themfelves, and 
with experience, this will be a pre- 
ſumptive proof in favour of the prin- 
ciple aſſumed; and our affent to it will 
be the more ſtrongly enforced in propor- 
tion as the concluſions inferred and the 
compariſon of them with experience have 
been more extenſive. From the Newto- 
nian axioms aſſumed as true, a ſyſtem has 
been deduced and compared with pheno- 
mena in numberleſs caſes: it has been ap- 
plied to the motion of the planets and co- 
mets, to that of bodies on the earth's ſur- 
face; even to the motion of thaſe minute 
Ine which compale both folid and 
id ſubſtances: A perfect agreement be- 
tween theſe conſequences of the axioms and 
matter of fact has been the reſult, no one 
inſtance excepted. Theſe and other ſimilar 
A 
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arguments, upon the whole amounting 


to evidence ſcarcely inferior to mathema- 
tical demonſtration, are the grounds on 
which the laws of motion, although in- 
capable of direct proof, are received as 
axioms, from which the various theorems 
concerning the effects of forces are ſyſ- 
tematically demonſtrated. | 
In treating of mechanical as well as 
other ſubjects, it 1s certainly allowable to 
deſcribe terms by any form of words that 
may ſeem beſt adapted to the purpoſe 
of conveying a diſtinct and adequate idea 
of the object deſcribed. © The meaſure of 
the quantities of motion impreſſed on 
bodies, or deſtroyed in them, may be de- 
fined by the joint ratios of their quanti- 
ties of matter and velocities, or of the 
quantities of matter and ſquares of their 
velocities : but as definitions affirm no- 
thing, being in themſelves incapable of 
expreſſing truth or faliity, if either of 
theſe meaſures were ſaid to be right ex- 
cluſively of the other, this would be only 
miſapplying the definition by converting 
it 
* The definition does not imply the deſcription of any 
properties of motion, but only of the meaſure of its quan- 
tity. By the ratio of the quantities of motion in any two 
moving bodies, 1s defined to be meant, the joint ratios of 
the velocities and quantities of matter contained in the 
bodies: it is therefore impoſſible to miſtake what is meant 
by the expreſhon, quantity of motion, according to this de- 
ſcription ; and this is the only object of the definition: — 


the ſame may be applied to any other definition of the 
moments of bodies. 


Ma a - aa Fry Sea Me i. af 


( 361 J 


it into an affirmation or propoſition. 
The ſame objection may be urged againft 
many arguments which have been brought 
both- from theory and experiment in the 
way of proof, in order to eſtabliſh one of 
theſe meaſures, or controvert the other. 
The following are of this kind, and when 
cleared from the multitude of words 
which controverſy has heaped upon them 
may be deſcribed thus. Let the meaſure 


expreſſed 'by — * 7 be aſſumed as that 


by which the quantity of motion is de- 
fined: becauſe the total effects of bodies 
in motion eſtimated by the reſiſtances 
which they overcome, and the whole 
ſpaces deſcribed during their conſtant re- 
tardation jointly, are obſerved in experi- 

| ments 


f Whenever any meaſure of the quantity of motion is 
mentioned, it implies the conſideration of two bodies, the 
moments of which are compared: let the two bodies be 
2 and q, and their reſpective velocities and : then the 
joint ratios of their quantities of matter and velocities 
will be FxX2 tow x , or according to the notation uſed 


Goa. i. = x $201. In the following pages when 


in 
P28. a * _— 
5 is mentioned as expreſſing the quantities of bodies 


moments, it means that the quantity in the body 2 is to 
that in 9 as © x Dio 1, or as VX to vn : a fimilar 


conſtruction is to be underſtood concerning the other mea- 


ter S. >: 


2 2 


t Page 35- 
Sea, VII, 
Exp. XII. 
Page 333 · 


oppoſite direction, the moments of 
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3 At ** 
ments to be always proportional to #— x 


5 or in other expreſſions, becauſe 


PO NA. either EI Sor 
S 7 _ m $5 V bs 


* f was concluded to be the true mea- 


ſure 


s The notation uſed in prop. v. and vi. ſe. iii. is 
adopted in this ſection, and the ſignification of the quan- 
pitjes is the ſame as deſcribed in thoſe propoũpons. 


b The quantity of rectilinear motion any how eſtimated 
is * „ to the ſame direction: two equal quantities of 
motion acting in oppoſite directions exactly coun- 
teract each other, and vice verſa, if two moments acting 
in contrary directiong countera®t each other, they are in- 
ed to be equal. It is needleſs to mention caſes of ob- 

1que forces, ſince nothing is gained or loſt in a given di- 
— by the reſolution or compoſition of forces. 


i A practical inſtance or two in which both meaſures of 


the 9 of motion are applied, may be here inſerted. 


1. When piles are driven into the earth by the percuſſion of 
heavy bodies impinging on them, the ſpaces they deſcribe 
at each impact of the weight are eſtimated from the the- 
ry of Leibnitz, &c. thus. Let the force with which the 
WA reſiſts the entrance of the piles, be to the weight of 
the impinging body as m: M; and let the ſpace through 
which the pile is driven, be to the ſpace through which 
the heavy body falls as S: 7; then, as the whole motion 
of the impinging weight is moages by reſiſtance in the 
th are equal and con- 


3 nee chad 
R 


vb by the preſent caſe, it follows that M XS =mX5: 
that is, the umpipging weight multiplied into the 1 


. 


. oe . 
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ſure of the quantities of motion de- 
ſtroyed. This is only one out of a many 
inſtances of ſimilar experiments made on 
bodies both accelerated and retarded, 
which have been brought to eſtablith this 
meaſure of momentum; It is however 
evident, that nothing is proved by theſe ex- 
periments, except the truth of the mecha- 
nical-propoſition expreſſed in the equation 


F* $M ,8.. -.. | 
I . r ad” * 778 which, without any 
teference to experiments, is deduced 
from the laws of motion. | 
Exactly in the ſame manner experi- 


N 


V M T e 

Tv *_ v b. Ex 
ments ſhew, that 5 785 . 
which 

from which it falls, is equal to the reſiſtanee exerted againſt 


the pile's entrance, multiplied into the ſpace to which it 
is driven; This, it is evident, holds true, whatever be 
the reſiſtance which is oppoſed to the pile, becauſe while 
it moves through a ſmall ſpace the reſiſtance is conſtant, 
and its proportion to the impinging weight muſt be al. 
ways expreſſed in the rule by the ratio : M. 

2. Let two boats of different weights be connected toge- 
ther by a line, and let the line be ſtretched by pulling the 
larger veſſel toward the ſmaller, or the ſmaller toward the 

F NPY _ 

larger; applying the equation — x == * 7. Mn, 
becauſe the tenſion of the rope acts equally on each body: 
and Tr, becauſe they begin and continue to move to- 

ther; wherefore, becauſe MT = ut, it follows, that 

XY =wX q, or the velocities of the two boats, at 
any given inſtant, will be in the inverſe proportion of 
their quantities of matter, the reſiſtance of the water no 
being confidered. 

Z 22 


_— T7 
which it may with equal reaſon be con- 
cluded, that either - * 2 or — * 4 18 

S 
the true meaſure of the quantities of mo- 
tion in bodies. 8 

Theſe arguments, however inconcluſive 
in themſelves *, being extended and di- 
verſified, gave riſe to others leſs ambi- 
guous: whatever difference of opinion 
might ſubſiſt concerning the meaſures in 
| 1 it was agreed univerſally, that 
the quantity of motion, if meaſurable at 
all, ſhould be proportional to the cauſes 
by which it was generated, or to the ef- 
fects produced by it, eſtimated according 
to the ſame meaſure; and that a conſtant 
equality between the quantity of motion, 
before and after its communication, 
ſnould be preſerved in bodies of every 
kind and any how moved. 
This principle applied to the ! meaſure 
which 
The experiments firſt made on the effects of percuſſion 
on ſoft bodies, &c. in order to prove the truth of the mea- 


ſure of momentum expreſſed by = 5 Swere prior intime 
to Bernoulli's theory denominated Conſervatio virium vi- 
varum. 


I Bernoulli termed this principle virium vivarum con- 
ſervatio when applied to the meaſure - X Sonly; but 


motus being the word uſed to imply quantity of motion 
in general, conſervatio motus will expreſs the application 
of the ſame principle, to the motion of bodies eſtimated as 
to quantity by either of the meaſures. 
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which eſtimates the motion of bodies by 

their quantities of matter into the ſquares 

of their velocities, Bernoulli denominat- 

ed virium vivarum conſervatio, imagining 

any given moment thus meaſured to be 

univerſally permanent and immutable in 

quantity: T Hinc patet vim vivam eſſe FN 

e aliquid reale et ſubſtantiale quod per R 

« ſe ſubſiſtit, &c, — unde concludimus u. vi- 

« quamlibet vim vivam habere ſuam de- 

© terminatam quantitatem de qua nihil 

te perire poteſt quod non in effectu edito 

« reperiatur,” s 
Perceiving his principle to obtain in 

ſeveral inſtances, he too haſtily concluded 

it to be univerſal; and, as is well known, 

by reaſoning from it * ſyſtematically, was 

led into miſtakes and inconſiſtences, which 

he choſe to miſemploy his *ingenuity 

in defending, rather than forego a pre- 

conceived theory. If indeed the nature 

of motion were ſuch, that a given 

quantity of it, any how eſtimated re- 

mained in all cafes permanent, ſuffer- 

ing neither augmentation nor diminution 

in its communication, this immutable 

quality would in itſelf conſtitute the 

reality and truth of the meaſure thus 


a 


m In ſome *caſes he refers the effects of forces to direc* » pitcours 
tions different from thoſe in which the forces were im- for lo 
preſſed, and thence deduces concluſions favourable to his Meuve- 
theory, but as is well known contrary to the laws of mo- Yol. 48, 
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applied; but not excluſively of other 
meaſures with Which (if ollie) the ge- 
neral principle conſervatio motus were 
con . 

To confider this more particularly, let 
either of the meaſures, that of Bernoulli 
for example, be aſſumed. It is plain, 
that unleſs the permanency in a given 

uantity of motion thus expreſſed, were 

emon in all kinds of bodies any 
ho put in motion, or unleſs the truth of 
this principle were collected by induction 
ſufficiently extenſive, and contradicted in 
no one inſtance, it ſhould' rather be ac- 
counted an individual property of mo- 
tion, than à general law: but to give the 
argument its due force, let it be ſuppoſed 
that the conſervatio motusꝰ eſtimated by 


= x ie obtained in general, without 


limitation or exception ; {till if the ſame 
univerſality could be proved to belong to 
the permanency of motion- as expreſſed 


by ES there ſeems no reaſon for aſ- 


ſuming one of them as the true meaſure of 
the moments of bodies in motion rather 
than the other. But the truth is, the prin- 
ciple obtains not according to either of the 
meaſures, except in particular caſes, which 
may be demonſtrated as the other proper- 
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ties of forces are from the general laws 
or axioms. 

In the rectilinear motion of bodies, ac- 
celerated from quieſcence or retarded $ 5g. 
until they are at reſt, the permanency of 
any given quantity of + motion is demon- þ 52. in. N 
ſtrated from the axioms, whether that 4 U. Wy 
motion be eſtimated by one meaſure or 5 
by the other. 4 

In bodies which revolve round ſixed 7 vi 
axes, the principle obtains without ex- iN 

ion when the moment is meaſured by 1, wi 
the quantity of || matter into the ſquare of | 5a. v1. 
the velocity, but fails when meaſured by 
the quantity of matter into the velocity; 
a given quantity of motion thus eftimat- 
ed being alterable in any aſſigned ratio. 


In 
* This may be deduced from Cor. 7. Prop. 16. If it 
were true that a given quantity of motion, eſtimated by * 


the meaſure © X'S, — it would fallow- cher 


any force p acting for a given time 7, muſt produce ſuch 
a velocity in a revolving ſyſtem, that the ſam of the 
roduQs formed by — — particle into its ve- 
ity, ſhall be the ſame as the body p multiplied into the 
velocity which it would acquire in falling freely by its 
avity during the time 7 but the con is eaſily ſhewn. 
ö the whole maſs in the ſyſtem ABC be coll into = 
F E if 
generated in R in the time . = . which being muls- 
riplied into the maſs a vill give E for the produtt 


under the quantity of matter and into its res a — 
—ää ̃ e — — it falls freely — — 

is = 2/t4, whi ing multiplied into p gives 24. Sect. 
che product of the — 1 into the velocity — whlld hoes U. 
it 15 plain may differ from the former in any ratio. 


Sect. VI. 
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In the communication of motion to bo- 
dies by colliſion, when the direction of 


the ſtroke paſſes through the centres of 
gravity, the principle in queſtion holds 


univerſally according to the meaſure 4 * 


85 but fails when the moments are eſti- 


4 hs.:; -- 
mated by 2 X in every caſe, except 


when both bodies are perfectly elaſtic, or 
one perfectly elaſtic and the other perfect- 
ly hard. | 


Laſtly®, when motion is communicated 
to bodies by impact, the direction of 
| which 

o This is an argument againſt the permanency of a 
given quantity of motion according to any meaſure : if 
a body 4 impinge directly with the velocity V on a 
quieſcent body or ſyſtem of bodies B, in the direction of 
a line which joins their centres of gravity, and the bodies 
ſhould be nonelaſtic, the whole maſs will go on after the 
impact with the velocity 50 or if the inertia of A be 
-incomparably ſmaller than that of B, the common velo- 
city will be . If the impact be ſtill perpendicular to 
the plane which it ſtrikes, although the direction of it paſſes 
not through the centres of gravity, the velocity of the 


centre of gravity will be the ſame as before, i. e. =, and 


at the ſame time the ſyſtem will revolve round that cen- 
tre with different degrees of angular velocity, according 
as the direction of the impact paſſed nearer to the centre 
of gravity,or farther from it, as is demonſtrated in ſect. x. of 


this book: it is alſo deduced from different principles in 
A 


nm 


+, 4+ ir . S s too«£-«.. a ddd. adobe aca. tw 
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which paſſes not — the centres of 
gravity, the quantity of motion commu- 
nicated, whether eſtimated by one mea- 
ſure or the other, preſerves neither equa- 
tity nor any conſtant Proportion to the 

uantity of motion impreſſed: theſe con- 
Lierations make 1t evident, that from the 
fundamental properties of forces as ex- 
preſſed 'in the general laws or axioms, 
which are controverted by no one, any 
given quantity of a body's motion, as 
meaſured by the ſum of the products 
formed by multiplying each particle into 
the velocity, or into the ſquare of the ve- 
a very ingenious ® paper on the ſubject of rotation by the * 


Rev. Mr. Vince of the univerſity of Cambridge; to whom * 


the prize medal of Sir G. Copley, for the year 1780, was 
adjudged by the preſident and council of the Royal So- 


ciety. 

When bodies revolve round a progreſſive axis of mo- 
tion, paſſing through the center of gravity, the ſum of 
the moments, if they were eſtimated in a given direction 
as far as regards the rotation, would be = o. This woal 
alſo be true when the axis is fixed; by which method of 
reaſoning, the moment of wg pn revolving round 
fixed axis, which paſſes through the centre of gravity would 
be nothing; whereas according to any ſuppoſed meaſure, 
the quantities of motion impreſſed on revolving bodies, 
are not only finite, but are in aſſignable proportions to each 
other: this being granted, when any quantity of matter 
revolves. in free ſpace, by the impulſe of a body imping- 
ing on it with a given velocity, the quantity of motion in 
the impinging body remaining the ſame, any diferent 
quantities of motion may be produced in the body ſtruck; 
according as the _— is made nearer to the centre o 
gravity, or further from it; a concluſion which is con- 
2 to the hypotheſis of moment according to any mea- 

are, h 


3A 
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locity, is not of that EN and im- 
mutable nature, which if xeally exiſting, 
would be the only ground on which any 
meaſure of ſuch quantity could be eſta- 
bliſhed. This being the, caſe, all contro- 
verſy concerning which. of the expreſſions, 
i, e. that of — x 7 ot the true 
meaſure of the quantities of motion in 
bodies, muſt be regarded as verbal, i. e. 
a diſpute about a term or definition, ex- 
cept only as far as relates to the aſſumed 
principle, denominated“ © conſervatio 
motus,” which implies the quality of the 
ſums of products formed by multiplying 
each particle of a body into. ſome power 
of its velocity: this being a diſtinct pro- 
poſition admits of ſuch examination as is 
neceſſary to confirm or diſprove it. 

It follows from What has preceded, 
that the permanency of motion, during 
its communication, ſhould not be ap- 
phed in the demonſtration of mecha- 
nical propoſitions, becauſe in ſyſtematic 
reaſoning,” no propoſition is to be aſſum- 
ed as true, except the axioms or fun- 
damental laws, and ſuch as have been 
regularly inferred from them. Thus 
in demonſtrating the laws of colliſion, 
the equality of moments before and after 
the ſtroke, as eſtimated by any ＋ 

| den ou 


. n A ll. * n 2 = 
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ſhould not be aſſumed as a ſtep in the 
demonſtration, becauſe nothing is menti- 
oned concerning the equality of theſe mo- 
ments in the laws of motion: the equa- 
lity of moments according to the meaſure 


- > can indeed be deduced from the 


axioms, which deduction is the ſame as 
- demonſtration of the laws of colli- 
on- 


Let A and B be the centres of gravity Av. 


of two bodies moving in free ſpace, and 
let A be ſuppoſed to act on B in the di- 


rection BD with any kind of force va- 11, tar ot 


riable in any manner; then will B react 
on A in the direction AC with equal 
force; and if the time in which the ef- 
fects of theſe forces are produced, be aſ- 
ſumed evaneſcent, the force will for that 
inſtant be conſtant. In the corollarv to 
prop. 1. ſect. 111. it appears, that in any 
given particle of time, the variation of 
velocity generated in that time will be al- 
ways proportional to the accelerating 
force, that is, to the moving force di- 
rectly, and quantity of matter inverſely; 
or, in the preſent caſe, ſince the force 
with which A impels B is equal to that 
with which B reacts on A, the velocitics 
ted in theſe bodies during the ſame 

time, will be inverſely as the quantities of 
matter contained in them: any velocity 
3A2 ge- 
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generated iu A in the direction AC being 
conſidered as a decrement of its velocity 
referred to the direction A D. | 

When a ſphere 4 impinges directly 
on any other ſphere B, moving in the 
ſame direction, the acceleration of B 
and retardation of A will be effected gra- 
dually during the time in which the fi- 
gures of the two bodies are changed by 
the impact; while therefore the centre of 
A moves with a velocity greater than that 
of B, fo long will B continue to gain and 
A to loſe motion, until the change of 
their figures 1s the greateſt, the centres 
being then neareſt to each other; at this 
inſtant they will begin to go on with the 
ſame velocity, in bodies of every kind of 
texture. If the bodies be ſuch as poſſeſs 
a power of reſtoring the figures which 
have been thus changed, this power 


n.. law ot alſo will act equally on each body in 


contrary directions, for the ſame time, and 
will create the greater augmentation of 
B's motion, and the greater diminution of 
A's, according to the proportion of the 
reſtitutive power to that whereby the bo- 
dies reſiſted the force which effected the 
change of their figures: this reſtitutive 
2285 in bodies perfectly void of elaſticity 

ing nothing. Suppoſe the bodies A and 
B to be of this ſort, and to move before 
the impact with the velocities @ and 15 
; et 
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let the time in which the change of fi- 
gure is effected be divided into innume- 
rable inſtants. Suppoſe during the firſt 
of theſe inſtants, that is, at the firſt con- 
tact between A and B, A loſes any ſmall 
part of its velocity repreſented by p, and 
during the ſame inſtant that B gains an 
increment of velocity repreſented by u; in 
the next inſtant let q be the loſs of A's 
velocity, and w the gain of B's, and ſo on 
during innumerable inſtants, let p, 9, r, 5, 
&c, be the ſucceſſive values of the loſs of 
A's velocity, and u, w, f, z, &c. the co- 
N increments of the velocity of 
B: becauſe each of theſe inſtants is eva- 
neſcent, the force which urges the two 
bodies in contrary directions will be con- 
ſtant in any given inſtant, and acting for 
the ſame time will generate increments or 
decrements of velocity which are inverſely 


proportional to the quantities of matter * Paze 371, 


contained in A and ; for this reaſon 
in the firſt inſtant we ſhall have p: u:: 
B: A; moreover in the ſecond inſtant 


q:w::B: A, and fo on: fwhereforei 
p+qg+r>+ &c.: u+wW + tf , &c. Prop xu. 


as B: A; and if x =p+9g+r-+s, &c. 
repreſents the whole loſs of As velocity, 
andy =# + w-+f-+2, &c. the total in- 
creaſe in that of B, the proportion will be 
as x:9:;B: A: but when x = the whole 
ſum of P +7 -+ 5, &c. and y = the 

Other 


L 
other correſponding ſum, the bodies be- 
in to move with a common velocity, and 
ince a and 6 were the 2 velocities 
before the impact, it will follow that af- 

ter the 1 a—x=b+y, or x +y 
page 373. = Gb: that is, ſincell x = 2222 
22 -, and f which gives 
this analogy, as A ＋ B: A:: 4a -: to y, 
== the velocity gained by B: if therefore 


we add to A the original velo- 


city of B which was b, the ſum will be the 
| — 
velocity of B after the ſtroke F B. 


A BB 
+ 5 = 4. , or the common velo- 


city, with which the two bodies begin to 
move when their change of figure 1s the 
greateſt, whatever be their texture. 


| Loot ala 
Cor, Multiply ER. the common 
_—_ by the ſum of the bodies : the 
od will be = A@ + Bb, which is 
2 as the ſum of the products of 
eac into its reſpective velocity be- 
fore the ſtroke. E 7 
When the bodies are poſſeſſed of a 


power by which they endeavour to _ 
: 


the change of figure effected by the im- fot 
pact, this power may act with different #29 
degrees of intenſity, and for different times 
according to the textures of the bodies: "0 
but the time of its action, whatever be the N 
quantity of it, may be divided into innu- 
merable inſtants, correſponding to thoſe 6 
into which the time of effecting the great- Tan 
eſt change was divided. Now ſuppoſe the 195 
reſtitutive power ſuch as will generate 1 
in the body ſtruck, during any inſtant, a | {a 
velocity which is to the velocity before 1 
generated, while the figures were changing 0 | | 
in the correſponding inſtant, as m to 1: rd 
| 


n being aſſumed as a meaſure of the ela- 
ſtic force: then . the ſucceſſive in- 1 
ſtants in which the changed figures are 4 
reſtored, the diminution of 4's velocity 4 
will be N NY, &c, = mx, and bl | 
mxu-+w—+t +2, &c. = my the cotem- 1 
porary increaſe of Bs velocity: and ſince | 1 | 
before” the elaſtic power took place A's N 
velocity was a—x, and B's =b +y, af- 4 
ter that power has ceaſed to act A's velo- 1 
city muſt be = a—x— mx, and B's ve- 171 
locity =6-+ y+my, or if nÆ i be put = 1 | 
the velocity of Aafter the impact will bea 1 


wy and that of B = b+ny; but t T Page 372. 1 12 


in general; this will give the velocity of 
3 Ac — Bny © 

of, A after the ſtroke - and 

the velocity of B = 5 -+ xy. 1 

Cor. by þ 


| 
| 
| 
| 
| 
| 


(- 376 J 
Cor. Multiply each body after the ſtroke 
into its reſpective velocity, the products 
will be Aa— Bny + Bb -+ Buy, the ſum 
of which is Aa+ Bb, the ſame as the ſum 
of the products formed bymultiplyingeach 
body into its velocity before the ſtroke: 
if therefore the quantity of motion be de- 
fined by the ſum of theſe products, it will 


follow, that in the colliſion of all kinds 


of bodies, the quantity of motion is not 
altered by the effects of the impact. 

If the elaſtic power be equal to that 
which reſiſts the change of figure, m will 
be = 1, and u LIS Daz in this caſe 
therefore A's velocity after the impact 
will be a — 2x, that of BSN 2y; 


i Page 374- and ꝓ becauſe x + y = @ — 6, by ſubſtitu- 


+ Supra. 
Diicours 
ſur le 
Mouve- 
ment, 


Vol. III. 


tion, the difference of the velocities after 
the ſtroke will be =a—b— 247 26 
— <5 — a, the ſame as the difference of 
velocities before the ſtroke, only negative 
in reſpect of it. From hence follows the 
propoſition ſo much inſiſted on by Ber- 
nouilli; that in the impact of perfectly 
elaſtic bodies, the ſum of the products 
formed by multiplying each body into 
the ſquare of its velocity is not altered 
by the impact. 

His demonſtration is this : The other 
notation remaining, let ↄ be the velocity 
of A and q that of B after the ſtroke; 
then ſince by what has + preceded A a + 
Bb = Ap + Bg, or Cn ak tees SY 

b 


+5 -4--F-X -* e... 
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BB, *anda—b=q—p, or a TY. 1 
q + 6: by multiplying A4 — Ap into a+ * FI 
p, and Bq— Bb into 9g + 6, we have Ha ; | 
+ 390 — BY, or As ＋ BB = Ap® 


＋ B, which is the equality affirmed: a Fa 
geometrical demonſtration is given of the Kd 
fame propoſition by Maclaurin Þ+. it View of Ul 

From the flaws of colliſion it appears, gd. u. 17 0 
that the quantity of motion as meafured Chap. V. Fl 


by the ſum of the products expreſſed by t n 
x2, is not altered by the colliſion of "TN 
bodies of any kind: but the equality of ll 
the quantities of motion, before and after | i 
the impact, according to the meaſure ex- («a 
preſſed by V= * V obtains only in thoſe = 1 
bodies which are perfectly elaſtic. 1 
It is extraordinary that Bernoulli 1 
ſhould inſiſt upon the demonſtration of | 
this particular property of perfectly ela- 
ſtic bodies, in order to confirm an hypo- 40 
theſis which he aſſumed as a general law 1 
of motion, and conſequently ought to 
extend to bodies of every kind; had his 
proceſs been inverted, more general con- 
eluſions would have been the reſult. In- 
ſtead of demonſtrating the equality of the 
ſums of the products formed by multi- 
plying each particle into the ſquare of 
its velocity before and after the impact, 
on a ſuppoſition that the elaſtic force 
1s equal to that which reſiſts the change 
3B | of 


T Page 373. 
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of figure, it may be more expedient to in- 
quire, having given the ſums of the pro- 
ducts expreſſed by the maſs multiplied in- 
to any power of the velocity as V, what 
muſt be the elaſtic force, in order that 
the ſums of the products, before and af- 
ter the ſtroke, ſhall be equal. Let the 
notation uſed above be reſumed ; then 
if u be put to denote the reſtitutive power 
when 1 is that which reſiſts the change of 
figure, and let 1 + A = 5s, we ſhall have 
the velocity of A after the ſtroke = @ — 


B 
x, or ſince & = = , the i of 4 


4 1 and that of B=6b+ Sy; and the 


A 
ſum of the prod ucts formed by multiplying 


each maſs into the n power of its velo- 


Aa — B= 


city after the ſtroke will be — __ 
+ BXb+5y, which by the problem is 


equal to A4 + BY": by ſolving the 


. Aa—Bsy —— 
equation - — +BXb+5sy Aa! 


+ BO, the value of s will give that of , 


or the reſtitutive power ſought. Suppoſe 


for example, it were required to aſſign 4 
when the ſums of the products formed by 
multiplying the maſs into the ſquare of the 


velocity are equal before and after the im- 
| pact: 


© Od). 
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: here n=2, which being ſubſtituted, 


the equation will become A'a*—24Basy 


+ BN + ABE + 2BAbsy + AB 

SA BA, or £X ABY + B* Y — 

i$X2 AByXa—b =o, or fince y = 
—bXA 

A the equation will be 5 X 


A＋BXA—- XA — 


s= 2; wherefore 2 =5 1 z; that is, 
the force of elaſticity muſt be equal to 
that which reſiſts the change of figure. 
Suppoſe x = 3, or, let it be required to 
aſſign the elaſtic force, ſo that the ſums 
of the products under the maſs and cube 
of the velocity ſhall be equal before and 
after the impact: in the general equation 
Ln + BXb+sy = Au + BY, 
4K 42 —3 
ſubſtitute 3 for n, and I forq; the 


3854 ＋ 346 
IBN 


equation will become * 5 X 


DD. 


 A—Bxa—b 

ly obtained. It is manifeſt here, that the 

elaſtic power to ſatisfy the conglitions of 

the problem, will depend on the quantities 

of matter of the bodies, and on the rela- 
3B2 tive 
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tive velocities before the ſtroke: if þ = ©, 
that is, if the body ſtruck ſhould be qui- 
eſcent before the impact, s will be found = 
[ 9g#H* 34+3B 3B 
= A—B 2XA—B 
in which caſe it > 21 that the quantity 
of elafticity neceſſary to ſatisfy the con- 
ditions of the problem, will now not at 
all depend on the velocity of the imping- 
ing body, but on the maſs in the bodies 
only: if A= 2 and B= 1, will be = 
1.85410, and the reſtitutive force = 5 
— 1 = .85410; according therefore to 
the conditions mentioned above, if the 
force whereby the ſpheres A and reſtoic 
the change of figure be to the force 
which reſiſted that change in the propor- 
tion of .85410 to 1; the ſums of the pro- 
ducts of each particle into the cube of its 
velocity, before and after the impact, 
will be equal: ſo that if the quantities 
of motion in bodies were defined to be 
meaſured by the maſs into the cube of 
the velocity, the ſum of the moments be- 
fore and after the impact would be equal 
in this particular caſe.. | 
It is not probable that the theory 
of motion, however inconteſtable its 
rinciples may be, can afford much aſ- 
fiſtance to the practical mechanic; and 
there appears as little reaſon to imagine 
WY NF 197 1 ee Lats, pH 
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that any errors or miſconceptions which 
may have been propagated concerning the 
effects of forces conſidered in a theoreti- 
cal view, have at all impeded the due 
conſtruction of uſeful machines, ſuch as 
are impelled by the force of wind or wa- 
ter, by ſprings, or any other kind of mo- 
tive power. Machines of this fort, owe 
their origin and improvement to other 
ſources: it is from long experience of re- 
peated trials, errors, deliberations, cor- 
rections, continued throughout the lives 
of individuals, and by ſucceſſive genera- 
tions of them, that the ſciences ſtrictly 
called practical, derive their gradual ad- 
vancement from feeble and aukward be- 
ginnings, to their moſt perfect ſtate of 
excellence. 

Thoſe however, who are the moſt con- 
verſant in the conſtruction of machines, 
and to whom the manner of their opera- 
tion is moſt familiar, will naturally be 
inclined to inquire into the reaſons or 
cauſes of motions thus obſerved, and to 
compare them with the rules which are 
deduced from the general and undiſputed 
principles of mechanics ; but it is to be 
apprehended, that the obſtacles which are 
occaſioned by friction, tenacity, the irre- 
gular action of the wopelling force, and 
of the reſiſtances, which ſcarcely admit of 
preciſe eſtimation, mult greatly — 
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if not wholly prevent, a ſatisfactory and 
accurate compariſon of the theory with 
ractice, in any ordinary way of conſider- 
ng the ſubject. Theſe difficulties will 
appear to be greater, from conſidering, 
that the motion of machines which are 
impelled by wind or by water is uniform 
(ſetting aſide the irregularities of the 
moving power, &c. which affect not the 
reſent argument) from whence it is 
— that in theſe machines, when 
there is no weight which acts againſt the 
moving force, the reſiſtance of friction 
muſt be equal to the whole moving pow- 
er, whereas in the theory of mechanics, 
friction is conſidered as having no effect. 
Mr. Smeaton in his paper on mecha- 
nic power (publiſhed in the Philoſophical 
T ranſactions for the year 1776) allows, 

that the theory uſually given, will not 
correſpond with matter of fact, when 
compared with the motion of machines, 
and ſeems to attribute this diſagreement 
rather to ſome deficiency in the theory, 
than to the obſtacles which have prevent- 
ed the application of it, to the compli- 
cated motion of engines, &c. In order 
to ſatisfy himſelf, concerning the reaſons 
of this diſagreement, he conſtructed a ſet 
of experiments, which, from the known 
abilities and ingenuity of the author, 
certainly deſerve great conſideration and 
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attention from every one, who is inter- 
eſted in theſe inquiries: and if any doubt 
could be entertained concerning the truth 
of the theory, as deduced from the New- 
tonian laws of motion, theſe experiments, 
among others, might be aſſumed as 
ſtandards, to which its examination might 


be referred: but as it muſt be confeſſed, 


that the evidence upon which the cer- 
tainty of this theory reſts, is ſcarcely leſs 
than mathematical, it will be more eli- 


gible to refer mechanical experiments 


of every kind to the theory, as a means 
of diſcovering how far, the unavoidable 
imperfections of conſtruction and obſer- 
vation, the reſiſtance of friction, &c. may 
have cauſed them to deviate from the truth. 
The ingenious author himſelf, has afforded 
us ſufficient means for this purpoſe, by 
giving the exact weights and dimenſions of 
the parts of his inſtrument; the outline 
of which is repreſented in figure 88: this 
ſyſtem is cauſed to turn round a vertical 
axis, by the action of a weight, placed in 
the ſcale S, which is ſuſpended from a line 


that goes over the pully R. and is wound 4 


Philof, 


ranſ. tor 


round the barrel M or N, the radu of 0776. 


which are as two to one; when the ſtring 


is wound round the || barrel N, during the I Paze 46:, 


deſcent of the ſcale 25.25 inches, the ſyſ- 
tem makes 10 revolutions, by which it 
appears, that the circumference of the 

ey barrel 


t Pol. 
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barrel N= 25.25 inches, and conſequent- 


ly the radius = 401866, and the radius 


of the barrel * M = 803732 parts of an 
inch: let the radius of the barrel M (or of 
the other when it is uſed) : the weight 
of the whole ſyſtem is 103.53 0z. avoir- 
dupoize, let this m: the diſtance of the 
centre of gytation from the axis of mo- 

tion 


Þ If Mr. Smeaton had mentioned the lengths of the bar. 
rel M and N, occupied by the line which is wound round 
them, eſtimated in a direction parallel to their axis, the 
exact circumferences and radii of the barrels might have 
been aſcertained from the rule in page 341. But this 
will not ſenſibly affe& the — « concluſions with 
which the experiments are compared : the length of the 
barrel M occupied by 5 helical circumferences, if the line 
= 25.25 inches, will not probably exceed .4 parts of an 
inch, from 2 the true — 7 of the barrel 1M 
appears to be = 5.0493, and its radius . 803631, in- 
dend of. 8037 3a, being the radius ded uced from affuming 
25-25 inches = to 5 circular circamferences of the bar- 
rel: the times of deſcent in the experiments are not af- 


ſected by this difference in the radius by ſo much as — 


part of a ſecond, and in the other experiments, which are 
made on the angular velocities, the error in the times of 
deſcribing uniformly 20 revolutions being {in a phy fical 
ſenſe) evaneſcent, it is unneceſfary to apply any correc- 
tion on that account, | 


4 The t weights and dimenſions of the ſeveral parts of 


Tran, for the inſtrument, neceſſary for the eſtimation of the centre 
1776 p. 461. of gyration, are as follow, the weights being expreſſed in 


avoirdupoize ounces, and the diſtances in inches. & and L 
are two equal cylinders of lead, perforated by cylindrical 
cavities, in order to admit the wooden arms to which they 
are afixed. The weight of each is = 48: the external 
diameter = 2.57, the diameter of the internal cylindri- 
cal cavity = .72, the diſtance of the centres of the leaden 
cylinders = $.25 from the axis : the length of the fir arm 
TY = 10; and its diameter being =.72, ſince the w—_ 

c 
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in 
4. 
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tion = 8.03383, which put = r. Accordl- 
ing to Mr. Smeaton's firſt experiment, a Hane 
weight. 


fic gravity of fir is about . 54, when that of water is 1, 
the — oy of the arm TY will appear to be = 1.272 oz, 
The fir axle is an irregular figure, but by taking the 
ts of it proportionally to the reſt, its length will be = 
Tout 13, and its diameter at a medium = 1.25; this 
will give the weight of the axle = 4.986 oz; the weights 
f the ſeparate parts being added, the weight of the whole 
yſtem will appear to be = 103.53. 
The diſtance between the centre of gyration, and the 
axis, is found by multiplying each particle of the ſyſtem 
into the ſquare of its diſtance from the axis, and dividing 
the ſum by the + weight of the whole ſyſtem : the ſquare + ged. vl. 
root of the quotient, will be the diſtance required: the ſum Prop, VIII. 
of theſe products, muſt be found ſeparately, for each of the 
o obtain this ſum for one of the leaden cylin- 
ders, it will be requifite to know the weight of a cylinder 
of the ſame kind of lead, which — exactly fill the 
cylindrical cavity occupied by the wooden arm: let an 
repreſent this weight, R the radius of the external cylin- 
der, r the radius of the internal cavity, the weight of 
of the hollow cylinder; then will weight required 
2 
w= LAY by the properties of the cylinder, and mak- 
ing = 48, r=.36, R=1.285, it appears that 20 = 
4.088 26 = the weight of the internal cylinder of lead; if 
therefore the hollow cylinder, were exactly filled with lead, 
of equal ſpecific gravity, its weight would be = 52.08826 
=W + ww. 
The noraton jut uſed remaining, making alſo the length 
of the leaden cylinder = /, and the diſtance between the 
axis and the centre of gravity of the cylinder =p; from 
the rule inveſtigated in Pp: 223, it is eaſily inferred that 
the ſum of the products formed by multiplying each par- 
ticle of the leaden cylinder, weighing 48 02. into the ſquare 


247 „„ 
of its diſtance m—_—— — 23 — =; 
in the preſent caſe V. = 48, w = 4,08826, /= 1.56, 
2 = 8.25, which being ſubſtituted, the ſum of the products 
requized will be = 3298. 103, and in toth the cylinders, 
the ſum will be 6596. 206. 0 
3 


From 


11 
weight of 8 oz. ſtretching the ſtring by being 
placedin the ſcale, gradually communicates 


motion to the ſyſtem, and deſcribes 25.25 


Meta 
© 0a 


inches in 14 ſeconds of time. To com- 
pare this with the theory: if w be the 
weight of the ſyſtem, 1 the diſtance of 
the centre of gyration from the axis, 7 
== the moving force, d the diſtance from 
the axis at which it is applied, / = 193 
inches: the time in which the deſcending 
weight deſcribes “ the ſpace 5 from reſt 
/sd*p+5r* w 


will be ,/— 7545 ſeconds : now 


In this experiment the larger barrel is uſed, 


of which the radius =.803732 =d, p=5, 
and dp = 5.1679, r*wv = 6682.080, and 
== 25.25, which quantities being ſubſti- 
tuted for their reſpective values, the time 
5. 1679 76682. 080 

ſo „ — XvV2c.25 
ught = 193 K 5.1679 XvV25.25 
== 13,01 ſeconds; by experiment the time 
was 


From the ſame rule, making r =o, o o, W =1.272 
being the weight of the fir arm JV, I = 10 being the 
length of the arm.TY, R = .36, and g = 5, we ſhall 
obtain the ſum of the products of each particle in the fir 
arm 7 Y, multiplied into the ſquare of its diſtance, from 
the axis = 42-45, and for both arms, the ſum will be 
= 84.90. Moreover, for the vertical axis, the ſum re- 
quired = half the weight multiplied into the ſquare of 
the radius = 4974, — the ſum of the products for the 
whole ſyſtem = 6682. 080; and becauſe the whole weight 
of the ſyſtem = 103.53, the diſtance between the centre of 


/ 6682.080 
103.53 


gy tation, and axis of motion = 4 =8.0338z. 
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was 14.25, Which appears to be too great 
by 1.24 ſeconds. | 

It was alſo obſerved in the experiment, 
that during the deſcent of the weight 8 
oz. through * 25.25 inches, ſuch an an- 


gular velocity was 1 as cauſed e.. 


the - ſyſtem to perform uniformly 20 
revolutions in 29 ſeconds: by the the- 
ory making c = 3.14159, the angu- 
lar velocity generated in the circum- 
ſtances of the experiment 1s ſuch as 


would cauſe the ſyſtem to deſcribe uni- 5, vr. 


Gs, 2 
formly Ans cer*w 3.14159 


8 


293 X 25.25X 8 

5. 16790 0682. 080 
a revolution in a ſecond, and conſequently 
20 revolutions in 26.02 ſeconds: in the 
experiment, the time of deſcribing 20 
revolutions was 29 ſeconds, which is 
greater than appears from the theory by 
2.98 ſeconds and parts. 

By proceding in the ſame manner, the 
time in which the moving forces 8 oz. or 


= 76858 parts of 


32 0z. deſcribe the different ſpaces, and 


the angular velocities acquired in the 
ſubſequent experiments, are obtained 
from the principles of rotation: the an- 
nexed table contains the reſults both by 
theory and experiment. 
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Time ot the 
deſcent of 
the weight 
in the ſcale 


by theory. 


13.01 


26.01 


13.00. 


6.51 


13.01 


6.50 


6.42 


12.83 


6.41 


Time too 


great by ex- 


periment. 


+ 1.24 


+ 2.24 


+ 1.25 
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The difference between theſe reſults 
evidently indicates a loſs of motion in all 
the experiments, and ſome account ſhould 
be given of the cauſes of this diſagree- 
ment. The weight of the ſcale S, which 
is not taken into the theoretical eſtima- 
tion, nor - mentioned by Mr, Smeaton, 
would manifeſtly tend in the experiments 
to leſſen the differences, by cauſing an 
addition to the moving force; but then 
it muſt be conſidered, that three cauſes 
operate in a contrary way, which all to- 
gether are more than ſufficient to coun- 
teract its effects: 1. the inertia of the 
pully R; 2. the friction of the pully; 3. 
the friction of the machine. The inertia 
of the pully is too ſmall to make any ſen- 
ſible alteration in the experiments, being 
only = to ; its weight multiplied into 
the ſquare of the radius, which muſt bear 
a very ſmall proportion to wr* + pd* = 
6682.80, to which it ſhould be added: 
the friction of the machine is not you 


bly very great: when the centre; 


ofcil- | pa 


lation is brought nearer to the axis in thee. 46:. 


the number of vibrations perform- 

ed in 60 ſeconds, if the friction of the 
axis operated conſiderably, it is not pro- 
bable that it ſhould act equally on the 
ndulum, moving with the different ve- 
— the weight not being 5 
| that 


1 of 2: 1 by means of count- 
ng 
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that if it were not very ſmall, the true 
diſtances of the centres of oſcillation could 
not be ſo nearly in the proportion of 2: 
1, as they appear to be from the dimen- 
ſions, &c. the greater diſtance being 
8.3052, and the leſſer, when the leaden 
cylinders are brought nearer, being = 
4.1750, If it had been mentioned at 
what angle the axis of motion was in- 
clined to the horizon, when the ſyſtem 
performed 92 vibrations in 60 ſeconds, 
the effects of friction might have been in 
ſome degree eſtimated; for the length of 
ſuch a pendulum is 16.66 inches, and the 
length of Mr. Smeaton's pendulum when 
the axis is horizontal = 8.3052. Suppoſe 
then that the inclination of axis to the ho- 
rizon was 60%; this would have increaſed 
the true length in the proportion of 1 : 2, 
ſo as to have rendered it = 16.6104 : as 
it appeared to be nearly of this length 
by experiment, when, in the author's 
words, the machine was converted into 
a kind of pendulum, it is plain, that 
there could have been little or no loſs of 
motion from friction, had the inclination 
juſt mentioned been 609: if the length 
had come out greater by experiment, an 
approximation to the quantity of fric- 
_ might have been obtained from the 
ata, 

It ſeems probable, however, that the 
angle, 
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angle, at which the axis was inclined to 
the horizon, when it performed 92 vi- 
brations in 60 ſeconds, was not much 
leſs than 609; the friction of the pullies' 
axle, and of the line unwinding itſelf 
from the barrel, might have been the 
principal cauſes, which diminiſhed the 
effect of the moving force; but as the 
different reſults are affected nearly in pro- 
portion to their magnitudes, their ratios 

are ſcarcely altered from the truth. 
When the leaden cylinders were brought 
nearer to the axis of motion, it was evi- 
dently meant, that the whole maſs ſhould 
be virtually at half its former diſtance, 
or in other words, if the whole were 
concentrated into two points ſucceſſively, 
ſo that the rotation ſhould not be altered 
from that which takes place in the con- 
ſtructed forms, the neareſt of theſe points 
ſhould be at a diſtance from the axis half 
as great as the other: but to effect this, 
the leaden cylinders ſhould have been 
moved to ſuch a diſtance from the axis, 
that the centre of gyration, and not the 
centre of oſcillation, might be at half its 
former diſtance; this will make ſome lit- 
tle difference in the eſtimation. When 
the centres of the leaden cylinders are 
moved to the diſtance of 3.92 inches from 
the axis, the diſtance of the centre of gy- 
ration is = 3.9596; but the diſtance 
ſhould 
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= * 5 
ſhould have been = 4.0169, being the 
half of 8.0338, the original diſtance: . 

Although this difference will tend to 
leſſen the effects of friction in exp. 7, 8, 
and q, yet the centre of 1 being 
brought much nearer to the axis, will at 
the ſame time operate in the contrary 
manner; for it is always obſerved in re- 
volving ſyſtems, that the more near the 
parts are brought to the axis, the greater 
diminution of motion is occaſioned by 
friction, every thing elſe being the ſame. 

The inferences deduced by Mr. Smeaton 

Philo. from theſe experiments, are a very good 
25466, illuſtration of the theory denominated 
Conſervatio virium vivarum, which, as 
far as regards the rotation of bodies on 
fixed axes, when the moving forces are 
conſtant, as well as other particular kinds 
of motion, has been demonſtrated from 
the Newtonian laws or axioms. As theſe 
inferences or principles are deduced by 
the author from his experiments only, he 
muſt certainly be conſidered to have in- 
vented them, although they had been be- 
fore thought of by others: in order to 
compare theſe inferences with the theory, 
we muſt follow Mr. Smeaton's example in 
neglecting the inertia of the weights in the 
ſcales as inconſiderable: this being pre- 
miſed, let 4 denote the radius of the bar- 
rel, which is uſed in the experiment, 7 = 
wap 2 
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diſtance of the centre of gyration from 
the axis, v the velocity generated in that 
centre, or it may be expreſſed in the 
common phraſe, the velocity generated 
in the two bodies K and L; let / = 193 
inches, w'the weight of the ſyſtem, p the 
weight in the ſcale. In order to prevent 
miſapplication of terms, the definitions 

remiſed by Mr. Smeaton, may be here 
inſerted and expreſſed according to the 
notation uſed in the theory. 


By + impulſe, impulſion, or impelling Phi. Trax, 


force, is meant, the uniform endeavour 


* that one body exerts upon another, in t Page 464, 


order to make it move: By this moving 
force in the experiments, we muſt under- 
ſtand, the force of the deſcending weight 
p by which motion in the ſyſtem is gene- 
rated: but this moving power exerts a 
greater force to communicate motion to 
the cylinders K and L (conſidered as con- 
centrated in the centre of gyration)accord- 
ing as the diſtance at which it acts from 
the axis, or the radius of the barrel round 
which the line is wound, is greater, and as 
the diſtance of the bodies K and L from 
the axis becomes ſmaller; wherefore on the 
whole, the effect of this power to generate 
motion in the bodies K and L will be ex- 


preſſed by 5 which is called by Mr. Smea- 


ton, the intenſity with which the power 
3D ? 
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1ſt & 2d 
Obſerva- 


tion, p. 465. 


I. 38 J 
p acts, ſo that the impelling power com- 
pounded with its intenfity will be 2. 
moreover, he defines the quantity of me- 


chanic power by the product under the im- 
ling force p and the ſpace through which 
it deſcends or by ps. By cor. 8. prop. x v1. 


ſect. v i. v== 2 . oras alia i quantity 


conſtantly the fame, and the ratios only of 
the a= quantities are inquired into, 


„ . it follows, that pu, 


that is, -$ mechanic power is as the 
ſquare of the velocity into the quantity of 
matter moved: if therefore the quantity 


of mechanic ag” r 5 is unaltered, and w 
the weight of the ſyſtem remains the fame, 


. the 2 of the velocity generated will 


Sect. 
Feop. xvi. 


not be altered, and the velocity of courſe 
the fame, i in whatever manner the times of 


generating this velocity may vary: as ap- 
pears in Mr. Smeaton's firſt and ſecond 


. obſervations. Moxeovert, 2 v - 2 


4 
X -, or omitting 2/ as the 1 values 


only are concerned, it appears that: = 


VW 
SER 45 when v, wand p are the ſame, 


P 
as 
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as in the firſt and ſecond experiments and 
obſervations||; it follows, that the time of f 76. 
generating the given velocity v will be | Paze 465; 


Phil. Tranf, 


proportional to the quantity 5: but : is 
the direct ratio of the intenſity of the 


om wer p, wherefore the time muſt 


in theſe circumſtances in the © ſimple : 


« inverſe ratio of the intenſity of the im- 

i pulſive power; this is affirmed in the 

deduction from the ſecond obſervation 4. t Page 466. 
Becauſe p = v*awv, if ap the mechanic 3, 9**- 

power be decreaſed in the proportion of » sea. vr. 
: 1, the ſquare of the velocity generated $29 

in the heavy bodies muſt be diminiſhed 

in the ſame proportion, w remaining eon- 

ſtant, and conſequently the velocity v 

muſt be diminiſhed in the proportion of 

2:13 this is the caſe in the third expe- 

riment, as explained in the third obſerva- 

tion. It appears alſo from the numbers 

2 and 3 in the ſixth column, that the ve- 

locity produced is as the time that a given 

impelling power of the ſame intenſity con- 

tinues to act upon it; this is expreſſed by 

vw 


Fa 
2 and 3 in the ſixth + column, > is ther v 
Pp Table of 


xperim. 


fame, and the intenſity ) being alſo the b. . 
302 ſame, 


. gs. Se. VT, 
the Sequation? = = N +40 the numbers 8 VL 
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ſame, the time muſt be as the velocity ac- 
quired. 
4h Ob. Since in general v = 442 „if the 


vation, and 
th & 5th 


Sek. VI. impelling power p be quadrupled, it ap- 
du | 


. #', 
pears, that v will be doubled when i is 


given: in the experiment referred to in 

this obſervation, and in the 5th experi- 

ment, the velocity of the bodies 1s increaſ- 

ed in that 33 when compared 

with the velocity generated in the firſt 
experiment. 

It is ſaid in this obſervation, that the 

velocity acquired is ſimply as the impel- 

ling power compounded with the time of 

its action: for a quadruple impulſion 

« acting for 7”, inſtead of 14, generates a | 
% double velocity:” but we muſt here un- 

derſtand the impelling power to mean 
that power compounded with its inten- 


ſity, which (the ratio of the time in which 
it acts being added,) is proportional to { 
the velocity generated. In experiment 1 X 

4 | N 
and 4, the intenſity is the ſame, = being 7 
given in both caſes; therefore in theſe 7 


inſtances, the velocity generated in the 
heavy bodies will be ſimply as the im- 
pelling power. But in the 1ſt and 7th 
experiments, the impelling power * 

* the 
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the fame, the intenſities meaſured by : 

are as 1: 2, and the times of action be- 

ing as 2 : 1, theſe proportions co 

ed give the ratio of equality in the “ ve. 4 U,. 
locities generated, as 2 in the * 
experiments: if the impelling powers or 
weights in the ſcale had been different, a 
the proportion of the two weights muſt 

have been compounded with the others. 


; td d. = Phil. Tran, 
Since v=Z => y being the inten. for 1776. 


lity of the force p, by doubling © and di- 
miniſhing ? one half, is not altered, 
and conſequently © being conſtant, the 


| 


velocity = 224 muſt be the ſame as be- 


fore. This is what is expreſſed in the 
ſixth obſervation ; where it is ſaid, that t rage. 
« an impulſive power of double the inten- | 
« fity ing for half the time, produces 
* the ſame effect in generating motion, 
« 23 an impulſive power of half the in- 
* tenſity acting for the whole time.” 

In the 7th obſervation®, Mr. Smeaton * Px 46+ 
infers it to be © an univerſal law of na- 
« ture, that the mechanic powers to be 

* a «c ex- 
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« expended” (meaſured by the wei 
and the ſpaces through which 8815 
{end jointly) © are as the ſquares of the 
t yelacaties to be generated; and © that 
a et the velocities generated are as the im- 
| « pelling- * with 


co | 
with its intenſity; which quantity (the 
ratio of the time in which it acts being 
added) has appeared in the experiments, 
as well as from the theory, z as Mr, 
'Smeaton affirms, proportional to the ve- 


locity generated in the revolving bodies. 


| The axle of Mr. Smeaton's inſtrument makes no ſenſi- 

| | ' ble alteration in the time wherein the deſcending weight 

| deſcribes a given ſpace, or in the angular velocity gene- 

| rated; ſo that, whether it be taken into account or ne- 

| will be wholly immaterial; nor will there be a 

| perceptible difference in the reſult, whether the axle be 

made of the lighteſt or heavieſt kind of wood, To ex- 

emplify this, let the firſt experiment of Mr. Smeaton's be 

aſſumed as an example; and let the axis be neglected: the 

Table of time of deſcribing* 25,25 inches will be 13.0104 ſeconds; 

. If the axis be made of fir wood, the time will be 13.0113: 

Pe 3 laſtly, if the axis ſhould be of mahogany, the ſpeci 

| vity of which is about 1. 1, when that of water is = 1, 

| E time will appear to be = 13,0122, 

| - Here we obſerve that it makes a difference of no more 

| than a five- hundredth. part of a ſecond, whether the axle 

| be wholly neglected, or be taken into account on a ſup- 
| poſition that irs ſpecific gravity is the ſame as that of 
mahogany. Mr. Smeaton does not mention of what ſub- 

| ſtance his. axle was formed; he-deſeribes the arms to have 
| I Page 335. been fir; in the computationf the axle was ſuppoſed to jo 
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of that ſubſtance, but it appears from this note, that the 


i vity of the axle is wholly immaterial, and 
— — in the ww 388. will not at all be 
altered, whatever be the ſpecifc _—_ of the wood of 
which the axle was farm 

The numbers inſerted in s 391 and 392, relati 
to the diſtances of the centre of gyration, will be alte 


the different ſpecific gravities of the wooden axle, but 
will be ther proportionally tionally, ſo @ 6 retain in # 
plyfical ſenſe in the ratio as is there expreſſed: 


reaſoning therefore to which theſe — — 
will — any alteration in 22 
vity of the axle. 


- 
-_ . * 
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CONCERNING THE ROTATION or BODIES 
- IN FREE SPACE, AND ON THE CENTRE 
or SPONTANEOUS. ROTATION, 


HE motion of bodies in free ſpace, 

that is, of bodies at liberty to 

move freely by the action of any force 

impreſſed, being unoppoſed by a fixed 

axis or other obſtacle, is immediately de- 

duced from the principles of rotation 

about fixed axes, which have been de- 
monſtrated in Sect. v1. 

The fixed axis round which a body 
revolves, is preſſed by the impelling force 
while it generates rotatory motion ; but 
the axis being (by the hypotheſis) im- 
moveable, reacts equally againſt that 
preſſure, and *when ĩt paſſes through the 
centre of gravity, the force of preſſure 
urging the axis to motion is ſuch, as, if 

| Un- 

® Tn the tions — this ſection relating 
to the motion of bodies in free ſpace, the plane of rotation 
is ſuppoſed to be unaltered in reſpect of the revolving bo- 
dy, conſequently in the examples of bodies revolving on 
fixed axes, aſſumed to illuſtrate the ſubject, the preſſure 
againſt the axis muſt be conſidered as equal in every part, 


ſo that if the axis be anoppoſed, it may move by the action 
of the impciiing trace aloepo prrniiet'ts AE? 


11 

unoppoſed, would cauſe each particle of 
the fyſtem to move with the ſame velo- 
city, and in the direction in which the 
force acts. If then the force which 
reſſes againſt a fixed axis, on which a 
y revolves in given circumſtances be 
aſcertained, the motion of the body in 
free ſpace, when the axis is removed, 
will be known. For the motion of the 
body in free ſpace, will conſiſt of the ro- 
tatory motion round the axis, paſſing 
through the centre of gravity conſidered 
as fixed, which is determined by the pro- 
poſitions in Sect. vi. compounded with 
the motion of the centre of gravity cauſ- 
ed by the force now free to impel that 
centre, the fixed axis which paſſed through 

it being removed, 

By the centre of gravity in any body 
or ſyſtem of bodies, 1s uſually underſtood 
to be meant, a point in which the gravi- 
tation of each individual particle may be 
ſuppoſed concentrated ; becauſe if the 
gravity of each particle in reality acted on 
that point, the ſame motion would be 
produced in the ſyſtem, as when the gra- 
vity of each particle acts at its reſpective 
diſtance from the centre of gravity, the 
direction of theſe forces being always pa- 
rallel to each other. But the point 
which anſwers this deſcription, being de- 
termined in any ſyſtem by the known 


3E geo- 
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etrical rules, many properties relat- 
ing to the quieſcence as well as the motion 
of bodies, are demonſtrated to belong to 
it wholly independent of gravity, and 
which would be equally efficient if gra- 
vity exiſted not. Thus, if each particle 
of a body without gravity, moves in free 
ſpace with an uniform velocity, and an 
immoveable obſtacle is oppoſed to that 
centre, the whole motion of the ſyſtem 
will be deſtroyed ; whereas if the obſta- 
cle be oppoſed to any other point, the 
ſyſtem will continue to move although 
each particle will ſuffer alteration in the 
velocity and direction of its motion. 

Moreover, if a ſyſtem revolves in free 
ſpace round any axis which paſſes through 
the centre of gravity, that centre will not 
be affected by the action of the parts of 
the ſyſtem on each other; if therefore 
the centre of gravity be quieſcent when 
the rotation commences, it will continue 
quieſcent during the rotation of the 
ſyſtem round it, nor will it change its 
place until] ſome external force is im- 

reſſed upon it. 

If by any force acting for a portion 
of time, either ſmall or great, motion 
ſnould be communicated to this centre, 
after the force ceaſes to impel it, the 
centre of gravity will move on uni- 
formly in a right line with the velocity 
acquired, 
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acquired, having power to alter neither 


the velocity nor determination of its 


motion“. 

Theſe properties are evidently inde- 
pendent of gravity and other ſimilar 
powers, which ſhews that the point 
uſually denominated the centre of gra- 
vity, might with equal propriety be call. 
ed the centre of inertia, when applied to 
the motion of bodies in free ſpace, eſpe- 
cially fince gravity or other motive power 
may be cauſed to act partially on a 1 
and it is often neceſſary to conſider a 
power ſo acting in theory in order to de- 
monſtrate ſome properties of motion, in 
which caſe the centres of gravity and in- 
ertia do not coincide, this coincidence 


hap- 


The principles of centripetal and centrifugal forces, 
are demonſtrated on a . that the centre of 
gravity proceeds in a right line until it is compelled to 
change its direction by the agency of ſome external force. 
Let G be the centre of gravity of a ſyſtem impelled in 
the diretion G g; then will G continue to move in the 
direction G g, until ſome external force ſhall act on it: if 
any force of this kind always tends towards a centre C, 
and is ſufficient to retain the centre of gravity G in the 
circular arc GB, the quantity of this centripetal force 
will be meaſured by the live Bg or the verſed fine of the 
arc GB, this arc being in its evaneſcent ſtate: and the 
ſame line BE will meaſure the force by which G endea- 
vours to recede from the centre, and as ſoon as the central 
force ceaſes to act, will proceed in the direction of a 
tangent to the arc which it 1s deſcribing when the central 
force ceaſes, converſely from the properties of centripe- 
tal and centrifugal forces aſſumed as true, the rectilinear 
motion of the centre of 1 might be inferred. 

b 3 2 


* 
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happening when each particle in a ſyſtem 


is impelled by gravity or other fimilar pow- 
er, which acts in right lines parallel to 
each other, and which is proportional to 
the quantity of matter moved, and in 
other particular caſes. Wi 

To illuſtrate theſe remarks by an ex- 
ample, let A, B, C, D, E, F be ſmall bo- 
dies or material points without gravity, 
ſituated in the right line AF, and let 
them be united by ſome perfectly rigid ſub- 
ſtance without weight or gravity. If 46 

| _ AXo+BXBA+CXCA,&c. 
be made = IBU &c. 
then will G be the point denominated the 
centre of gravity of the bodies A, B, C, 
&c. or according to the reaſoning juſt 
alledged, ſince theſe bodies are by the ſup- 
poſition void of gravity, G may be term- 
ed the centre of inertia. Moreover, let 
forces of any kind, repreſented in quan- 
tity by the letters a, %, c, d, e, f, act on the 
fliers at the points a, G, c, &c. reſpectively 
in any given direction, for 5 in a 

1 


direction perpendicular to AF: it Ag be 
_aXAa+bXAb+c£X Ac, &c. 
made - ZF I-70 Kc. , 


then will g be the centre of gravity of the 
ſyſtem, properly ſo called, and the forces 
a, ö, c, &c. will have the ſame effect to 


communicate motion to the ſyſtem, as if 
the 
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the ſum of the forces a + 5+ c,, &c. ated 
altogether in the point g. 
Here we obſerve, that the points G and 
g, which have been denominated the cen- 
tres of inertia and gravity, may be di- 
ſtant from each other by any ſpace with- 
in the limits of the ſyſtem, but will coin- 
cide when the forces by which each parti- 
cle of a body 1s impelled, act in parallel 
lines, and are proportional to the quan- 
tities of matter contained in the particles 
moved. 
Suppoſe the ſum of the forces a + b + 
c, &c. to act at g, and to be repreſented 
in quantity by g: concerning the appli- 
cation of theſe princi les, it is alſo to be 
remarked, that if the force g, &c. be of the 
ſame kind as gravity, the elaſtic force or 
preſſure of a fluid without inertia, the place 
of the point G will not be altered by the 
application of the force g. But if g be a 
force which poſſeſſes inertia, G will be- 
gin to move from its place the inſtant g 
is applied to act on the ſyſtem, and will 
approach nearer to g, the greater propor- 
tion the inertia of g bears to that of 4A 
B-+C, &c. But as taking into conſi- 
deration the motion of the point G dur. 
ing the action of the force applied at g, 
would render the enſuing propoſitions 
too complex: it will be expedient to 
conſider the inertia of the force applied 
bg 
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to move a ſyſtem in free ſpace, as eva- 
neſcent, as far as regards any motion of 
= point G which may be occaſioned 
It. | 

— diſtinction between the centres of 
inertia and gravity was inſerted only for 
the purpoſe of explaining the ſubject in 
queſtion ; but there is no neceſſity to in- 
troduce the uſe of a new term, as the 
centre of gravity of a ſyſtem ſuch as 
A+ B + C, &c. without weight, will 
be always underſtood as determining the 
poſition of that point in the ſyſtem, 
and not as implying the exiſtence of gra- 
vity. | 
Let STK repreſent a plane, into which 
the matter contained in a ſyſtem is pro- 
jected: let G be the centre of gravity 
through which a fixed axis of motion 
paſſes perpendicular to the plane SIX; 
let motion be communicated to the ſyſtem 
by means of a line DME Dp, wound 
round the circle EDM, of which the 
centre is G, and ſtretched by a weight or 
force of any kind p; then the axis ſuſtains 
the weight of the ſyſtem S1K added to 
the tenſion of the ſtring Dp, or if the 
ſyſtem be conſidered as without weight, 
the preſſure againſt the axis will be the 
tenſion of the ſtring Dp only. Now 
ſuppoſe the axis to be at liberty to move 
in tree ſpace (always however being 5 
ralle 
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rallel to its firſt poſition) then the weight | j 
Pp, acting by ſtretching the ſtring D p, 
will urge the centre of gravity G by a | 
force equal to the ſtring's tenſion, while | | 
the ſyſtem revolves round & by the ac- i 
tion of the ſame force. In order there- j 

* 

| 


fore to aſcertain the motion of the ſyſtem 
in free ſpace, it will be neceſſary to de- 
termine the tenſion of the ſtring Dp * 
while the ſyſtem revolves round the fixed k 
axis which paſſes through G. | 

f 


I. 


Let S1K repreſent a ſyſtem which is rig, xc. 

moveable round a fixed axis 

through its centre of gravity G: with the 
centre & and any diſtance G D, let a cir- 
cle DEM be deſcribed, and let motion 
be communicated by a weight or force p, 
ſtretching a line which is wound round 
the circumference of the circle MED; 
it is required to aſſign the tenſion of the 
ſtring Dp, while the ſyſtem is accelerated 
in its angular motion round G. 


2 pony þy 
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Let R be the centre of gyration of the ſyſtem, and let 
GR =r, GD = 4, the weight or inertia of the ſyſtem = 
vz then the acceleration of the ſyſtem will be the ſame as 


if the whole maſs being removed, that part of it which is 
n a - 
expreſſedꝰ by the fraction —— were uniformly accumulat- a _ 
ed in the circumference MED : moreover, fince the force ©** a. 
which accelerates the circumference is that part of the ac= - 
celeration of gravity which is expreſſed by the ä 
5 5 G 74 
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pd” -; - + multiplying this into g, we have the 


XV. . wwr* 75 


Fry. ix. 


undes of the f ring Dp = —£* 
bo 8 Pp 3 54 + aw * 0 

Cor, 1. The quantities p and av are in this propoſition 
underſtood, as uſual, to repreſent both the weight and iner- 
tia of the bodies reſpectively. If it ſhould be preferred to 
repreſent the inertia and weight by different quantities, the 
ſolution will in no reſpect be altered: thus, let ww be the ab- 
ſolute weight or gravity of the ſyſtem, ĩts inertia, p the ab- 


ſolute force which acts on the point DO, 7 its inertia then will 


Fig. XCIII. 


the force which accelerates the circumference of the circle 


24.5 
DEM be - P + or 
e wil glee eden = 21” 
ent maſs 7 gi ng's on = ; 4 Far : 

Cor. 2. It appears that in whatever manner the weight 
of the ſyſtem av may vary, the tenſion of the ſtring will 
not be altered. 

Cor, 4. If the inertia of the force which firetches the 
ſtring, that is, if i be evaneſcent, the tenſion of the ſtring 
will become = ; and this will be the caſe whatever be 
the magnitude of the force p. 

Cor. 4. When r is infinite, althongh , 9, i and 4 remain 
finite, the tenſion in this caſe alſo becomes 5. 

Cor. 5. When ; the inertia of the moving force is eva- 
neſcent, the preſſure on the axis, which is equal to the 
ſtring's tenſion, will be = g. The ſyſtem therefore bein 
without N and the axis paſſing through G bein fuk 
tained by a line GA *which goes over a fixed pully, if the 
line GA be ſtretched by a weight p, it will exactly coun- 
terbalance the preſſure on the axis occaſioned by the ten- 


2, which being multiplied into the equi - 


ſion of the ſtring Dy as p deſcends, ſo that G will remain 


Fig. xciv. 


quieſcent. 


II. 

Every thing elſe remaining, let the axis 
which paſſes through the centre of gra- 
vity G, be moveable in free ſpace; it is 
required to determine the - point round 
| which 
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which the ſolid begins to revolve in free 
ſpace at the firſt inſtant of motion. 


Let G be the centre of gravity of the ſyſtem, being co- 
incident with the centre of the circle DME, round which 
the line DMED p.is wound; a force or weight p by ſtretch- 
ing the line Dp, acts on the ſyſtem in the direction of a 
tangent Dp to the circle at the point P, which is perpen- 
dicular to GD, | 

Produce DG indefinitely : The points G, D, &c: in the 
line OG D muſt begin to move in the direction of the im- 
pelling force; that is, in a direQion which is perpendi- 
cular to OD: and becauſe the determination of motion 
once impreſſed on the centre of gravity, is not altered, 
except by the impulſe of external force acting in ſome 
+ other direction, it follows, that the direction in which + Page 40g. 
the point & proceeds from the very beginning of its mo- 
tion, will be perpendicular to the line OD. 

Draw Gg perpendicular to OD, being equal to the 
ſpace through which the tenſion of the ſtring applied to 
act on the centre of gravity would impel it in any parti - ged. x. 
cle of time 7: through g draw od lel to OD; make Prop. I. 
4ge equal to the angle deſcribed about G, conſidered as Cor. 3. 
fixed during the time 7; through e and g draw eg O in- 
terſecting OGD in the point O; about this poiat the ſyſ- 
tem will begin to revolve in free ſpace. 

Make go = GO and join Oe: then fince hy eonſtrue- 
tion Oo 1s equal to Gg, Os is the ſpace through which 
the force impreſſed on the centre of gravity carries the 
point O, in the direction Oo parallel to Gg; and oO is 
the ſpace through which the rotation of the ſyſtem carries 
the point O in a contrary direction in the ſame time :; and 
as this is applicable every inſtant during the motion of the 
point & through the evaneſcent ſpace Gg, it follows, that 
while the other points of the ſyſtem are changing their 
places, the point O will be quieſcent, or in other words, 
the ſyſtem will begin to move round the point O, as de- 
termined by this conſtruction. 


me: 5 i 

The conſtruction remaining, if gra- ' ; 
vity be ſuppoſed to act on the ſyſtem, © 1 
and a fixed orizontal axis be cauſed to - 8 


3F paſs b 
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paſs through the point O perpendicular 


to the plane STK, D will be the centre 
of oſcillation. 


When the ſyſtem is impelled by the force þ in free 
ſpace, let 7 be a very ſmall portion of time in which 
motion is produced in the ſyflem : let 2 be the — 
centre of gytation, that is, the centre of gyration When 
the ſyſtem revolves in the plane STK, round an axis which 

omg VI. paſſes through the ſſcentre of gravity; and let G2 x, w 
rop. VIII. = the weight of the ſyſtem, / = 193 inches, GD = 4: 
then ſuppoſing a fixed axis to — through G, the ſpace 

„ Sea. VI. through*which the weight y deſcends in the time ? or the 


Prop. XV, "FL 
Cor. 2, evaneſcent arc de will = er or þ being very ſmall, 


that is, 0 di being inconſiderable when compared with a, 

pled* "Lp 

de = 5 =* Secondly, When the centre of gravity G is 

at liberty to move freely in the direction of the impelling 

force p, being unoppoſed by a fixed axis, the ſpace Gg 

4 $e2.11. = D f deſcribed in the + time / will be = C; where. 
Cor, $ : 2 


fore De = —1 TL and becauſe of the fimilar tri. 


angles DO, GgO, we have De, Gg:: DO: GO, or as DO 
: GO:: — xPpO! 2 :: 7 144 :; wherefore 
aw r* ö 

DO— GO: GO: : 4*: , that is, ſince 4 = GD = DO — 
GO, and r = G2, we have DG*: G:: DG: GO, and 


co ==> ; but G2 being the diſtance of the principal 


bre, vl. centre of gyration from the t centre of gravity, whenever 
rop. VIII. GD x GO = GQ, if D be made the centre of ſuſpenſion, 
Cor. 3. O will be the centre of oſcillation, and vice versa : from 
which it follows in the preſent caſe, that O is the centre 
of oſcillation of the ſyſtem, when it vibrates freely round 
an horizontal axis paſſing through D perpendicular to the 

plane SIX. C 
The demonſtration here given, my be applied to 
the rotation of bodies in free ſpace, which is effected by 
percuſſion, fince it has been ſhewn, that motion _ 

R nica 


r e oe_=—a.iemS. Ei. 


ES 


nicated in this manner, is the effect of tcontinyal accele- 
ration: but for the ſake of explaining the propoſition 


more diſtinly, the following demonſtration may be fub- P. 377* 


joined, a few conſiderations relating to the ſubje being 
remiſed. 


Let ABCD, &c. be a ſyſtem of bodies conſiſting of Fig, XCV, 


rticles or material inert points without gravity, being 
connected together by ſome perfectly rigid ſubſtance with- 


out weight or inertia; 728 theſe points to be f pro- + Sed. VI, 
& by right lines perpendi- ©'99- 1. 
cular to it: let the ſyſtem be moveable round a fixed axis . 5* 


jected into the plane 4 OD 


ng through O, and perpendicular to the plane 
70 5K. Through. O and the centre of — — G 
draw the line OGE, and let a body impinge on the ſyſtem 
in the direction LE perpendicular to OGE, and in the 
plane JODBXK. This impulſe will urge the ſyſtem round 
the axis which paſſes through O, each body beginning to 
deſcribe a circular arc of which the centre 1s the point O, 
and the radius the diſtance o? the body from that point 
reſpectively. But each body by its inertia will reſiſt the 
communication of motion in a direction contrary to that 
in which it is impelled ; thus the body 4 beginning to 
move in the direction A a, which is perpendicular to OA, 
wilt reſiſt the communication of motion ia the direction 
aA: in the ſame manner the point Z will reſiſt the com- 
munication of motion in the direction 6 perpendicular 
to BO, and fo on of the reſt. It is plain, that the effect 
of the impact at E on the point O will depend on the re- 
ſiſtance of inertia which is oppoſed by the particles of the 
ſyſtem to the communication of motion. If, for example, 
e greater part of this reſiſtance acts between E and a, 
then the impulſe at Z will be applied between the point 
O and reſiſtance of inertia, which will ſerve as a fulcrum 
for the lever to act againſt O; the point O therefore will 
be propelled by the impact in the direction of the ſtroke : 
bat if the reſiſtance of inertia acts chiefly between O 
and E, the impulſes at E and O will be on oppoſite fides 
of the reſiſtance of inertia, which ſerving as a fulcrum for 
the lever to act againſt, will cauſe the point O to be im- 
lled by the impact in a direction contrary to that of the 
ke, and conſequently if the inertia is diſpoſed fo as to 
act on the ſyſtem to impel the point O equally in oppoſite 
directions, the axis paſſing through O will be not be 
urged either in one direction or the other, while the ſyſ- 
tem begins to revolye round it. In this caſe there 
the fixed axis will not at all affect the motion of the ſyſ- 
3F3 tem, 
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which when ſtruck in the point E will begin to re. 
e ſpontaneouſly about the — O in fer ſpace, 
when the fixed axis paſſing through it is removed. Th 


point O anſwering to this deſcription, is called the centre 


bor IV. of ſpontaneous rotation®, 


p. 265. 


— 


IV. 


Fig xv. Let E be the point in the ſyſtem 


ABCD, which is ſtruck by a body im- 
pinging in the direction LE perpendicu- 
Far to OGE, and let O be the centre of 
ſpontaneous rotation; then if O is the 
int round which the ſyſtem revolves 
on a fixed axis perpendicular to the plane 
ADGB, E will be the centre of per- 
cuſſion, 3 chen bal 


Through the points A, B, C and D draw Aa, Bb, Cc 
and Dd perpendicular to 40, BO, CO and DO reſpec- 
tively; and AK, BH, CI and DF perpendicular to 
O E. and let O be any point round which the ſyſtem is 
moveable by the force of the impact at E: at the inſtant 
of the impact, the body A will be impelled in the di- 
rection Aa, and conſequently will oppoſe a reſiſtance of 
inertia in the oppoſite direction a 4. The force of the 
impact at E to impel the point O will depend on the in- 
ertia of each particle, that of 4 for example, acting on it 
by the lever, of which the arms are Za, EO, the force of 
the impact at E being the fulcrum : and although the 
fulcrum at E be not 1mmoveable, and will oppoſe dif- 
ferent degrees of force, N to the different veloci- 
ties and quantities of matter in the impinging body, yet 
in a ſingle impact, the force at the fulcrum Z will be the 
ſame in reſpect of all the particles 4, B, C and D; and 
therefore the relative values of the forces by which the 
-znertia of the different particles 4, B, C and D, &c. im- 
pels the point O will be obtained from conſidering E as 
an immoveable fulcrum. 
This being conſidered, the inertia of the particle A 
which it oppoſes to the communication of motion at 7 is 
„ g 4 
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Ax 40. * 
ud confequently equal to the force of inertia "ps 


45 afting at 4: this inertia afting on the line O- 
in the point a, and in the direction a4 be repreſent- 
ed by that line 4a in quantity and direction; but this 
force _ ey maſt be reſolved into two KF, 

dicular to O a and X a coincident with it, of which 
1-4 only is efficient to oppofe the angular motion of the 
ſyſtem : this will be to the whole inertiaas FX to Aa, or 
becauſe the triangles 4 Ka and 40 K are ſimilar, as OK 
to OA; we have thereſore the inertia oppoſed at à to the 
communication of angular motion by the particle 4 = 


2x0 x 55 = <3, ating at v in a direfion 

icular to O a. Now the impact being made at E, 
— oppoled by A at the point a, 2 a direction 
perpendicular to O a, — . Z as a fulcrum, 
Fill im the point O in a direction contrary to that of 
the ſtroke ; but the effect of any force applied at a to urge 
| : . Ea 0 | 
O round the point E will be that force & , that is, the 
force of Ls inertia which impels O will be 4 Z, 
in the ſame manner, the force to impel O ariſing from 

1 1 AX OI x Ec... . 

the inertia of C will be r ing in the ſame 
direction; the forces which ariſe from the inertia of Band D 
will impel O in a contrary direction, and will be expreſſed 


BxXOHxX Eb ,DXOFXEd 0 ; 
by Fa and r — "*lpettively : but be- 
cauſe O is the centre of ſpontaneous rotation by the 

poſition, it 1s not affefted by the impulſes — 
to the ſyſtem, being quieſcent while the other parts of the 
ſyſtem — to move with velocities which are propor- 
tional to their diſtances from it. The forces fore 
which act on O in contrary directions muſt be equal, 

AXOK x Ba+CxOTXE: 


which will give | —_— = 
B x OH % Eb + DX or becauſe Fa = 0a 


OE 


_—_ 


[ 44 1 
= _ = on, 


= OE — 0b = OE—g7, and Ed= O- O 
* 


04 * 


* 5 by ſabfituting theſe values and mutiplying by 


OE*, we have 4x OA*- 4X OK X OE +C x OC? 
—CxXOlIxOE=B XOHXOE—B x BO+D x 
OF x OE — D x OD", from which we obtain OE = 


A x O4*+BxOB +Cx0C+D x OD. or OZ 
AX OK + BxOH+CxOT+4DxXOF * 
2. 4X04C+B x OB +Cx0C+DxODP ich 
A+B+C+D x0G 
is the diſtance of the centre of percuſſion from the axis of 
o Sea. Vi, motion, when that axis paſſes through O. 
Prop. VII. Cor. 1. The ſame demonſtration preciſely is applied to 
any indefinite number of material points which conſtitute 


natural bodies, | 

Cor. 2. If be the maſs contained in the ſyſtem, and 
R be the centre of gyration when it revolves round O; a 
given body impinging perpendicularly againſt E, the ſyſ- 
tem exiſting in free ſpace, will generate the ſame motion 


in that point, as if the maſs TH were concentrated 


in E, the matter of the ſyſtem being removed: for the 

ſame reaſan, if the entire fyſtem moves in the direction 

EL, which is always perpendicular to OF, and an im- 

moveable obſtacle at E be ſtruek by it, the force of the 

impact will be the ſame as if the obſtacle were ſtruck by a 
. VI. * OR „ 0G 

Fp. Vill. body = 2 — 8 t concentrated into the 
point which ſtrikes on the obſtacle, with a velocity equal 

to that with which the ſyſtlem moved. 

Fig. XCV!. Cor. 3. Let SIX be a ſyſtem exiſting in free ſpace, G 
being the centre of gravity, E the point on which a body 
impinges in the direction LE perpendicular to GE, and 
let O be the centre of ſpontaneous rotation; if the im- 

act be made on the point For any other point in the 
line FE inſtead of on E, the centre of ſpontaneous rotation 
O will not be altered if the direction of the impact re- 
mains the ſame; becauſe it is indifferent as to the parti- 
cles which compoſe the ſyſtem, whether the impulſe is com- 
municated 


(449 1 


municated to them from one point of the given line ZF, 
or from any other : moreover, when the ſyſtem revolves 
about an axis which paſſes through O, any point in the 
line EF will be a centre of percuſſion. 

Cor. 4. Since when an m—_— of any magnitude is 


impreſſed &n E, the centre of ſpontaneons rotation is 
not affected by it, it follows, that if during the motion of 
the ſyſtem in the direction HI parallel to EF, the point 
E ſhould impinge againſt an immoveable obſtacle, the 
motion of the point O will not be affected by it: the 
point O will in this caſe proceed after the impact with a 
velocity equal to that with which it before moved. 

Cor. 5. If any point F in the line EF 1 in 
the direction EL againſt an immoveable obſtacle, the 
motion of the point O will not be affected by it, pro- 
vided the ſurface of the impinging body at F be 
dieular to the direction in which the point FP firikes the 
obſtacle, and both be ſo ſmooth and hard that there ſhall 
de no adheſion or friction between them: for the point O 
endeavouring to proceed with a velocity equal to that 
which it had before the impact, when the point I is ſtop- 
ped will cauſe the ſyſtem to revolve round E for a ſmall 
particle of time, and conſequently the ſurface of the body 
at F muſt ſlide over the fixed obſtacle for a ſmall ſpace: 
it is only on this ſuppoſition, that the force of the im- 
pulſe on the obſtacle at F is the ſame as that which it would 
receive if an equivalent maſs equal to that of the ſyſtem 

1 Sth © 3 
multiplied into the fraction TE impinged on it with the 
ſame velocity. If the ſurfaces at F adhere, it is manifeſt 
that the point O inſtead of proceeding in a direction pa- 
rallel to EE, will be deflected into a direQtion perpeadi- 
cular to OF, and will conſequently loſe part of its motion 
eſtimated in the direction EF or HI. 

Cor. 6. Since when a ſyſtem is truck in free ſpace, the 
point denominated the centre of ſpontaneous rotation is 
quieſcent while the other parts of the ſyſtem begin to re- 
volve, it is plain that the abſolute velocity of the point 
ſtruck, that of the centre of gravity, and the angular ve- 
locity generated will be the ſame as if a fixed axis paſſed 
— the centre of ſpontaneous rotation, we may there - 
fore refer to what has been before demonſtrated in ſect. 
V1. in order to determine theſe quantities. 

Poſtulate for the enſuing propoſitions. It is required 
that in the bodies or ſyſtem of bodies, which revolve 
round an axis perpendicular to any conſtant plane of mo- 

o tion, 


Fig. XCVI, 
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tion, the ſum of the products which are formed by mul. 
tiplying each particle into the ſquare of its diſtance 
from the axis paſſing through the centre of gravity may 
be determined. If the figure be regular, this may be 
effetted by geometrical rules, if irregular, it may be ob- 
tained from experiment by the rules given in page 227. 


v. 
Let SIK repreſent a body exiſting in 


free ſpace, and let a body impinge on it 


in any given point F, and in any direc- 
tion LF: having the maſs contained in 
the body ſtruck, the velocity of the im- 
pact, the perpendicular diſtance of its di- 
rection GE from the centre of gravity, 
and the quantity of matter in the ſtrik- 
ing body; it is required to aſſign the ve- 
locity of the centre of gravity, and the 
angular velocity generated by the impact, 
ſuppoſing the ſyſtem to be moveable in 
the plane SIK only. 

Let G be the centrs of gravity of the ſyſtem ; produce 
LF indefinitely in the direction LF M. and through G 
draw OGK 1 to LM. Suppoſe the ſyſtem to 
revolve in the plane S7X, on a fixed axis which paſſes 
through E, and let O be the centre of percuſſion; this 


int O will alſo be the centre of ſpontaneous rotation, 
about which the ſyſtem begins to revolve in free ſpace by 


x. the force of the impact at F. The mu O being there- 


fore immoveable at the firſt inſtant of the ſyſtem's revolu- 
tion, the angular velocity generated and the initial ve- 
Jocity of the centre of gravity will be the ſame as when 2 
fixed axis paſſes through O. Let be the quantity of 
matter in the ſyſtem, 4 that of the ftrikin y, and 
the velocity of 1 * : alſo let R be the centre of 
gyration, when the ſyſtem revolves round O; then the 
velocity generated in I by a given impact at E, = 


[47] 
be the ſame as if the whole maſs of the ſyſtem were re- 
W x OR* 


moved, and the jequivalent maſs — 5 f. 


trated in E, and the bodies being nonelaſtic, the laws 
of collifion give us the following proportion, as 4 + 
W X OR* 
8 40 
impinged on the point E; but here as F is at 2 ter 
— the . of motion O than E, ... 
of A will be greater in a duplicate f proportion, and will 
„ therefore be mL - 2 which maſs being concentrated 
with the reſt at E, will be equivalent to the inertia of 4 
this being the caſe, the laws of colliſion will give the 


proportion: 36 :: F: to the 
velocity communicated to E, which will be = 
FDIC: OF: * and conſequently this being di- 
miniſhed in the proportion of OZ to OG will become 

AY x OE x OG 
Ix OR' + 4* OF® 
of gravity. © Moreover, for the angular velocity, making 
3-14159 = C, we ſhall have the circumference of the 
circle which would be uniformly deſcribed by the point 
E round O, if O were fixed, = 2C x OE; which will 

Ys : VAX OE* 

give this proportion: as ORT AN- 2Cx OF, 
ſo is 1 ſecond to the time of one revolution in ſeconds = 


F 2 * OF* | - 
2CxX W 7 + , (1 ſecond being the ſtandard 


time towhich the velocities are referred;) and conſequently 

the number of revolutions or parts of a revolution is a ſe- 

cond,or the angular velocity round the point O required = 
"AF x OE 


2Cx I x OR* + 1 x 0. | 

Cor. 1. If the inertia of the firiking body be eva- 
neſcent, the velocity 1 to the point E will 
632% b be. 


were concen- 


4 :: to the velocity communicated, if 4 


= the initial velocity of the centre 


3 


KY VI. 
0p. VIII. 
Cor. 2. & 4. 


+ Sed. VI, 
Prop. Uu. 


323 . pm K . — = 


—__— __—____ — 47 at... * 
- — — — —Eä— 
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* Seq, VI. o- 
Coup: YI, become = 7 G or becauſe ON OE x OG, the 


1 5 VA x OE 
initial velocity of E will = F UG | 
Cor. 2. For the ſame reaſon the velocity of the centre of 
Es _ FAxOExOG VA, OEC 
gravity will become =—J57 OP " = Wx OEx06 


= 7, being the ſame #5 would be generated in the cen- 


tre of gravity G if the body 4 impinged directly on it with 
the velocity /. 

Cor. 3. The inertia of P being evaneſcent as in the 
laſt corollaries, we have alſo the angular velocity gene- 
AV 

rated in the ſyſtem = Ci x OG 


Cor. 4. Let Q be the centre of —.— of the ſyſtem 
when it revolves round the centre of gravity ; then G 
Set, VI.'= GO * GE t; wherefore the angular velocity genera 
Cor. 3. VA x GE 
it follows, that every — elſe being the ſame, the an- 
ular velocity generated will be directly as the diſtance of 
the impact from the centre of gravity GE, and inverſely 
as OG, G2 being a conſtant quantity in a given ſyſtem, 
revolving in the ſame plane. 


VI. 


The conditions of the laſt propoſition 

remaining, let ic be required to aſſign the 

motion of the centre of gravity in free 

ſpace, and the angular velocity of the 
ſyſtem round it. 

. $64 

ern rin che tim after the fmpalſs bagine 35 mor? i 

direction perpendicular to the line which joins the parti. 


cle and the point O reſpectively. If a fixed axis paſſed 
through that point, each particle would continue * * 
a 
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ſeribe uniformly with the velocity acquired a circular arc, 
of which the radius is the diſtance between the moving 
particle and the axis of motion ney: But the 
point & not being confined by the action of a fixed axis, 
will go on in the direction of its firſt + impulſe perpendicu- + Page 403. 
lar to OE, having deſcribed the right line Cg with the 
. AV XOExXOG, , . ®* Sea. x. 
velocity 20 +1 OV and if no rotatory motion prop. V. 
were communicated to the ſyſtem, the line OG would have 
moved into the poſition og E parallel to OGE ; but the 
angular motion deſcribed about O during the ſame time 
is = the angle ZOG = O go the cotemporary gy ve- 
locity round the centre of gravity. The motion therefore 
of the ſyſtem in free ſpace will be compounded of the 
uniſorm rectilinear velocity generated in the centre of 
gravity, in the direQion 94 perpendicular to OE, and 


angular motion gen round the centre of gravity, 
which is equal to that round the point O, or = 
FA x OE 
2CxW xOR*+ Ax OF 


Cor. 1. When the inertia of A is very ſmall, the an- 
velocity round the centre of gravity will become 


VA x OE Sect. VI, 
72 * FN O or becauſe tO = 0G x OE, the an- p. VIII. 
VA x OE VA 


gular velocity = ——— KUE UN 0G IP 


_ FVAxGE. 
— 2CW G 

Cor. 2. If a fixed axis paſſes through the centre of 

gravity, and a body 4 impinges on the ſyſtem in the 

point F in a direction which is perpendicular to GE, 

© being the principal centre of gyration, the reſiſtance 

of inertia oppoſed at E || will be the ſame as if CV _— 


. GE* & Sea. X. 
were accumulated in the point E, the other matter being Prop. IV. 
removed : this will give the following proportion, as Cor. 3. 
INGO >» V4 x GE* 
1 42:9: e the 5 Page 417. 


velocity of the point E after the impact; when is 
yery ſinall, the velocity will become = = , and 


the angular velocity round the centre of gravity = 
3G 2 VA 


the ſame as in prop. v. cor. 3. & 4. 


—_— — . A 
122 


+ Seq. X. 
Prop. V. 
Cur. 4+ 


Cor. 2. 


Fig. XCV1. 
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7 | j 
0 6 + the ſame as when in ſyſtem moved in 
free ſpace unconfined by any axis, from which we have 
this general concluſion, that when a body is ſtruck in 
the manner deſcribed in prop. v. by a body of very ſmall 
inertia, the angular velocity in free ſpace will be the ſame 
as that which 1s generated round a fixed axis which paſſes 
through the centre of gravity ; and the motion of the 
centre of gravity in free ſpace is the ſame as would be 

erated in that centre if the ſtriking body impinged 

irectly on it, every thing elſe being the ſame. 

Cor, 3. The velocity with which the point O revolves 
round the centre of gravity conſidered as fixed, is equal 
to the velocity of the centre of gravity in free ſpace : for 
the angular velocity of the ſyſtem revolving round the 


We Awe : 
centre of gravity® is G which being multi 
plied into 2C x OG will be 2g. = the velocity of the 
point O, being the t ſame as the velocity of the centre of 


_ gravity moving in free ſpace. 


Cor. 4- Since the centre G moves with a velocity equal 
to that of the point O round G confidered as a fixed cen- 
tre, it is plain that the line deſcribed by the point O, dur- 
ing 8 motion of the ſyſtem, muſt be the common cy- 
cloid. 


VII. 


Let G repreſent the centre of gravity 
of a body IK moving in the direction 
HGT with the velocity V, each particle 
alſo moving with the ſame velocity Y; 
and let a fixed obſtacle be oppoſed to any 
point E of the line GK, which is perpen- 
dicular to HG; it is required to align the 
motion of the ſyſtem after the impact. 


The ſyſtem SIX is conſidered to be moveable in 
the plane 861K only: this being premiſed, if * 


r x aAE4A ..- 
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made the centre of ſuſpenſion, O will be the centre of 
pre correſponding, O will alſo be the centre of 


ntaneous ® rotation: when therefore the ſyſtem im- Sed x. 
— againſt the fixed obſtable at E, that point of the Prop. IV; 


- 


ſtem E will be quieſcent, and the point O not being af- 
ſeed by the impact, will go on with the velocity V, and 
conſequently the centre of gravity will proceed with the 


velocity x, and if C = 3.14159, &c. the angular 


velocity of the ſyſtem round F, at the inſtant of the im- 
Pact will be = ————- 


If any other point of the line ZF parallel to G7 impin- 

againſt the immoveable obſtacle, the effect will be the 

2 provided the ſurface of the body at the point of im- 

be perpendicular to the direction in which it ſtrike: 

the obſtacle, and there be no friction or adheſion between 
the obſtacle and ſtriking body. 

If the direction of the impact againſt the obſtacle be 
oblique to the ſurface of the impinging body at the point 
of impact, it muſt be reſolved into two, of which one is 

ndicular and the other parallel to the ſurface; the 
E of theſe will have no effect in altering the motion 
of the body ſtruck, as the ſurfaces are by the ſuppoſition 
perfectly — and hard; the perpendicular force will 

act preciſely as in the caſe of the direct impact. 
hen an irregular body LM impinges on an irregular 
body SIK, ſeveral circumſtances relating to the impact 
are to be attended to in order to aſcertain the motion of 
each body after the impact: let the direction of the im- 
pat be S; and let the velocity of the impact be re- 
ſented by 2F; reſolve this into two, FY perpendicu- 
— to a tangent to the curve at F, and VL parallel to 
that tangent. 1. At the inſtant of the im the body 
LMN may adhere firmly to the body SKI, fo that the 
whole muſt move altogether as one ſubſtance : this is 
the caſe when a bullet of any kind penetrates the ſub- 
ſtance of an obſtacle, and after the impact becomes ſo 
united with it as to entirely partake of its motion. 2dly.The 
bodies may not be ſo united by the impact as to become 
one ſubſtance, but the ſurface of the ſtriking body may 
nevertheleſs ſo adhere to the body ſtruck, that not only 
the perpendicular force F ſhall be efficient to propel it, 
but the lateral force alſo 2/ ſhall contribute 2 
rotatory motion round the centre of gravity, rectili- 
near 


Cor. 4. 


KEV 


Evil. 
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motion in that centre. 3dly. When the ſurfaces are 
hare and ſmooth the lateral force F will have no effect 
on the motion of the body firuck, which will in this caſe 
be i by the perpendicular force FF only. 


VIII. 


Let a body LM impinge on the body 
MTIH at reſt, the point of impact being 
at F, and the direction of the impact 
9S: it is required from the neceſſary 
conditions to aſcertain the motion of the 
two bodies after the impact. 

Let G be the maſs of the ſtriking body, I the maſs of the 


body ſtruck: let F repreſent the velocity of the impact 
in — and edlen; this being bl ue to the = 


faces at F muſt be reſolved into two F, , the former 


perpendicular and the latter parallel to the curves at F: 
the ſurfaces of the bodies e hard and ſmooth, 
the force M only will be e al in impelling the body 
ſtruck. Produce F indeſinitely: and through the centres 
of gravity G and I draw OGE, KIll perpendicular to FH: 
and ſuppoſe the body G to vibrate round an axis which 
paſſes through E, let O be the centre of percuſſion ; and 
when the body 7 revolves round H, let & be the centre 
of flion. It is here to be obſerved, that becauſe the 
ſurfaces at F are not ſuppoſed to adhere, the motion of 
the body 7 will not be _— by the inertia of the 
ſtriking Wer: the force YF impelling the body 7 in the 
direction FH. will cauſe it to begin its motion round 
the centre of ſpontaneous rotation X., while F de- 
ſcribes an evaneſcent arc of which the radius is XF; but 


| the ſtriking body by its inertia will endeavour to proceed 
in 


the direction FH until the bodies have a common velo- 
city in that direction; this will manifeſtly cauſe the ſur- 
faces to ſlide over each other near F through a ſmall ſpace, 
but the time in which the impact is performed being in a 
phyſical ſenſe an inſtant, the force will during the whole 
of the time be applied to move the point #: this being 
premiſed, let — 1p. 019999" velocity of impact / F be 
repreſented w t ough G and 7 draw CGL, MIX 
parallel to FH; then will — EEE Che, 
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IXI after the impact, and G will deſcribe the line GL, 
(the lateral motion Q being conſidered afterwards:) the prog. VI. 


reſiſtance of inertia op by the _ J. is the ſame 
as if the whole maſs were removed, and the equivalent 


IxKI 
maſs were *concentrated and the ſyſtem Ge Sec. v1. 
KH * in H; H 93 . 1 


which 174 on 7 will ſtrike that body with the ſame g 1 
force as whole maſs in G were removed and the Cs. 


equivalent] maſs "OS were concentrated in E: where- f Steig 
Ix RI Ce. . . 
fore the laws of collifion will give this proportion, as U 


Gx OG G O a 
+ 8 * to the velocity communicat- 


ed to H, which being diminiſhed in the proportion of Hx 
to X will be the velocity of the centre of gravity in the 
direftion IX: moreover, the velocity of the centre of 
gravity and its diſtance from the centre of ſpontaneous 
rotation will give the aagular velocity of the ſyſtem about 
K or J. And becauſe O is the centre of fpontaneous 
rotation of the body G, that centre +will not be at all af- + 86d. x. 
fetted by the impact, and the velocity of the point F in . IV. 
the ſtriking body eſtimated in the direction of the perpen- 
dicular will be the fame with that which is commu- 
nicated to H: let this latter velocity 5 jaw by the 
line EU when OT repreſents the original perpendicular 
velocity of impact, and join 7 U, this will give the per- 
dicular velocity of the centre of gravity = Gy, and 
angle deſcribed by the body G in its rotation during 
the ſame time = TWO being the meaſure of the angular 
velocity of the ſtriking body after the impact. The ve- 
locity of the centre of gravity G in the direction GL, was 
by conſtruction to the entire * velocity of im- 
pact as Gg to TO; we have therefore the cular 
velocity of & after the impact in the direction GL =F x 


8. which being compounded with the lateral motion 
of G denoted by Q, will give the true velocity and direc- 
—— 


tion of the centre 


4 
1 
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IX. 


Fig. XCVL, In any ſyſtem SIK to which when 


er COP xGP 


quieſcent, motion has been communicated 
by the impulſe of a force without in- 
ertia; that is, rectilinear motion to the 
centre of gravity G meaſured by the ſpace 
D, which the point G would deſcribe uni- 
formly in any given time, and rotatory 
or angular motion meaſured by the num- 


ber M revolutions, which it would de- 
ſcribe uniformly round G in the ſame 
given time: it is required to aſcertain at 
what perpendicular diſtance GE from the 


centre of gravity, the direction of the 
impelling force LE muſt have paſſed, fo 


as to have generated the rectilinear and 
Totatory motions deſcribed in the propo- 
ſition. | 


Let LE be the direction of the impulſe, and through G 


the centre of gravity of the ſyſtem, draw OGE perpendi- 


cular to LE, and let O be the centre of ſpontaneous rota- 
tion of the ſyſtem when impelled at Z or F. Let Q be 


the principal centre of gyration of the ſyſtem when it re- 


volves round the centre of gravity. Moreover, let A be 


a body which impinges on F with a velocity F, V being 


the weight of the ſyſtem: then the velocity communicat- 


ed to the centre of tgravity = F. and the angular velo- 


f Sa { 
city generated in the ſyſtem round Gis = ——— dd 


VAx GE 


C being = 3.14159, &c. but by the 


problem, the velocity communicated to the centre of 
gravity is D, and the angular motion is M; that is, the 
num · 
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number dfrevolutions or parts of a revolution deſcribed while 

the centre of gravity deſcribes the ſpace D = M: we have 
„ . D x GE 

therefore from the conditions, this equation: Cxoe 


I: ed the diflaace fought or o8 = . 


The earth revolves about an axis paſſing throngh its 
centre of gravity, while that centre is carried on in free 
ſpace deſcribing an orbit nearly circular. This double 
motion has b en —— " ug of the planets, and 

ma u to exiſt in the others, al- 
— 422 — from us, unvaried ſurfaces, or 
different cauſes have prevented any fatisfatory obſerva- 
tion of their revolutions round their axes. 

Moſt of the other phænomena in the panes” motions 
are acknowledged to be intimately related, and dependant 
on each other, and to be regulated by certain definite 
laws, from which they deviate not in the ſmalleſt degree; 

the rotation of the planets round their axes, as far as 


_ have been obſerved g, ſeem to follow no rule or or- 1 Ber- 

der whatever, either in reſpe& of their diſtances from the V. v. 

ſan, their periodic times, quantities of . any p. 280. 
no 


other circumſtance of appearance or . is 
more, however, than ſaying that no law has been hitherto 
diſcovered to which theſe phænomena can be referred ; 
but to argue from hence; that no law exiſts in nature by 
which the rotations of the planets round their axes were 
primarily adjuſted, would be to — that this 
of the ſolar ſyſtem is exempt from that harmony and 
order, which are ſo conſpicuous in the other appear- 
ances relating to the planet, motions. - The propotition 
above demonttrated immediately applies to the ſubject in 
queſtion, at firſt ſight ſuggeſiin *s probability of dif- 
* proportion or relation between the rota- 
tion the planets and their other motions, their 
diſtances from the ſun, &c. and although little at preſenc 
is collected from the examination, yet when the revola- 
tions of the planets round their axes are more generally 
and more exactly known, and other phænomena com- 
bined with them, future experience may perceive, that 
the times of rotation could have been no other than 
what they are, according to the known laws of motion. 


To apply the propoſition above demonſtrated to the Fig. xcix. 
motion o | 


— the earth. Let SIX G reſent a ſection of 
earth paſſing through its centre of gravity G. which 
;H conſidering 


— . ĩð2 
= * 


4 


F 


» 


Fig. XCVL. In any ſyſtem SIK to which when 


quieſcent, motion has been communicated 
by the impulſe of a force without in- 
ertia ; that is, rectilinear motion to the 
centre of gravity G meaſured by the ſpace 
D, which the point G would deſcribe uni- 
formly in any given time, and rotatory 
or angular motion meaſured by the num- 


ber M revolutions, which it would de- 
ſcribe uniformly round G in the ſame 


given time: it is required to aſcertain at 


what perpendicular diſtance GE from the 
centre of gravity, the direction of the 
1mpelling force LE muſt have paſſed, fo 
as to have generated the rectilinear and 


rotatory motions deſcribed in the propo- 


ſition. 


Let LE be the direction of the impulſe, and through G 


the centre of gravity of the ſyſtem, draw OGE perpendi- 


cular to LE, and let O be the centre of ſpontaneous rota- 
tion of the ſyſtem when impelled at E or F. Let 2 be 


the principal centre of gyration of the ſyſtem when it re- 


volves round the centre of gravity. Moreover, let A be 


a body which impinges on F with a velocity V. V being 


the weight of the ſyſtem: then the velocity communicat- 


- ed to the centre of tgravity ==, and the angular velo- 


VA 


city generated in the ſyſtem round G is = CF x 00” 


AN GE 


or 2 C being = 3.14159, &c. but by the 


problem, the velocity communicated to the centre of 
gravity is D, and the angular motion is M; that is, the 
num- 


( ans . ] 


number ofrevolutĩons or parts of arevolution deſcribed while 
the centre of gravity deſcribes the ſpace D = M: we have 


therefore from the conditions, this equation: CE. = 
% 2 
.. and the diſtance ſought or GB = A 
The earth revolves about an axis paſſing throngh its 
centre of gravity, while that centre is carried on in free 
deſcribing an orbit nearly circular. This double 
motion has b en diſcovered in ſeveral of the planets, and 
by anal oy be ſuppoſed to exit in the others, al- 
though — ſtances from us, unvaried ſurfaces, or 
different cauſes have prevented any fatisfaftory obſerva- 
tion of their revolutions round their axes. | 
Moſt of the other phanomena in the planets' motions 
are acknowledged to be intimately related, and dependant 
on each other, and to be regulated by certain definite 
laws, from which they deviate not in the ſmalleſt degree; 
yet the rotation of the planets round their axes, as far as 


| hey have been obſerved , ſeem to follow no rule or or- J. Ber- 
der whatever, either in reſpect of their diſtances from the 299%. 
ſun, their periodic times, quantities of matter, or any p. a 


other circumſtance of appearance or motion. This is no 
more, however, than ſaying that no law has been hitherto 
diſcovered to which theſe phænomena can be referred ; 
but to argue from hence, that no law exiſts in nature by 
which the rotations of the planets round their axes were 
primarily adjuſted, would be to ———_ that this 
part of the ſolar ſyſtem is exempt from that harmony and 
order, which are ſo conſpicuous in the other appear- 
ances relating to the planets* motions. - The pro en 
above demonſtrated immediately applies to the ſubject in 
queſtion, at firſt ſight ſuggeſling the probability of diſ- 
2 ſome proportion or relation between the rota- 
tion of the planets and their other motions, their 
diſtances from the ſun, &c. and although little at preſent 
is collected from the examination, yet when the revolu- 
tions of the planets round their axes are more generally 
and more exactly known, and other phænomena com- 
bined with them, future experience may perceive, that 
the times of rotation could have been no other than 
what they are, according to the known laws of motion. 


motio 
the earth paſſing through its 3 gravity G, which 
3 


conſidering 


To apply the propoſition above demonſtrated to the Fig. xci 
2 the earth. Let SIX G 25 a ſection or © . _ 


1 446 1 
conſidering the earth as ſpherical and homogeneal will be 
the — the ſphere. 3 the earth to have been 
originally quieſcent, and that an impulſe was impreſſed 
on it in the direction CG. 4; if the direction of this im- 
pulſe paſſed through the centre of gravity G, no rotation 
round. an axis would have been the conſequence; if 
the impulſe paſſed in the ſame direction, but not through 


Set. X. the centre of gravity, a motion of rotation t round the cen- 


top. VI. 


tre G would be generated while the centre of gravity 

ed in the right line GM parallel to the direction of 
the impelling force. It is manifeſt, that the attraction of 
the fun which cauſes the centre G to deviate from the 
right line G4, and to deſcribe an arc GH (that may be 
here aſſumed as circular without error) will alter neither 
the velocity of the centre & nor the motion of rotation. 
Through G draw OGEZ perpendicular to LE. Having 
given the magnitude of an impulſe relatively to the 
earth's maſs, impreſſed in the direction LE, and the diſ- 
tance GE on the earth's radius from the centre of gra- 
vity at which it was applied, the abſolute velocity of the 
centre of gravity G, and the angular motion round G 


ged. X. would be inferred “; and converſely according to the 


Prop. V. 


Cor. 2 3. 


conditions of the propoſition above demonſtrated, if the 
angular motion and the abſolute velocity of the centre of 
gravity be given, the diſtance GE at which the impulſe 
was applied from the earth's centre will be known: to 
apply this, let G be the diſtance of the principal centre 
of gyration from the earth's centre: Jet the earth's radius 
be = 1, being aſſumed as a ſtandard of ſpace; and let the 
earth's periodic time round its axis, or 23>, 56. 4”. be i, 
a ſtandard 4 of time, being a ſidereal day; in order to ex- 


Sect. II. 
Prop, VII. preſs the velocity of the earth's centre of gravity, we 


muſt determine the ſpace deſcribed by it in one ſidereal 
day; and fince the ſun's parallax is about 8 f, the cir- 
cumference of the earth's orbit will contain 152470 of the 
earth's radii, and becauſe this ſpace is deſcribed by the 
earth's centre in 365.24 mean days or 366.24 ſidereal days, 
the ſpace deſcribed by the earth's centre in one ſidereal & 
will be = . = 416.31 of the earth's radii = D by 
the propoſition, which will be the carth's 9 in its 
orbit referred to the time of one ſidereal day. We have 


therefore in the equation o = N, C 3.14159, 
= 1 being the angular velocity of the earth round its 


avis, 
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axis, or the number of revolutions deſcribed while the 
centre G paſſes through the ſpace D: moreover GQ be- 
ing the ſquare of the diſtance of the principal centre of 


gyration from the centre of gravity 5 X ſquareꝰ of the g.. v1, 
0 Prop. XII. 
radius, or fince the radius = 1, G2* =, and D =t5*5 
416.31, which being ſubſtituted, we ſhall have G = 
2X3-14159X4_ 1 : 
24 From hence it appears, that 


if an impulſe be impreſſed on a quĩeſcent ſi and the 
direction of the force ſhould be at a perpendicular diſtance 


from the centre of gravity of 752-5 part of the radius: 


the angular motion of the ſphere, and the abſolute motion 
of the centre, will be proportional to thoſe of the earth. 
From this determination, the earth's centre of ſpontane- 
ous rotation is obtained : for making O that centre, we 


G2 2 
ve+ GO = = x 165.6 = 66.25, which i Set. VI. 
have + GE =; 165 25, 1 is ſome- 2 


* 
what more than the moon's greateſt diſtance from the 
euth's centre. 


1 1 "IN... — 
Bernoulli makes ſ the diſtance GE= 755 20d GO = 6, I 


from aſſuming the ſun's parallax 9g”.375, which is now Vd. IV. 

known not to exceed 84 9-375 p. aby, 
In the ſame manner the diſtances GE and GO may be 

aſcertained for the other planets, their times of revolution 

round their axes and the abſolute yelocities of their cen · 

tres of gravity being known. 


X. 
GIF repreſents a ſyſtem exiſting in free rn e, 


ſpace: fuppoſe that a body A impin 

on the point 7 in the direction H with 
the velocity /, and that at the ſame in- 
ſtant another body B impinges on the 


point Fn any other direction LF with 
3 2 che 


1 
the velocity U; let it be required to deter- 
mine the rectilinear motion of the centre 
of gravity G after the impact, and the 
angular velocity generated in the ſyſtem, 
ſuppoſing that the inertia of the ſtriking 
bodies is inconſiderable. 


Through the centre of gravity G draw GC el to 
HJ, and GD parallel to LF; make GC to GD in the 
portion compounded of the ratio of 4: B, and of /: 
; compleat the parallelogram, and draw the diagonal 
GK: then will GX be the direction in which the centre 
of gravity G moves after the impaR, its velocity being 
ſuch as will carry it uniformly over the ſpace GX in the 
ſame time that GC would be deſcribed by it, if the bod 
only impinged on the point / in the direction HI wi 
the velocity 2 produce HI and LF indefinitely, and 
through G draw GP perpendicular to HIP, and GE per- 
pendicular to LFE. Let Abe the principal centre of gy- 
ration, the maſs of the body: then referring the = 
cities to any ſtandard of time 1, the angular velocity ge- 
nerated by the impact of the body 4, will be that which 
Ke yoke) ns YAXGP 
* r would cauſe the ſy ſtem to deſcribe CH xi revolution; 
Cor.. inthe time 1, C _ the number 3. 14139 & c. And the 
impact of the body I if applied alone would generate an 
. - UBXGE Ne 4 
angular velocity of iGo: 1 Alutions in the ſame 


o 


ſtandard time 1; and if the two impacts at F and I act 
to turn the ſyſtem round G contrary ways, the angular 
velocity after the impact will on the whole be 
VAxXGP—UBxXGE UBxGE—VAxXGP 
—P x62 ieee erding 
el iv greater or leſs than UP x GE. 


XI. 


rn · el. S repreſents the centre of gravity of a 
body moving in free ſpace with the velo- 


cy 
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city V; and at the ſame time reyolvin 
round G with an angular velocity of 
revolutions in the ſtandard time to which 
is referred; the maſs of the 
ration: it 1s required to. aſſign the velo- 
city with which a body 4 muſt impinge 


on any given point &, ſo that the point 


K may be quieſcent the inſtant after the 


Impact, it being ſuppaſed that the direc- 
tion of the impact NX is perpendicular 


to KG paſſing through the centre of gra- 


vity, and that the inertia of A is incon- 
ſiderable in compariſon of.... 
It is manifeſt from the conſtruQion ip prop. i. that if 

a line KG be drawn through the centre per- 
icular to the direction of e which is the 
pur thing, perpendicular to the jon in which the 
centre of gravity moves, the centre of ſpontaneous rota- 
tion will be ſomewhere in this perpendicular line KG pro- 


Let O be the centre of rotation, then be- 
cauſe F is the velocity of the centre of gravity, and M is 


N Jr” : 
angular velocity“, GO = Team © being = 3-14159, 


and GE DN. Moreover ſinee / is the velocity 


ofthe point G, 5, will be the velocity of the point . 


Let T be the centre of ſpontaneous rotation correſpond- 
ing to the point : the of the firoke is the ſame as 


an equivalent maſs, zz the whole mafs diminiſhed 
the proportion of KT: G Th, being concentrated into a 


® Sea. X. 
Prop. V. 


Cor, 2 & 3. 


Set. X. 


int, impinged directly on it with the ſame velocity. W. 
Tee ſolve problem therefore it will be falfcint to r 8. 


affign the velocity of the body FX, when 4 * into that 
velocity ſhall be equal to the equivalent maſs into the 
velocity of its motion. Let & de the velocity of A e- 

x | quired 
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quired: the velocity of E is 0. and becauſe r 
is the centre of ſpontaneous rotation correſponding to X, 
the equivalent maſs to be concentrated into K, ſo as to 


cauſe a reſiſtance of inertia equal to that of the whole 
Tyſiem is g, from which the following equation is 


. 2 _ FB xKOxWxGT 28 
A 17 « ds but | or =. 


8 7 pts CB 
GO= TSH YUNO 2nd KO = GK + 3 = GK 


FF 
Cor. 2 & 3. Px Nx 2 CHXTK+Y xCTxGK. but zac MH GOV. 


4 2CMXGO x TR*+ & 2 

and GT x — we have therefore 4z = 
— e 2 , and the velocity acquired, or 
* — GD x F+ 2CM xGK 

2 A x NY 


Cor. 1. If the centre of gravity moves in the direction 
GI wich the velocity Y, the angular velocity being M, and any 
int K impinges on an oppoſed obſtacle when the line 

is perpendicular to CI, the force of the ſtroke will be 


iu GN. x} + 2CMxG£& 
ws $159 N GP 
Cor, 2. While the f is moving in free ſpace in 
the manner deſcribed in the propoſition, if a body im- 
pinges on any point F, not in the line GK, which is per- 
dicular to the impact, it is manifeſt, that the velocity 
1 — be ſo adjuſied fo that this point ſhall be motion- 
leſs immediately after the ir for if the point F 
were quieſcent, ¶ the, centre of ſpontaneous rotation 
correſponding to it, would move in a direction perpendi- 
cular to HF; but from what has been demonſtrated, it 
muſt proceed in the direction dicular to OA, in 
vhich it was moving at the time of the impact. 


XII. | 
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XII. 


Let WTEF, BF be two ſyſtems x, cir, 
revolving in free ſpace about their cen- 
tres of gravity G and ; let the angular 
velocity of the ſyſtem 2BGF be ſuch as 
cauſes it to make M revolutions or pacts 
of a revolution in any ſtandard time r, 
and in the ſame time let the ſyſtem 
WTEF perform N revolutions or parts of 
a revolution in the ſame plane, but in a 
direction contrary to that in which the 
former ſyſtem revolves : moreover, let the 
centre of gravity G move 1n the right 
line XB with the velocity /, and let the 
centre move in the oppoſite direction 
W parallel to BX: ſuppoſe the ſyſtem 
BBF to impinge on the body EF 
in the point F and in the direction LP 
parallel to HD or BX and perpendicular 
to the ſurface which it ſtrikes; it is re- 
quired to aſſign the motion of each body 
after the impact. 


Through & and draw YL and OF perpendicular to 


the direction in which the centres of — move, and 
let the principal centre of gyration of the ſyſtem 2BGF 
de g. and that of the ſyſtem WTEF be 7. Moreover, let the 
maſs of the ſyſtem 92 be G, and that of the other 
ſyſtem : the point Fin the ſyſtem EF will be im- 
pelled by the im pact with the ſame force as if the maſs 


GHU 


velocity of LX G TCI. 
centrated into a point with the ſame velocity, on 
a ſuppoſition that. the inertia of the ſtriking * 
| 0 is 


r= * impinged againſt F being con- Prop. i. 


Cor. 3. 
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F is evaneſcent or inconſiderable. But becauſe the 
angular velocity of the ſtriking body is M, and the 

ocity of its centre. of gravity = V. the velocit 
of Li Y H, GL: the equivalent maſs will 


therefore be g g , impinging with the velocity Y + 
2MC x GL. This impact will generate in che centre of 


a | Gx @2*xY+2MC> GL : 
gravity n velocity = reer in the 


direction MH: wherefore after the impact the velocity of 

EE gel be 
GN xXF+aMCxGL. 

7 ; moreover, the ſame force of 


reer 


impact will generate an angular we in the ſyſtem 
GxWEXG2: x/+2MCXGL : 
. ⅛ Oh * nic being 


added to the angular velocity before the impact M or ſub- 


or counteraRt the rotation of the body ſtruck, the angular 
velocity of the ſyſtem 'WTEF will be obtained. 

Let A repreſent 2 of the ſyſtem 

b : impact which has been juſt 

determined, then if C be = 34141523 &c. 2C Ax VE will 

be the velocity of the point E, of of the point F in the 

Ariking body: for according to the reaſoning contained 


„Ad finem, in page 422*, when the ſurfaces at F are perfectly ſmooth 


* 
51 


the point F of the ſtriking body will prey at the in- 
Rant after the impact in the direction FE, until the two 
bodies have a common velocity in the direction FE: in the 
line LE take LI equal to the ſpace which would be de- 
ſeribed by the point E with the velocity 204 x WE in 
any ſtandard le of time. 

Let be the centre of ſpontaneous rotation in the ſyſ- 
tem F: the motion of this point will not be affeQed by 
the _— its velocity and direction therefore will be the 
ſame the impact as it was before the ſyſtem 2DBGF 
impingedon the other body: becauſe the angular velocity 
of the ſtriking body is M, in the direction from L to F, 


and the velocity of the centre of gravity Y in the direc- 
1 tion GB, the velocity of the point 7. before the impact 


willbe -c, rr - e make 72 


r 


Sf = 


perpendicular to ZY and equal to the ſpace through 
- which point 7 is carried uniformly by the velocity / — 
in the flandard particle of time; through 7 
draw IZ 228 S in g and LG produced in P; 
then G g will be the ſpace which the centre of gravity G 


will deſcribe uniformly after the impact in the particle 

of time 1, and will therefore repreſent the velocity of the 
centre of _ G after the impact: and IPL will be 
the angle deſcribed in the ſame time, and will therefore 
be a meaſure of the angular velocity of the ſtriking body 

after the impact. | 

GxWExXG2*x Y+2MCXGL 

Cor. 1. If CNN e be leſs than 
N, the rotation of the ſyſtem EF will be in the ſame 
direction after as before the ſtroke. If the two quantities 
juſt mentioned are equal, the body ſtruck will have no 
angular velocity after the ſtroke, and if the former ſhould 
exceed the latter, the direction in which the ſyſtem re- 
volved will be changed by the impact. 

Cor. 2. If L1==z?, the ſtriking body will not re- 
volve after the impact, its angular velocity being de- 
ſtroyed. If LI exceeds x V, the rotation will be continued 
in the ſame direction after the impact as before it: if = y 
exceeds L7 the direction of rotation will be changed by 
the impact. 
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CONTAINING A DESCRIPTION OF THE ADJUsT- 
MENTS AND PRACTICAL USE OF THE MON0- 
© CHORD REPRESENTED IN FIG. XIx, Vid, p. 99. 


N this conſtruction the firing is not terminated by a 
bridge, but between metallic edges, which not only 
define the ſtring's length with great preciſion, but 
revent any irregularity in the tending force, which is 
e unavoidable conſequence of bridges: the two ſteel 
edges at C are ſeparated from each other by the ſcrery V, 
in order to give room for the ſtring, while the frame 72 RS 
is moved along the ſcale. When the ſcrew MV is looſened, 
the frame T2RS moves freely along the ſcale, carrying 
with it the ſteel edges, &c. By turning the ſcrew N, the 
frameT2RF is faſtened to the ſcale, while the other parts 
OG D are moveable only by means of the ſcrew EV P, 
which ſerves the purpoſe of adjuſtment as well as for 
other uſes hereafter mentioned. XL is a part of the 
braſs ſcale 4B repreſented in the left hand figure, the 
whole length is about 40 inches, and the breadth about! an 
inch. In this ſcale 100 equal parts are ſet off, and each par: 
is biſected by a ſhorter diviſion. In the ſquare aperture 
M, an index 1s engraved the diſtance of it from the ſteel 
edges, eſtimated in the direction of the ſcale, is ſuch, that 
when this index is ſet to any diviſion, the length of the 
firing intercepted between the ſtee! edges C, and the up- 
r termination of the _ may be exactly equal to T 
nomber of parts expreſſed by the diviſion. Suppole the 
frame 7 2R& to be faſtened, the ſcrew E P being turned 
twenty revolutions, carries the ſteel edges, or the index at 
M, through a fpace equal to one whole diviſion, and con- 
ſequently 
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ſequently one revolution of the ſcrew carries the fleel edges 
through one twentieth part of a diviſion. F 
The circumference of the ſcrew is divided into 5o equal 
arts, each of which muſt therefore anſwer to one thou- 
atdth part of a diviſion, that is, if the whole length of a 
firing be made = 100 parts, one of the diviſions on the 
ſcrew's circumference will anſwer to the hundred thou- 
ſandth part of the whole length. By this means, it will 
be eaſy to adjuſt the length of ſtring intercepted between 
the ſteel edges C and the upper extremity, of any magni- 
tude leſs than 100000 : but becauſe any muſical interval 
implies the vibrations of two ſtrings, of which the lengths 
are in the dire& proportion of the times of vibration, a 
baſe note is always aſſumed as a ſtandard to which the 
others are referred. In order therefore to exemplify the 
uſe of this inſtrument, the length of the baſe note muſt be 
firſt adjuſted. The length of the ſtring which conſtitutes 
this baſe note, is moſt conveniently aſſumed = 10, 100, 
1009, or ſome number in that progreſſion. In this inſtru- 
ment, the number correſponding to the baſe note is 
100000: after having ſeparated the ſteel edges at D by the 
ſcrew F, bring the index in the ſquare aperture to the di- 
viſion on the icale marked 100, as near as can be jud 
by the naked eye, and fix the frame T2 RS by turnin 
the ſcrew marked V. Then to adjuſt the coincidence o 
index preciſe, apply the microſcope G immediately over 
the index, and moue the ſcrew EP until the index coin- 
cides with the diviſion 100: the two edges being now 
ſuffered to compreſs the ſtring, the note ſounded by it will 
be the baſe or leuten, tone. Now, let it be requir- 
ed to adjuſt the length of the ſtring = 66667 parts, the 
whole length being 100000, The operation will be as 
follows ; looſen the ſcrew M that the frame T2 RS may 
move freely: bring the index on the ſquare aperture to 
66 on the ſcale, and adjuſtby the glaſs as before; bring the 
moveable index x to the point o on the circumference 
EP: then, ſince the third figure in the number propoſed is 
6, anſwering to 6 thouſandths of the whole length, this will 
be ſet off by turniug the ſcrew E PF twelve revolutions : 
by which the three firſt figures 666 will be expreſſed in the 
length of the ſtring. Moreover, as there are 67 hundred 
thouſandth parts remaining to be added to the length, and 
one of the diviſion. on the ſcrew's circumference anſwers 
to one hundred thouſandth part, it follows, that the ſcrew 
muſt be turned through 67 of theſe diviſions; that is, be- 
cauſe the circumference of the ſcrew is divided into 50 
equ 
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equal parts, the ſerew muſt be turned one revolution and 


17 diviſions. Very little time is taken in making theſe 
adjuſtments, the uſe of which is to define the ftring 
to any given length and true to the hundred thou- 
ſandth part of the whole length; which the different 
ſyſtems of muſical ſounds, which have been before in- 
vented, ſuch-as Huygens's, Ptolemy's, Smith's, &c. may 
be brought into compariſon, as well as others which may 
be ſuggeſted either from theory or trials. The mono- 
chords of the old conſtruction, were divided according to 
one or two given ſcales only, which rendered them wholly 
uſeleſs in making experiments on harmonic temperaments 
in » for which purpoſe the inſtrument above de- 
ſcribed was conſtructed. 

The method of terminating the ſtring between metallic 
edges, in preference to that of ſupporting it by bridges, 
was pores | from the monochord of a very ingenious and 
worthy friend the Rev, Mr. L. Huddleſtone, of the Uni- 
verſity of Oxford. | 


vad 


9 7 


E RR A T A. 

AGE 3. line 14. for its diſtances, read the diſtances ; 
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from the bottom, /. in a direction, read in the direction; 

B . f | 
p. 14. J. 14. J. i, r. FL ibid. laſt I. A and if V r. 
if V p. 18. I. 2. after impelled, inſert or reſiſted; p. 29. J. 3. 
F. a thouſandth part, r. in thouſandth parts; p. 50. I. 19. . 
O, 7. B; p. 52. in the references, f. prop. XI. r. prop. XII; 
p. 62. 1. 20. f. and the force, r. 4 force; p. 68. I. 11. 


F, r. T; ibid. I. 14. / af, r. þ i; p. 73. I. 4. J the 
3 r. the finite — ibid. I. 13. dele of it; ibid. 
I, 14- +. Log ==, r. 4 * Log =; p- 74. I. 16. fe 
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equal parts, the ſerew muſt be turned one revolution and 
17 diviſions. Very little time is taken in making theſe 
adjuſtments, the uſe of which is to define the ſtring 
to any given length and true to the hundred thou- 
ſandth part of the whole length; by which the different 
ſyſtems of muſical ſounds, which have been before in- 
vented, ſuch-as Huygens's, Ptolemy's, Smith's, &c. may 
be brought into compariſon, as well as others which may 
be ſuggeſted either from theory or trials. The mono- 
chords of the old conſtruction, were divided according to 
one or two given ſcales only, which rendered them wholly 
uſcleſs in making experiments on harmonic temperaments 
in „for which purpoſe the inſtrument above de- 
ſcribed was conſtructed. 

The method of terminating the ſtring between metallic 
edges, in ö to that of ſupporting it by bridges, 
was copied from the monochord of a very ingenious and 
worthy friend the Rev. Mr. L. Huddleſtone, of the Uni- 
verſity of Oxford. | 
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